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MaTeMaTUYeCKUM aHAIU3

DeMeHThl TEOPUH MHOXKECTB

[ToHATHE O MHOXKECTBaX U UX 37eMeHTax. [JoaMHO>ecTBa. Onepanyu HaJl MHOXKECTBAMHU:
obberHe e, IlepecedeHue, pa3HoCTh. JlekapToBO IIPOU3BeleHHE ABYX U Hosee MHOXKECTB;
NPOEKLMH 37IeMEHTa IeKapTOBa IPOU3BEAEHHUS.

OrobpaskeHHe OJHOrO MHOXECTBA B Apyroe; 06/1acTh onpeseneHus, 06/1acTb 3HaYUCHUH,
rpaduk oTobpaxkeHus. ToxxaecTBeHHOe 0TOOparkeHHe MHOXKeCTBa B ceb1. Obpas anemeHTa
WY MHOYeCTBa U3 06/1aCTH onpe/ieneHus; (MOMHbIH) 1poobpas a/1eMeHTa UM MHOXeCTBa
u3 obnactu sHaveHui. Komnosunusg (cynepnosuuys) oTobpake HUM.

B3auMMHO 0/JHO3HAuHble 0OTOOpasKeHUsI (BIOKEHUS) U 0TOOpaXkeHUS «Ha» (HakpbITHs). O6-
paTHOe oTobpajkeHre. PABHOMOIIHbIE (3KBUBaJIEHTHbIE 110 MOLIHOCTH) MHOXecTBa. Ko-
HeyHble U CYeTHble MHOXKecTBa. CYETHOCT MHOXKECTBA PALlMOHAIBHBIX Yyrcesn. MOLHOCTD
[IOZIMHOIKECTBa CYETHOrO MHOXKECTBa. MOII[HOCTh KOHEYHOTI'0 UM CYETHOTO 00beIMHEH NS
CYETHBIX MHOJKECTB.

Yucnosas npsamad R u apudmerrnyeckoe npocTpaHcTeo R"

BemectBeHHble (AercTBUTENbHBIE) YU CIA. OTKPBITBIM, 3AMKHYTBIN, IOTYOTKPBITHI OTPE3KHU.
IToHsATHE MXKOPaHTh! (BEpXHEU IPAaHUIbI) U MUHOPAHThI (HM>KHEH IPaHUIbI) TOAMHOMXKe-
CTBa BELECTBEHHBIX YHCEJ, OTPAHMYEHHOTO (CBePXy, CHU3Y) MHOXKECTBA, HAUOOIbIIETO 1
HaMMEHBIIEro 3/IeMeHTa MHOXXeCTBa, (TOYHOM) BEpXHEN U HUXKHEN I'PaHeN.

CBOMCTBO ITOJTHOTHI YMCIOBOM IIPSIMOM: TEOPEMaA O CYLECTBOBAHUM BepxXHel (HUIKHEMN)
IPaHU M TeopeMa O HEIIyCTOTe IepecedeHM s BI0XKEHHBIX OTPE3KOB. [ITOTHOCTh MHOXe-
CTBa pallMOHAJIbHBIX YK CEJI KaK [TI0JMHOYKECTBAa YMCIOBOM NpsIMOM. HecueTHOCTB OTpe3ka
YU CIOBOM NIPIMOM; MOLHOCTb KOHTUHYYMA.

Apudmernyeckoe (YMCI0BOE, KOOPAUHATHOE) IIPOCTPaHCTBO R™. Onepauuu c10KeHus ane-
MEHTOB (BEKTOpOB, ToueK) R™ 1 yMHOXKeHUS UX Ha YUCc10. [IoHSTHe OrpaHUYEeHHOI'O MHOXKe-
ctBa B R™.

CBoiicTBa MHOXXECTB Ha YU CJIOBOM IIpIMOM U B R™
[ToHATHE £-OKPECTHOCTH TOYKHM Ha YMCIO0BOM ITPAMOM. OTKPBIThIM Napauienenumnes B R™ kak
ZleKapTOBO ITPOM3BeIeHUE OTKPHITBIX YMCIOBBIX OTpe3KoB. Oblee IOHATHE OKPECTHOCTH

TOYKM YMCIOBOM NPAMOM M TOUKU NpocTpaHcTBa R™. CrcTeMbl KyOUYeCKUX U IIAPOBbIX
€-OKpeCTHOCTEH.

BHyTpeHHMe, BHELIHNE ¥ 'PAHMUYHbIE TOYKM MHOXKECTBA. BHYTPEeHHOCTDb, BHELIHOCTD U
rpaHMIla MHOXecTBa. M30MMpoBaHHble U NpefieIbHble TOYKY MHOXKeCTBa. OTKPBIThIE U
3aMKHYyTble MHOXKeCTBa. TeopeMbl 06 06beIMHEHUH U TTepecedyeH I OTKPHITHIX M 3aMKHYThIX
MHOXECTB. 3aMbIKaH1E MHOXKeCTBA. JIONIOTHEHUS K OTKPBITBIM M 3aMKHYThHIM MHO>KECTBAM.

