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i ∈ [0, 1]
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U =
∞∫
0

u(t)e−rtdt −→ max,
Ü�$�%&$và

u(t) =
1∫
0

lnQi(t)di − L(t),

s.t. : pAiqAi + pBiqBi = 1, (1.1∗)

Qi(t)
ú 3�.8(4R-1"cs�"*-67.8(�.�giMV.].+0"RY�",/.]02143�A�0q�+��6&(40214R/*-,-�
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t
�

Qi(t) = f(qAi, qBi) = (qα
Ai + qα

Bi)
1/α,

qAi
B�(40

qBi
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pBi
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α = 1

3�.8,-,/A�R-��.8(40"R�*/.¢��A5,�gæA�35*Y3�.8cs��A5*-6&*-67.8(Qá
α = 0

ú B��4R/A5(43�A;.�gU3�.8cs��A5*-6&*-67.8(Q%
L(t)
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r > 0
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% Ú O"67R
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i

qAi =
p
1/α−1
Ai

p
α/α−1
Ai + p

α/α−1
Bi

, qBi =
p
1/α−1
Bi

p
α/α−1
Ai + p

α/α−1
Bi

.
Ü�$�%?>Và

® �{z~�_oV�vu±�vuw�{��{¯�������������dz�!"��´�oy��r
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w = 1
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ηj =
1 − αλj

1 − α
, j = A,B,

Ü�$�%?KVà
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λj
67RY*-O4A:Û4,-c�PSRY6&(43�.8cdA��

λj = pjqj =
p

α/α−1
j

p
α/α−1
A + p

α/α−1
B

.
Ü�$�% =+à

Ú O+14R�á4A�ç+1"6&^&6&�",-6&1"cÍ�",-673�A
pj =

ηj

ηj − 1
cj =

1 − αλj

α(1 − λj)
cj .

Ü�$�%?ýVà
U,/.�Û4*F6&(�A�çy1"6&^&6&�",-6&1"c

πj =
λj

ηj
=
λj(1 − α)

1 − αλj
.
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zj = cj/c−j
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cj = wΛ
á
Λ
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67R/R-14A�0�á�HYO"673/O 0"A�35,/A�B8R/A
γ
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zj = γ−n %
�].8^&G]6&("M¢Ü±gæ.8,pA�â4B�cs�"^7A�á�(+1"cdA5,-673�B�^&^&�"àpR-�2R-*/A5cºÜ�$�%?KVà!P�Ü�$�%?JVàQH£A£R-O�B�^&^yMVA5*Q*-O�B�*�*-O4A_�",/.�Û4*�.�g]Û4,-cü67R�B�g|1"(435*-67.8(
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πj = φ(zj , α).Q
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φ(zj , α)

RbadceUX_dfgfg_ih@]`YTjlkTm^_dknS�mE\E]gSocop
• ∂φ(z, α)

∂z
< 0 q α ∈ (0, 1) r

• φ(z, 0) = 1/2 r
• φ(z, α) + φ(1/z, α) > 2φ(1, α) r
• φ(0, α) = 1 r
• lim

z→∞

φ(z, α) = 0 r
• α = 1 : φ(z, 1) =





0 z > 1,
UX_dfgfg_ihsSom q

1 − z z < 1,
fgSoa*t�S�m r

• φ(1, α) =
1 − α

2 − α
r

• ∂φ(z, α)

∂z

∣∣∣∣
z=1

= − α

4 − α2 u
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ψ(x)
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ψ(x)
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(x+h)
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ψ(x)

% Ú O�B�*U67R���B�,CB�cdA5*/A5,
h > 0
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Ṽn
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Vj
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Vn
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Vn = max
x

{(πn − ψ(x))dt + e−rdt[xdtVn+1 + (x̃+ h)dtV0 + (1 − xdt− (x̃n + h)dt)Vn]}. Ü�$�%ñ¬�à