Teopema o HemycTOTE IepeceyeHMs BIOXKEHHBIX 3aMKHYTHIX Ilapajlle/leNIuIe 0B (II0HOTa
R™). I[IoHATHE KOMIIAKTHOTrO (T. €. OrPAaHMYEHHOr0 M 3aMKHYTOro) MHo>kecTBa B R™ 1 Ha
4UCI0BOM NpsiMOM. HemycToTa nepeceyeHus BI10OXKEHHBIX HEITYCThIX KOMIIAKTHBIX MHOYKECTB.
Teopema o0 BbIZ€IEHUM KOHEYHOI'O OTKPBITOr'O IIOKPBITUS KOMIIAKTHOTO MHO>KecTBa B R™
(Ha yncnoBou npsamou R).

IIpenen nocnenoBaTe/IbHOCTH

ITonaTne nocnepoBarebHOCTH ToueK R™ (M1u Touek uncnosout npsmon R) u ee npezena.
ITognocnenoBaTesIbHOCTH U IIpeJie/IbHbBIE TOUKU (JaCTUYHbIE ITpejensl). [Ipeaen noamnocne-
JOBaTE/NIbHOCTH CXOMIIIENCA IoCAe0BaTeNbHOCTH. TeopeMa bonpiano—Benepiurpacca o



BbIZIeJIEHUU CXOAALIENCS TTOATIOCIeL0BATENIBHOCTY U3 OrPaHUYEHHOM I10CIeJ0BATENIbHOCTH
Touek R™. [ToHsATHE PyHAAMEHTANIBHON ITOCEA0BATENLHOCTH (TOC/IEA0BATENBHOCTH KoL),
DKBUBAJIEHTHOCTD IIOHITUH CXOASAILIENCS U d)szxaMeHTaanoﬁ [10C/Ie0BaTeNAbHOCTH B R™.

YucnoBble MOC/Ae0BATEIbHOCTH: CYILIeCTBOBAHME IIPeZiea Y MOHOTOHHOM OrpaHMYeHHOU
T10C/Ie[0BATENbHOCTH; IIPeebHbIH [1€PeX0/l B HEPABEHCTBAX; [IOHATHE BEPXHErO ¥ HUXKHETr0
npepesna. TeopeMsl 0 IIpefiesie CyMMbI, PA3BHOCTH, [IPOU3BE/IEHUS, YACTHOTO /IBYX I10CIEA0BA-
TeJIbHOCTEMH.

Ipenen $ynxuuu. HenpepsiBHOCTh QyHKIU (OTO6parkeHM)

Yucnossle (cKangpHble) PyHKUMU KaK 0TOOpa>keHUs IMoAMHOKecTB R™ niu yucnioBoi npg-
MO B UHC/IOBYIO IpsAMyto. OnpezeneHue npegena QyHKIMY B TOUKE Ha A3bIKE «&—8»; OHA-
THe npeiena Ha 6eckoHedHOCTH. ApudMeTHIecKue Orepanyuy Hajl GyHKIUAMU ¢ 00O1ien
obnacTeio onpegeneHus. TeopeMsl 0 rpejiesie CYMMbI, PA3HOCTH, TPOU3BEIEHHUS, YACTHOTO
AByX GyHKUMH. [IpefieNIbHbIM [IEPEXO/ B HEPABEHCTBAX.

OnpezneneHue HeIpepbIBHOCTH GYHKIMU Ha SI3BIKE «€—0», B TeDMHUHAX Npefiesa GYHKUUK U
Ha A3bIKe I10C/IEZ0BATENbHOCTE!; X SKBUBAJICHTHOCTD. HelpepbIBHOCTD CYIeprO3UIIUU
HeIpepbIBHBIX GYHKIIMIM.

OrpaHUYeHHOCTD HEIpepbIBHOM YU CI0BOM $YHKIIMHU U JOCTHIKEHHE e10 CBoero Hauboblire-
ro 1 HAUMEHBILEro 3HaYeHMH Ha KOMIIAKTHOM MHO>KecTBe B R™ (TeopeMbl Berepuirpacca).

I[loHATHE PABHOMEPHOM HelPepbIBHOCTH YUCI0BOHM QYHKIIMM Ha HEKOTOPOM MHOXKECTBE B
R" uu R'. PaBHOMEpHas HENPEePbIBHOCTb HellpepbIBHON GYHKLMY Ha KOMIIAKTHOM MHO-
JKECTBE.

OyHKIUMOHANbHBIE [10CTIEA0BATENBHOCTH. [I0TOYeUHAs ¥ paBHOMEPHAS CXOAUMOCTb QYHK-
LIMOHANBHOM [T0C/IE0BATENbHOCTH . HenpepblBHOCTh GYHKIIMU, IBASIOIIENCS TI0TOYE€YHBIM
IpefiesIoM PAaBHOMEPHO CXOASIIENCS II0C/IeA0BATEIbHOCTU HEIIPePhIBHBIX PYHKIIMM.

. Yucnossle cbyuxmm OZHOTI'0 (Y4MC/IOBOr0) aprymeHTa

OAHOCTOpOHHUE Ipefienbl ¥ KnaccuduKalus Touek paspsisa. [IoHITHe Tpefiesia Ha —oo U
+00. MoHOTOHHbIE YHKILMU; BUABI pa3pbIBOB MOHOTOHHOM $yHKIMHU. Teopema o cy1ie-
CTBOBaHMU U HENIPEPHIBHOCTU 0OpaTHOM QyHKIIUHU.

ITpenensl
. 1 . \"* . In(1 . *—1 . 1 «—1
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HenpepbIBHOCTb 371eMeHTAPHBIX QYHKLIUH.

TeopeMa 0 IPOMEXXYTOYHBIX 3HAYeHUAX GYHKLUU, HEIIPEPHIBHOM Ha OTpe3Ke (Teopema
Kowin).

Auddepenuuposanue dyuxumii 8 R!

[IpousBozHas, ee reOMeTpUYECKUH U PU3UYECKUHA CMBICTT; OXHOCTOPOHHMUE IIPOM3BOJHBIE,
beckoHeuHble TpOr3BOAHble. HempepbIBHOCTD PYHKLMM, UMEIOLI el TPOU3BOAHY0. [Ipous-
BOJIHAS CYMMBbI, IPOU3BE/IeHUS, YaCTHOTO 1BYX yHKUMH. [Ipor3BOAHAS CTIOXKHOM QYHKIHH.

[IpousBoAHbIe 371eMeHTapHbIX GyHKUU. [TepBblit AUddepeHIMan U ero reoMeTprUYecKu i
CMBICII.

Teopems! Ponng, JIarpanika u Kowu. IIpasusio Jlonutand. [Ipou3BOAHbIE BhICIIMX ITOPS/AKOB.
dopmyna Ternopa (Maknopena). PaznoskeHue 1o dopmysne MakiopeHa HEKOTOPBIX d1e-
MeHTapHbIX pyHKuMi. [IpumeHeHue popmysnsl Teitmopa ans npru6IMIKEHHBIX BBIYUCTEHUH
3HaveHu# yHKUUHU. [IpusHaKK Bo3pacTaHus U yObiBaHuS yHKUUH. [IOHITHE TOKaTBHOTO
Y rnobansHOro aKcTpemyma. CTallMOHapHble TOYKH. JIOCTaTOYHbIE YCIOBUS IKCTPEMyMa.
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Ciyuait OTCYTCTBUS IIPOU3BOAHbIX B OTAENBHBIX TOUKAX. BBIYK/IbIe ¥ BOTHYThle QYHKIUH,
ux rpa¢uxu. Touku nepern6a. PellreHre IPOCTEHIIMUX SKCTPEMAIbHbIX 3371a4.

IIpoussoausle u AuddepeHunans PyHKIUH HECKONBKUX IIepeMeHHBIX (B R™)

Yacrusle npoussoansle. Juddepeniupyemocts. [lepsiit audpdepenunan. Casp sudde-
PEHILUPYEMOCTH U HerpepblBHOCTH. Heobxoaumoe ycnoBue auddepeHINPyeMOCTH, 0-
cTaTouHOE ycaoBue AndPepeHIpyeMOCTH (B TEPMUHAX CYLIIECTBOBAHUS U CBOMCTB 4aCT-
HBIX TPOU3BOAHBIX). KacaTenbHas MI0CKOCTh U HOPMaJlb K OBEPXHOCTH. IIpor3BOAHAS 1O
HanpasneHu. pagreHT. OPTOrOHAILHOCTb FPAAUEHTA MHOXKECTBY ypoBHS. luddepeH-
IMpOBaHMe CI0XKHOM GyHKUNY. YacTHbIE TPOM3BOAHbIE BHICIIUX MOPSAKOB. JOCTATOYHbIE
YCIOBUS PABEHCTBA CMEIAHHBIX IPOM3BOAHBIX. Popmyia Teitmopa. TeopeMa o HesBHOM

byHxuuu.

MeTtoap! onTHMHU3anuU B R™

[ToHATHE SKCTPEMYMA (TOKATBHOIO MAaKCUMyMa WM JIOKAJIbHOIO MUHUMYMa). IKCTPEMYM
IIPY OTCYTCTBUU OPaHUYEHHU; HeOOXOAMMBIE U JOCTATOUHbIE YCTIOBUS IOKAJIBHOTO 3KC-
TpemMyMa. DKCTPEMYM IIPU HUTMYUU OTPAHUYEHU B GOopMe YpaBHEHHUH (YCIOBHBIN 9KCTpe-
MyM); METOZA MHOXKMTeseH JlarpaHika; J0CTaTOYHbIE YCIOBUS SKCTPEMYMa IIPU HAIMYMU
orpaHuyeHu. [IpuMeHeHNe MeTOAA MHOXHTeNel JlarpaHyka AJs IOMCKa HaubobLIero
(HauMeHblIero) 3HadeHUs GyHKIMU Ha OrPAHUYEHHOM 3aMKHYTOM MHOYKECTBE, 33laHHOM
CUCTEMOM YpaBHEHUH.