V0 = (π0 − ψ(x))dt+ -�
�

�
-

@
@

@ -

1 − (x+ x0)dt

x0dt

xdt

V0

Ṽ1

V1

Vn = (πn − ψ(x))dt+ -�
�

�
-

@
@

@ -

1 − (x+ x̃n + h)dt

(x̃n + h)dt

xdt

Vn

V0

Vn+1

Ṽn = (π̃n − ψ(x))dt+ -�
�

�
-

@
@

@ -

1 − (x+ xn + h)dt

(x+ h)dt

xndt

Ṽn

V0

Ṽn+1
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ψ(x) =

1

2
βx2, β > 0.
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rV0 = π0 −
1

2
βx2

0 + x0(V1 − V0) + x̃0(V0 − Ṽ1),
Ü�$�%?`Và

rVn = πn − 1

2
βx2

n + xn(Vn+1 − Vn) + (x̃n + h)(V0 − Vn),
Ü�$�%?ìVà

rṼn = π̃n − 1

2
βx̃2

n + xn(Ṽn+1 − Ṽn) + (x̃n + h)(V0 − Ṽn),
Ü�$�%&$�¦Và

x0 =
V1 − V0

β
,

Ü�$�%&$�$và

xn =
Vn+1 − Vn

β
,

Ü�$�%&$�>Và

x̃n =
V0 − Ṽn

β
.

Ü�$�%&$�KVà

Ú O4A:G�B�^&14A�R
Vj
B�(40

xj
3�B�(���A:.8�"*CB�6&(4A�0��+��*-O4A:(+1"cdA5,-673�B�^�R/A5,-67A�RNR/.8^&1"*-67.8(�.�gUR-�]R/*/A5c Ü�$�%?`Và ú Ü�$�%&$�KVà�%

��p�i��r�����uw!4�£r����8�p���v����o�u|¯r���!2�vuw�{�!"���¯r���!2��o
@QA5*�PSR_3�B�^&^{.+3�351"��B�(435�¡.�g�R-*CB�*/A

n
á
µn
áyBÝR-O�B�,/A�.�g�6&(40214R-*-,-67A�RU6&(dR-*CB�*/A

n
Üw*-O4AbMyB��s��A5*)H�A�A5(j^7A�B80"A5,£B�(40¢gæ.8^&^7.�H�A5,

cjB��VA�RX1"��(ÎR-*/A5�4Rêà�%<ãF(\Û4M4%i$�%?Kj*-O4A¡3CO�B�("(4A5^7R;.�gx6&(2ò�.�H�REB�(40\.81"*�ò�.vH�R;.�gx6&(40214R-*-,-67A�RX6&(+*/.qA�B83/OÎR-*CB�*/AsB�(40
6&(y*/A5(4R/6&*)��.�gi*-O4A�R/AX�",/.+3�A�RCR/A�RNB�,/A:,/A5�",/A�R/A5(+*/A�0�%
Ú O4A�.81"*�ò�.�H .�g�6&(40214R-*-,-67A�R<gw,/.8c A�B83/O9R-*CB�*/AjR/O4.81"^70���AjA�ç+1�B�^x*/.�6&(2ò�.vH 6&(y*/.[*-O"67RER-*CB�*/Aj6&(
R-*CB�*-67.8(�B�,-�

R-6&*-1�B�*-67.8(Q%

2µ0x0 =
∑

n>1

µn(x̃n + h)
Ü�$�%&$5=+à

µ1(x1 + x̃1 + h) = 2µ0x0
Ü�$�%&$�ýVà

µn(xn + x̃n + h) = µn−1xn−1
Ü�$�%&$�JVà

Ú O4A;R-�2R-*/A5c Ü�$�%&$5=+à ú Ü�$�%&$�JVàY0"A�R/35,-6&��A�RY6&(40214R-*-,-6hB�^p��B�*-*/A5,-([.�gUA�3�.8(4.8cs673�R�6&(�R-*CB�*-67.8(�B�,-�qR-6&*-1�B�*-67.8(Q%

| ���]§s�vn¯��!2��o[u|�r���!2�vuw�{�!"�v�¯r���!2��o
} O4.8^7A;.81"*-�"1"*�6&(q*-O4A;A�3�.8(4.8cE���

y = lnY =

1∫

0

lnQi(t)di.