HeonpeneneHHbI HHTErpal

[ToHsTHe epBOOOPA3HOM U Heollpeie/IeHHOro MHTerpaia. CBOMCTBA HEOIIPeeIeHHOTO
MHTerpasa, Tabnauua MHTErpajloB aleMeHTapHbIX GyHKIMIA. [IpreMbl UHTErpUPOBaAHUS.
JHTerpupoBaHue palliOHAIbHBIX Apo6ei, IPOCTeHIIUX UPPALMOHATbHBIX QYHKUUM, [IPO-
CTeMIINX TPAHCLEHAEHTHbIX PYHKIMH.

OnpeneneHHsIN HHTErpa

3azaya OThICKaHMS IUIOLIAAM KPUBOIMHENHOM Tpaneuun. OnpeseneHHbINA UHTerpajl Kak
npezes UHTerpalbHbIX cyMM. Cymmbl Jlapby. Kpurepuit unterpupyemoctu. Uurerpupye-
MOCTb HeIIpepbIBHbIX GYHKI[MI, MOHOTOHHbIX OrPAaHUYEHHBIX PYHKUUH, PYHKIUHA C KOHEU-
HBIM YMCJIOM TOYEK pa3pbiBa. CBOMCTBA ONPE/e/IEHHOIO MHTErpana. Teopema o cpeHEM.
Cy1ecTBoBaHue epBooOpa3HOi HenpepbiBHOM ¢yHKIuu. Popmyna HeioTona—Jleitbuuna.
3aMeHa [lepeMeHHOM 10/ 3HAaKOM MHTerpasa. IHTerpupoBaHye 10 YacTSIM.

YucnoBble ¥ QyHKIMOHAIBHbIE PAABI

IToHATHE YUCIIOBOrO psijia M €ro CyMMBbl. CXoasIuMecs 1 pacxojsguyecs psaasl. [Ipumepsl.
Heobxoaumoe ycnoBre CXOZUMOCTH psfa. Kputepuit Koy cxognMocT# psaa. 3HaKoIIoCcTo-
SHHbIE U 3HaKOIlepeMeHHble ps/pl. [IpU3Haky cpaBHeHHUS psAAoB. [IpM3HAKY CXOAMMOCTHU
Nanambepa u Koy, MuTerpansHbiii npusHak Koy, IpusHak Jlen6HuULA A1 3HaKode-
peAyoIIUXcs pafoB. AGCOMIOTHO U YCIIOBHO CXOASIIMeCs psiabl. TeopeMa 0 IepecTaHOBKe
4JIEHOB YCJIOBHO cXoAs1ierocs psja (TeopeMa PumaHa).

[ToroueyHast ¥ paBHOMEpPHas CXOAUMOCTh PYHKIIMOHANBHBIX ps0B. Heobxoaumoe u j10-
CTaTOYHOE YCI0BHE PAaBHOMEPHOM CXOAUMOCTH. [Ipr3HaKy paBHOMEPHOM CXOAUMOCTH.
Teopembl 0 paBHOMEPHO CXOASLMXCS PYHKIMOHANBHBIX PAAAX.

CreneHHblIe pAABI

Paznyc 1 mpoMeXXyTOK CXOAMMOCTU CTEIIEHHOTO psafa. PopMyibl 1Sl ONIpeiesIeHUs Pauyca
cxogumocTH. ITowneHHoe AuddepeHINPOBAHUE U MHTEIPUPOBAHHE CTEIIEHHbIX PSAAOB,
HEM3MEHHOCTB PaZIyca CXOAUMOCTH. PasodkeHHe a1eMeHTapHbIX PYHKIUH B CTEIIeHHbIE
psasl. Teopema Beitepiurpacca o mpUOIMIKeHUM HETIPePbIBHBIX QYHKIMIA MHOTOY/IEHAMH.



14. O6nikHOBeHHbIe A depeHMANbHbIE yPAaBHEHUS IEPBOTO NOPAAKA

Onpenenenue auddepeHIINATBHOIO yPaBHEHUS II€PBOro Nopsjka. [IonaTue obuero u
yacTHOro peueHus. Teopema CylLeCTBOBAHUS U €JUHCTBEHHOCTH PellleHNs. YpaBHEHUA C
paseaoLMUCS [IepeMEeHHBIMU U CBOASIIMECS K HUM. JIMHelHble OJHOPOAHbIE U HEOI-
HOpPOZ(HbIE ypPaBHEHUS . YpaBHeHUS B IIONHbIX AnddepeHnmaax.
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NTuneiinas anrebpa

MaTpuiie! ¥ orepauuy ¢ HUMHU

[ToHsATHE IPIMOYTONbHOM MaTPHIbl; ONI€PALIMU CIOXKEHMS MATPULL, yMHOXKEHUS MaTPULbI
Ha YMCJ10, yYMHOXEeHUS MaTpull. EAMHUYHAs 1 HyneBas MaTpuubl. TpaKTOBKA TPOCTPAHCTBA
R™ KaK IPOCTPaHCTBA BEKTOPOB-CTONOIOB MM IPOCTPAHCTBA BEKTOPOB-CTPOK. YMHOXKE-
HYe MaTpHLbl Ha cTon6eL] ¥ CTPOKM Ha MaTPHILy KaK YaCTHBIM CIydail yMHOXEHUS MATPHULL.
CBoiiCTBa aCCOLMATUBHOCTH U AUCTPUOYTUBHOCTHU OIlepalyii ¢ MaTpuuamu. Onepanus

TPaHCIIOHUPOBAHUS; TPAHCIIOHMPOBAHKE CYMMbI X IPOM3BeeHUS MaTpull. [loHATHE CUM-
METPUYHOM MaTPUIbL.

BekTopHbIe MPOCTPAHCTBA

Ob1iee onpezeneHue (BelleCTBEHHOI0) IMHEHHOIO IPOCTPAHCTBA; npumepsl. IlonsTue
CHUCTEeMBI BEKTOPOB. JInHeHble KOMOMHAIIUMY CUCTEMBI BEKTOPOB; TOHATHUE TUHENHOM 3a-
BUCUMOCTU U HE3aBUCUMOCTU CUCTEMBI BEKTOPOB. YCIIOBHE COXPAaHEHUS INHENHON He-
3aBMCUMOCTHU IIPU pacClIMPEHUU CUCTEMBI BEKTOpPOB. TeopemMa 0 TMHEeNHOM 3aBUCMMOCTH
CHUCTeMBbl BEKTOPOB, IMHEMHO BbIPAXKAIOLIUXCA Yepe3 CUCTEMY C MEHBLIUM UM CJIOM BEKTOPOB.
IToHgTHe paHra CUCTEMbI BEKTOPOB.



[ToHaTHe 6a3nca BeKTOPHOTrO IPOCTPaHCTBA. KOoHeYHOMepHbIe IIPOCTPAHCTBA. [IprMepsl
6a3ucos. PaBHOMOIIHOCTb 6231 COB (B KOHEYHOMEPHOM IIPOCTPAHCTBE) U ITOHATHE PadMep-
HOCTH. JIMHeHag 3aBUCMMOCTb CUCTEMBI U3 L + | BEKTOpPA B TL.-MEPHOM IIPOCTPAHCTBE.
B0o3MO>XHOCTb ZOMONHEHUS 10 6asuca m060i TMHEHHO He3aBUCUMOM CUCTEMbI BEKTOPOB.
Ba3uc Kak MaKCUMaJIbHas TMHEHHO He3aBHMCUMas CUCTEMA BeKTOPOB. OJHO3HAYHOCTb pas-
NI0YKEHHUS BEKTOPA 110 JaHHOMY 6azucy; koopauHaThl. COOTBETCTBYE MEXY BEKTOPAMU U
UX KOOpAXHaTaMu. TPaKTOBKa KOOPAMHAT KaK 3JIEMEHTOB (KOOPAUHATHOI'O) IIPOCTPAHCTBA
R". CoxpaHeHHe TMHENHON 3aBUCMMOCTU 1 HE3ABUCHUMOCTH IIPU ITepeXofie OT CUCTEeMBbI
BEKTOPOB K CCTEME UX KOOPAMHAT.

[ToHATHE NOANPOCTPAHCTBA, cobcTBeHHOrO noAnpocTpaHcTBa. KoHeUHOMEpPHOCTD MOJA-
IIPOCTPAHCTBA KOHEYHOMEPHOIO IPOCTPAHCTBA; HEPABEHCTBO MEXXAY UX Pa3MEPHOCTIMHU.
JIuHeriHasg 060I0YKa CUCTEMbI BEKTOPOB KaK MOAIIPOCTPAHCTBO. PaHT cUcTeMbl BEKTOPOB 1
Pa3MEPHOCTb €0 TMHEMHOU o6onouku. Jluneiinsle (adpdrHHbIE) MHOTOOOPA3US KAK CABUTU
IOJIIPOCTPAHCTB; AHATIOTUA C IIPIMBIMU U IIJIOCKOCTSIMU B TPEXMEPHOM IreOMEeTPUYECKOM
IIPOCTPAHCTBE.