Ú O4A:M�,/.vHY*-O�,CB�*/AX67R�0"A5*/A5,-cs6&(4A�0\B8R
g ≡ dy

dt
= lim

4t→∞

4 lnQi

4t ,

B8RNB�^&^Q6&(40214R/*-,-67A�RNB�,/A:670"A5(y*-673�B�^iB�(40�gæ.8,
Qi
*-O4A;A5,-MV.+02673;*-O4A�.8,/A5c 67RYG�B�^&670�%

$�$



n = 1 XXXXXXXXXz

µ1(x̃1 + h)dt

∑
n
µn(x̃n + h)dt

%%%

n = k ���������:
µk(x̃k + h)dt n = 0

���������:
µ0 · 2x0dt n = 1

n = 0 XXXXXXXXXz

µ0 · 2x0dt

n = 1
���������:
µ1(x̃1 + h)dt

XXXXXXXXXz

µ1x1dt

n = 0

n = 2

n− 1 XXXXXXXXXz

µn−1xn−1dt
n ���������:

µn(x̃n + h)dt

XXXXXXXXXz

µnxndt

0

n+ 1

ö�6&M�1",/Aj$�%?K2�_ßÝ�+(�B�cs673�RF.�g���.8�"1"^hB�*-67.8(�.]3�351"��B�(43567A�RN.�gUR-�]R/*/A5c R-*CB�*/A�R

'©*Y67RY��.�RCR-6&�"^7AX*/.¡MVA5*�á"*-O�B�*

g =
∑

p>1

µp(x̃p + h)p ln γ = (2µ0x0 +
∑

k>1

µkxk) ln γ.
Ü�$�%&$v¬�à

Ú O4A;R/A5*�.�gUA�ç+1�B�*-67.8(4REÜ�$�%?`Và!P�Ü�$�%&$v¬�àY0"A�RC35,-6&��A�R�A�3�.8(4.8cE��3�.8cs�"^7A5*/A5^&�V%
Ú O4A<3�.8cs�"^7A5*/A¡R/.8^&1"*-67.8(\.�g_*-O"67RNcd.]0"A5^p67RF��.�R/R-6&�"^7A<.8("^&�q(+1"cdA5,-673�B�^&^&�Vá�O4.�H�A5GVA5,Ý6&*/RFcjB�6&(��",/.8��A5,-*-67A�RX3�B�(

��A:.8�"*CB�6&(4A�0qgw,/.8c *-O4AEB�(�B�^&�+*-673�B�^�B�(�B�^&�2R-67R�.�gUA�â2*-,/A5cdA;3�B8R/A�R�%

ACB�D
B%~ ��GCI&J�M���O0G��T��J��0�<�<M���G��T�!M���I
Ü
γ → ∞ ⇔ maxn = 1

à

} A<R-O�B�^&^i3�.8(4R-670"A5,:BdR-��A�356hB�^�3�B8RCA�á�HYO"673CO[67RÝ3/O�B�,CB835*/A5,-6&ï�A�0��+�q*-O4A<M�,/A�B�*/A�R-*Ý��.�R/R-6&�"^7A;*/A�3CO"(4.8^7.8M�673�B�^i^7A�B8026&("M
.�g£.8(4AsR-*/A5�Q% } A¡B��"�",/.VB83CO�*/.�R-143/O�R/6&*-1�B�*-67.8(Qá�HYO4A5(Î*-O4AsR-6&ï�A¡.�gx6&("(4.�G�B�*/.8,-�\R/*/A5�Î67RF^hB�,-MVA�Ü

γ → ∞ à�áQB�(40^7A�B8026&("ME.8(�.8(4A�R-*/A5��B�^&,/A�B802�s,CB�67R/A�Rx�",/.�Û4*x1"��*/.:*-O4A�M�,/A�B�*/A�R-*£��.�RCR-6&�"^7AYG�B�^&14A<Ü
φ(γ−1, α)

γ→∞−→ 1, ∀α > 0
à

Ü|R/A�AXÛ4M4%�$�% =+à�% Ú O4A5,/A�g|.8,/A�á{*-O4A5,/AEB�,/A<(4.d6&(43�A5(y*-6&GVA�RÝ*/.j�",/.8^7.8("Mj6&("(4.�G�B�*-67.8(4RsÜ
x1 = 0

à�%YLüÛ4,-cÍHYO"673CO[67RF.8(4A
R-*/A5��B�O4A�B80�.�gi*-O4A;3�.8cs��A5*-6&*/.8,N0".+A�R�(4.8*N3�.8(4021435*N(4A5HI,/A�R/A�B�,/3CO4A�R�%
'©(�*-O"67RF^&6&cs6&*-6&("M�3�B8RCA;6&*N67RF��.�R/R-6&�"^7A;*/.�,/A�3�A56&GVAVÜwMVA5*êé�à�B�(�B�(�B�^&�+*-673�B�^iR/.8^&1"*-67.8(�.�g_*-O4A<cd.]0"A5^å% Ú O4A¢R/A5*F.�g

$�>



−1

π̃1

Ṽ1

µ1 = 1 − µ0

x̃1

yy y y y y y y y y y y y y y y y y y y y y y y y y y y y y y y yy y y y y y y y y y y y y y y y y y y y y y y y y y y y y y y yy y y y y y y y y y y y y y y y y y y y y y y y y y y y y y y yy y y y y y y y y y y y y y y y y y y y y y y y y y y y y y y yy y y y y y y y y y y y y y y y y y y y y y y y y y y y y y yy y y y y y y y y y y y y y y y y y y y y y y y y y y y y y y yy y y y y y y y y y y y y y y y y y y y y y y y y y y y y y y yy y y y y y y y y y y y y y y y y y y y y y y y y y y y y y y yy y y y y y y y y y y y y y y y y y y y y y y y y y y y y y y y hhc

x̃1 + h

0

π0

V0

µ0

x0

yy y y y y y y y y y y y y y y y y y y y y y y y y y y y y y y yy y y y y y y y y y y y y y y y y y y y y y y y y y y y y y y yy y y y y y y y y y y y y y y y y y y y y y y y y y y y y y y yy y y y y y y y y y y y y y y y y y y y y y y y y y y y y y y yy y y y y y y y y y y y y y y y y y y y y y y y y y y y y y yy y y y y y y y y y y y y y y y y y y y y y y y y y y y y y y yy y y y y y y y y y y y y y y y y y y y y y y y y y y y y y y yy y y y y y y y y y y y y y y y y y y y y y y y y y y y y y y yy y y y y y y y y y y y y y y y y y y y y y y y y y y y y y y y hhc

x0

hh
c x̃1 + h

1

π1

V1

µ1 = 1 − µ0

x1 = 0

ö�6&M�1",/Aj$�% =4�UT_3�.8(4.8c<�qHY6&*-O�M�,/A�B�*/A�R/*���.�RCR-6&�"^7AX^7A�B8026&("Mj6&(�.8(4A;R/*/A5�

A�ç+1�B�*-67.8(4REÜ�$�%?`Và ú Ü�$�%&$�KVàb67RYMVA5*-*-6&("MjR/6&cs�"^7A5,��

rV0 = π0 −
1

2
βx2

0 + x0(V1 − V0) + x̃0(V0 − Ṽ1),
Ü�$�%&$�`Và

rV1 = π1 + (x̃1 + h)(V0 − V1),
Ü�$�%&$�ìVà

rṼ1 = π̃1 −
1

2
βx̃2

1 + (x̃1 + h)(V0 − Ṽ1),
Ü�$�%?>�¦Và

x0 =
V1 − V0

β
,

Ü�$�%?>2$và
x1 = 0,

Ü�$�%?>�>Và

x̃1 =
V0 − Ṽ1

β
.

Ü�$�%?>�KVà
a���R/.8cdAX*-,CB�(4R�gæ.8,-cjB�*-67.8(4RFA�ç+1�B�*-67.8(4RYgæ.8,�A���.8,-*/R�6&(�R-*CB�*/A�R

0
B�(40 −1

HY6&^&^Q��A��
1

2
x2

0 + x0(r + h) =
1

β
(π1 − π0),

Ü�$�%?>�=+à
1

2
x̃2

1 + x̃1(r + h+ x0) =
1

β
(π0 − π̃1) +

1

2
x2

0.
Ü�$�%?>�ýVà

ßÝ6&,/A�35*-^&��gw,/.8cû*-O4A�RCA;A�çy1�B�*-67.8(4RN6&*�3�B�(���A:R/A�A5(q*-O�B�*��

• α ↑ =⇒ (π1 − π0) ↑ =⇒ x0 ↑ �*-O4A¢6&(435,/A�B8R/A¢.�g£3�.8cs��A5*-6&*-6&GVA5(4A�R/R:.8(\�",/.+021435*XcjB�,-�VA5*/RX,/A�R-1"^&*/RÝ6&(\6&(435,/A�B8R/A¡.�gx6&(43�A5(y*-6&GVA�RX*/.�6&("(4.�G�B�*/A
6&([.8,/0"A5,'�!(����*(��,+q3�.8cs��A5*-6&*-67.8(Qá�B�(40�R/."á26&(+*/A5(4R-6¤Û�3�B�*-67.8(\.�g�6&("(4.�G�B�*-67.8(�B�^�A���.8,-*/R�%