Omnepanuy ¢ NOANPOCTPAHCTBAMMU: IEpeceyeHre U BEKTOpHas cyMMa. [IoHaTHE IpAMOu
cyMMb! ABYX (1 6o7ee) moanpocTpaHcTs. CBSI3b PA3MEPHOCTEM CyMMbl U IIEPeCeYeHHUs C
PazMepHOCTSIMU UCXOAHBIX (BYX) IOAIIPOCTPAHCTB; C/IyYai IIPIMOM CYMMBI.

CucTeMbl TMHEHHBIX (aIre6panyecKux) ypaBHeHUH

[IpeacraBneHUe COBOKYITHOCTH HEM3BECTHBIX CUCTEMBI IMHENHBIX YPABHEHUN U ITPABbIX
yacTeil Kak BeKTopoB B R" (8 dopme BeKTOPOB-CTONOII0B MU BEKTOPOB-CTPOK). MaTprua
CUCTEMBl U MATPUYHO-BEKTOPHAS €€ 3anuch. [IpejcTaBaeHre IPIMOYroIbHOM MaTPUILLbI B
BUJIe CEMENCTBA ee CTONO1I0B MM CeMeHCTBa CTPOK; TeOpeMa O COBIJIeHUM PAHIOB 3TUX
CeMeMNCTB (TeopeMa O paHIe MaTpHUILIbl); pAHT MaTPUIbl, paHT CUCTEMBI ypaBHEeHUM. [IoHATHE
0 MaTpHIax IIOJHOI'O paHra. BrlpoyKJeHHble U HEBBIPOXKAEHHbIE KBRIPATHbIE MATPULIBL.
TpakToBKa CUCTEMBI IMHEMHBIX YPABHEHMH KaK 3a71la4M O pas3/IO)KeHUU IIPaBOM YACTHU I10
cTonb1amM MaTpULbl CUCTEMbI. YC/IOBHE CYLIeCTBOBAHHUS PellIeHUS P I060# IIpaBoy 4acTH
(7151 AAaHHOM MaTpPHIbl CUCTEMBI) M YCIIOBUE €AMHCTBEHHOCTH UM OTCYTCTBUS peLIeHUS B
TepMUHaX paHra Marpuusl. Teopema Kponekepa—-Kanennu.

MHO>XecTBO pelleHUM OHOPOJHOM CUCTEMBI IMHEMHBIX YPAaBHEHUM KaK IOJIIPOCTPAHCTBO
B R", ero paamepHoOCTb; 6a3UC OANPOCTPAHCTBA pelleHu (yHAaMeHTaIbHAs CUCTEMA pe-
LLIEHU#T) U 3a1TUCh 061Iero peleHNs B opme TMHEHHOM KOMOMHALIMMY C HeOIIpe/eIeHHbIMU
koadpunrenTaMu. BosMoXKHOCTS 3a1aHMS 11060r0 MOAIPOCTPaHCTBA B R™ Kak MHOXeCTBa
pelleHUH HEKOTOPOH CUCTEMbI IMHENHBIX OAHOPOAHBIX yPaBHEHUH.

CBS13b MHOXKECTBA PEIIEHUI COBMECTHOMU HEOJHOPOAHOU CUCTEMBI U COOTBETCTBYIOLIEN €1
OZHOPOJAHOM CUCTEMBI; 3aIIMCh obiero peuteHus. [Ipsimas ¥ rUnepIiiockocts B R™. Bos-
MOYKHOCTD 331aHu4 N060ro nuHeHoro (adduHHOro) MHOroobpasus B R™ kak MHOXeCTBa
pelIeHM M HEKOTOPOU CUCTEMbI IMHENHBIX YPaBHEHU M.

CucTeMbl TMHENHBIX YPAaBHEHUM C KBAJPaTHOMU HEBBIPOXKAEHHOM MaTpULIEH; CYLLIeCTBO-
BaHMe U eJUHCTBEHHOCTH pelueHus. [IoHaTHe 06paTHON MaTPUILbL; €€ CYLLeCTBOBAHUE U
eIMHCTBEHHOCTb JUIS 1I0060¥ HEBBIPOXKAEHHOUN MATPHUIBl U OTCYTCTBHE IJIS BBIPOXKIEHHOM
MaTpullsl. HeBBIpOXKAEHHOCTh 06paTHOM MaTPUIIbl; IOBTOPHOE ObpalieHre. YMHOXKEHHE
CHCTEMbl IMHENHBIX YPaBHEHUM Ha HEBBIPOXKJEHHYIO KBaZIPaTHYIO MaTPULy KakK SKBUBa-
NeHTHOe npeobpa3oBaHUe CUCTEMBI. VICII0b30BaHMe 9KBUBATEHTHbIX TpeoOpa3oBaHM U 11
BBIUMCIEHUS PAHTa MATPULbL U [TOUCKA OD1I1ero peleHus CUCTEMb TMHEMHbIX YPAaBHEHU .

Onpenenurens MaTpUILIbI
Onpegenurenb KBaJpaTHOM MaTpULbl. HeM3aMeHHOCTD OnlpeAie/IuTe s IIpY TPaHCIIOHUPO-
BaHMU MaTpHulbl. CMEHA 3HaKa OIpeJeNUTes IIPYU IIepecTaHOBKE IBYX CTPOK MM JBYX



cTON610B MaTpULbl. IMHEHHOCTD OIpPeAeTUTeNs [0 KXKA0M CTPOKE U KOKAOMY CTONOLy.
PaBeHCTBO HYJIIO ONIpe/ieNuTeNs Kak HeoOX0A1MOoe U J0CTATOYHOE YCIOBUE BbIPOXK/IEHHOCTH
MaTpuilpl. OnpefenTeNb IPOM3Be/IeHUS. MATPHULL, OIIpeie/IuTeNb 0OPaTHON MaTPUILLL.

[ToHATHE MUHOPA IIPOU3BOIBHOIO NOPAAKA; ONPEAE/NEeHHMEe PaHTa MaTPUIIBl B TEDMUHAX
MUHOPOB. ANre6panyeckye ZOMONTHEHNS 37IeMEHTOB MAaTPULbI X GOPMYJIB! Pa3IoXKeHUS
onpezenuTeNs 1o cTpoke uiu cronbuy. dopmynsl Kpamepa 715 pelieHus CUCTeMbl TMHEH -
HbIX YPaBHEHHUH C KBa[paTHOM HEBBIPOXKAEHHOM MaTpulien. [IpucoeiMHeHHasg MaTpULa U
ee CBS3b ¢ 0OpaTHOM.

BbruncieHUe OnIpeieIuTeNs IyTeM Ipeobpa3oBaHUs MaTPHUIbL.

JIuHelHble ONIEePaTOPhI
JIuHeNHBIN OIIepaTOp KaK TMHENHOe 0TOOparkeHe BEKTOPHOTO IPOCTPAHCTBA X B BEKTOP-
Hoe npocTpaHcTBO Y; mpumepsl. CoBokynHocTb L(X, Y) Bcex TMHENHBIX 01epaTopoB U3 X
B Y KaK BEKTOpHOE ITpocTpaHcTBo. O6pa3 u Apo 1rMHeHoro onepartopa. Cyneprnosunus
JIMHEMHBIX ONIEPaTOPOB.

Marpuua nuHeiHoro oneparopa u3 X B Y 1 duKcHpoBaHHBIX Da3UCOB 3TUX IIPOCTPAHCTB.
CooTBeTCTBME MEXAY AeMCTBUSIMHU HaJl OTIepaTOPaMU U HaJl UX MaTPUILIAMU; MaTpHUILA Cy-

TIIepIIO3ULIMY ONlepaTOpoB. MaTpullbl nepexoja npyu cMmeHe 6a3ucoB B X 1 Y, UX HEBBIPOIK-
IEeHHOCTb; Ipeobpa3oBaHKUe MaTPUIbI IMHEMHOIO OllepaTopa IpH CMeHe 6a3KcoB.

JIuHeiiHble Ipeobpa3oBaHUs BEKTOPHBIX IIPOCTPAHCTB

JIuHeiHble OTIepPaTOPHI, AEHCTBYIOIME U3 BEKTOPHOT'O IPOCTpaHCTBA X B ce6s; TOXKAeCTBeH-
HbIY OIlepaTop; npeobpasoBaHUe OZOOMS A1 UX MATpUL IpU cMeHe 6a3uca B X. O6paTHbIN
OIlepaTop U ero MaTpUILIA; YCIOBME 0OPATHMOCTH OIlepaTopa B TEPMUHAX €ro gpa u obpasa.

VHBapuaHTHBIE IIOAIIPOCTPAHCTBA OIlepaTopa. IHBapMaHTHOCTb 06pasa U sapa orepaTopa.

CobcTBeHHbIE BEKTOPBI X COOCTBEHHBbIE UM CIa TUHEHHOIO 0OTIepaToOpa U ero MaTpuLbl. Xapak-
TepUCTUYECKUI MHOTOYIEH MaTPHUI[bl OIIepPaTOpa, €ro HEM3MEHHOCT IIpH IIpeobpa3oBaHU U
nogobus. CrieKTp onepaTopa ¥ MaTpHLIbl, €r0 COBIIa/leHUe C MHOXKECTBOM HyJIel XapaKTe-
pUCTHYeCcKoro MHorouseHa. Co6cTBeHHOE IO POCTPAHCTBO, COOTBETCTBYIOLIIEE JAHHOMY
coBCTBEHHOMY YHCIY.