• h ↑ =⇒ x0 ↓ �R/6&cs�"^&6¤Û�3�B�*-67.8([.�gi6&cs6&*CB�*-67.8(4RN,/A�02143�A�RN6&(43�A5(y*-6&GVA�R�*/.d6&("(4.�G�B�*/A�%

• (π1 − π0) > (π0 − π̃1) =⇒ x0 > x̃1
�

Û4,-cdRd^7.+3�B�*/A�0¯.8(9^7A�B8026&("M
A�02MVAq.�gF*/A�3/O"(4.8^7.8M��9O�B�GVAqcd.8,/A�6&(43�A5(y*-6&GVA�R�*/.�,/A�B�^&6&ï�A�6&("(4.�G�B�*-67.8(4R�á�*-O�B�(
Û4,-cdRN^hB�M�M�6&("Mj.8(�*-O4A56&,�*/A�3CO"(4.8^7.8M�673�B�^�0"A5GVA5^7.8�"cdA5(+*�%

U,/.8��B��"6&^&6&*©�¯.�gF*-O4A�R/6&*-1�B�*-67.8(9*-O�B�(¯6&(96&(40214R-*-,-��*-O4A5,/A�B�,/A�*)H�.�Û4,-cdRd.8(9^7A�B8026&("M~A�02MVAq.�gX*/A�3/O"(4.8^7.8M��
Ü|.]3�351"��B�(435��.�g_B¢ï�A5,/.dR-*CB�*/Avà��

µ0 =
x̃1 + h

2x0 + x̃1 + h
.

Ü�$�%?>�JVà

$�K



Ú O4A;A�3�.8(4.8cs673:M�,/.vHY*-O�,CB�*/A<B�^7R/.s3�B�(���A:.8�"*CB�6&(4A�0\B�(�B�^&�+*-673�B�^&^&���

g = 2µ0x0 ln γ =
2x0(x̃1 + h)

2x0 + x̃1 + h
ln γ = g(r, h, β, π1 − π0, π0 − π̃1).

Ü�$�%?>V¬�à

• ∂g

∂α

∣∣∣∣
α=0

> 0
�_TUGVA5(�R/.8cdA:3�.8cs��A5*-6&*-67.8(�67R�MV.+.]0�g|.8,YM�,/.vHY*-OQ%

• ßXA5��A5(40"A5(43�A<.8( h ,/A5�",/A�RCA5(y*/R�*-O4A<R-��A�356hB�^�6&(+*/A5,/A�R-*��Û4,/R-*-^&��� ∂g
∂h

∣∣∣∣
h=0

> 0
á

.8(�*-O4A:.8*-O4A5,NO�B�(40��
g(h = ∞) = 0

%
LÝR

g
67Rb3�.8(+*-6&(y14.814RN.8(�OQá26&*�cdA�B�(4R�á2*-O�B�*b*-O4A5,/AF67RYBE��A�R-*£G�B�^&14AX.�g�A�B8R/AÝ.�g�6&cs6&*CB�*-67.8(4R

h
á2B�*bHYO"673COq*-O4A

A�3�.8(4.8cs673<M�,/.�HY*-O�,CB�*/AX,/A�B83CO4A�RN6&*/R�cjB�â]6&cE1"cÍG�B�^&14A�%

ACB�D
B%D ��GCI&J�M���I�K�GCO0Ox�0�<�<M���G��T�!M���I
Ü
γ → 1 γ = 1 + ε

à
} A:R-O�B�^&^Q(4.vHe3�.8(4R-670"A5,FB�(4.8*-O4A5,NR/��A�356hB�^Q3�B8R/A�á2HYO"673CO�67R�3CO�B�,CB835*/A5,-6&ï�A�0��+��cs6&("6&cE1"cR-6&ï�A:.�gi6&("(4.�G�B�*-67.8(4REÜ