JIuHeHas He3aBUCUMOCTb CUCTEMbI COOCTBEHHBIX BEKTOPOB, COOTBETCTBYIOLIUX PA3HBIM
co6CTBEeHHBIM YMCIaM. MaTpUIIb! (IMHeHbIe OIlepaToOphl) IPOCTOM CTPYKTYPbl; AMAroHasb-
HbIM BUJ MaTpHIbl B 6asuce 13 cOOCTBEHHBIX BEKTOPOB (IpHBeJeHHEe MaTPHULbl [IPOCTOM
CTPYKTYPBI K JMAarOHAJILHOMY BUAY IpeobpasoBanuem nogobus). CobcTBeHHbIe yncaa U
cob6cTBeHHbIe BEKTOPHI OTIepaTOpa IIPOEKTUPOBAHUS.

EBK/IM/I0BBI IPOCTPAHCTBA

[onsTtue 6unuHenHoM popmbl. CKaIIpHOe IPOU3BeLeHHe; eBKIUAOBO IIPOCTPAHCTBO. CTaH-
JapTHOE CKaJlsIpHOe mpoussejeHue B R™; mpumeps! Apyroro Bbifopa CKaasIpHOro mpous-
BeZieHUs. JIIMHA BeKTOpa U Yol MeXJy BeKTOpaMHU (IIpM ZaHHOM BbIOOpe CKaJIIPHOTrO
npousseneHus). HepaseHcrso Komn—ByHskoBckoro (HepaBeHcTBO [1IBapna).

[TonsTHe OPTOrOHaJIbHOCTU BEKTOPOB; IMHENHAS HE3aBUCHMOCTb CUCTEMbI HEHYEBbIX
TII0NIaPHO OPTOTOHAIbHBIX BEKTOPOB. IIpoliecc OpTOroHaIM3aluy U CyL[eCTBOBAaHHE OPTO-
HOPMMPOBaHHOro 6asuca. BelparkeHue CKaIIPHOrO IPOU3BeAEHHMS ABYX BEKTOPOB Uepes ux
KOOPAMHATHI B OPTOHOPMHUPOBaHHOM 6a3uice. OpTOroHanbHOE ZOIONHEHYE TOAIPOCTPAH-
CTBa; OPTOTOHAJIBHBINA ITPOEKTOP.

JInHelHble OTIepaTOPhl, COXPAHSIOIINE CKATISIPHOE IIPOM3Be/IeHUE (M30MEeTPUS €BKINU/IOBBIX
IIPOCTPAHCTB); UX MATPUIbl B OPTOHOPMUPOBAHHOM Ha3uce (OpTOroHaIbHbIE MATPULIEI).



HeBbIpOsKIeHHOCTb OPTOrOHATIBHBIX MATPHI], COBIaJIeHUe 0OPaTHOU 1 TPAHCIIOHUPOBAH-
HOI, POM3Be/ieHHe OPTOrOHATIBHBIX MaTpuIl. OTpesiesuTeNb M CO6CTBEHHbIE YUC/IA OPTOTO-
Ha/IbHOM MaTpPHULBl. MaTpHIIbl IEPECTAHOBKM, MATPHIIbl BPALLEHHMS, MATPHULIBI OTPAXKEHHS.

CamocomnpskeHHble (CUMMETPUYHbIE) OTIePaTOPhl, CAMMETPUYHOCTb UX MATPHULL B OPTO-
HOPMUpPOBaHHOM 6a3uce. OpTOrOHAIBHOCTb COOCTBEHHBIX BEKTOPOB, COOTBETCTBYIOLINX
pa3TMYHBIM COBCTBeHHBIM uncIaM. CylliecTBOBaHHE OPTOHOPMUPOBAHHOTO 6a3Kca, COCTOS -
111ero U3 COOCTBEHHBIX BEKTOPOB CHMMETPMYHOTrO oneparopa. [IpuBesieHne CMMMETPUYHOH
MaTpHLbI K AUaroHaIbHO dopMe peobpasoBaHHEM OA0OUS C OPTOrOHAIBHOM MaTpULIEH
nepexofia. CAMOCOIPSYKEHHOCTb OPTOTOHAIBHOTO ITpoekTopa. Knaccuduxanus cummer-
PUYHBIX MATPHUI] 10 UX CIIEKTPY: IONOXKUTEIBHO (OTPULATEILHO) OTIpe/ie/IeHHbIE; HEOTPU-
LIaTeIbHO (HEMOI0XKUTEIbHO) OTlpe/ie/IeHHbIe MK ITOIyONpe/ieIeHHbIe; HeOIpeleIeHHBIE.

8. Ksagparuunsie popMbl
KsagparuyHas ¢opma. 3ajaHre KBaApaTUIHON GOPMBI IIPY TOMOIIY CHMMETPUYHOM MaT-
punpl. [Ipeo6paszoBaHye MaTpHULIbl KBaAPATUIHOM GOPMBI IIPU 3aMeHe IepeMeHHbIX. [Ipu-
BeZleHUe KBaZpaTUIHOM GOPMBI K KAHOHUYECKOMY BUAY (C MaroHaJIbHOM MaTpulie) Impe-
obpasoBaHMeM [TlepeMeHHBIX C OPTOTOHATILHOM MaTpHIeH Iepexoza.
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