γB�6&cdR:B�*Ý6&*/RÝ^7.vH£A5,:��.81"(404B�,-�Vá�1"("6&*��
γ → 1

à�%:ö4.8,X*-O4A¢RC.8^&1"*-67.8(\*-O4A¢cdA5*-O4.]0�.�g�B8R-�]cs�"*/.8*-673¢0"A�3�.8cs��.�R-6&*-67.8(
HY6&^&^p��A:14R/A�0�% Ú Oy14RF*-O4A<3�B8RCA�R

α < 1
B�(40

α = 1
R-O4.81"^70���A<3�.8(4R/670"A5,/A�0�R/A5��B�,CB�*/A5^&�~ÜæB8RN*-O4A;�",/.�Û4*Fgw1"(435*-67.8(

φ(·, α)
R-cd.].8*-O�B�*

α < 1
B�(40qO�B8RNB¢�]6&("��B�*

α = 1
à�%

® !"r�o�§jn�o+
α < 1

@QA5*
ε = γ − 1 > 0

%
Ú O4A5(

V0 =
1

r
φ(1, α) +O(ε2),

Ü�$�%?>�`Và

Vn =
1

r
φ(1, α) + nβηε+O(ε2),

Ü�$�%?>�ìVà

Ṽn =
1

r
φ(1, α) − nβηε+O(ε2),

Ü�$�%?K�¦Và
HYO4A5,/A

η =
1

β(r + h)

(
−∂φ(1, α)

∂z

)
> 0.

Ü�$�%?K2$và
Ú O4A:6&("(4.vG8B�*/.8,-�qA���.8,-*/RYHY6&^&^Q��AX*-O4AXg|.8^&^7.vHY6&("M4�

x0 = ηε+O(ε2),
Ü�$�%?K�>Và

xn = ηε+O(ε2),
Ü�$�%?K�KVà

x̃n = nηε+O(ε2).
Ü�$�%?K�=+à

Ú O4A:�",/.8��B��"6&^&6&*©��.�g�6&(40214R-*-,-��*/.s��AX6&(qï�A5,/.dR-*CB�*/A�á43�B�(���A:0"A5*/A5,-cs6&(4A�0\B8R��

µ0 = µ̆0 +O(ε),

µ̆0 =
1

1 + 2f(h/(ηε))
,

$5=



HYO4A5,/A
f(ζ) � O�B8RÝB¢�",/.8��A5,-*©���

−1 <
ζf ′(ζ)

f(ζ)
< 0

LF(40�M�,/.�HY*-O[,CB�*/A;.�g��",/.]021435*-67.8(�GV.8^&1"cdA��

g =

(
2µ0x0 +

∞∑

n=0

µnxn

)
ln γ = (1 + µ0)ηε

2 +O(ε3) ≈ 2(1 + f(ζ))

ζ(1 + 2f(ζ))
hε,

Ü�$�%?K�ýVà
HYO4A5,/A

ζ = h/ηε.

DFA�R-1"cdA��

• Ú O4A:6&(2ò414A5(43�AE.�g�6&(435,/A�B8RCA;.�gi3�.8cs��A5*-6&*-6&GVA5(4A�R/RF.8(�A�3�.8(4.8cs673:M�,/.�HY*-O[,CB�*/A�R�%_ö",/.8cÍ*-O4A;.8(4A:O�B�(40��
α ↑ =⇒ η ↑ =⇒ x0, xn, x̃n ↑ =⇒ g ↑ Ü|A���.8,-*NA���A�35*êà�%ãF(�*-O4A;.8*-O4A5,�O�B�(40��
α ↑ =⇒ η ↑ =⇒ µ0 ↓ Ü|R-6&(43�A ∂µ0

∂η < 0
à

=⇒ g ↓ Ü|3�.8cs��.�R/6&*-67.8([A���A�35*êàÚ .8*CB�^�A���A�35*��
α ↑ =⇒ η ↑ =⇒ ζ = h

ηε ↓ =⇒ g ↑ Ü|R-6&(43�A ∂g
∂ζ

∣∣∣
h=const

< 0
à�% Ú O�B�*;67R<*-O4AsM�,/.�HY*-O
,CB�*/A

��.�R-6&*-6&GVA5^&�q0"A5��A5(40"Rbgw,/.8c
α
%

• @QA5*�PSRF3�.8(4R-670"A5,�(4.vHõ6&(435,/A�B8R/A;.�gi6&(y*/A5(4R-6&*©��.�g�6&cs6&*CB�*-67.8(4Rv%
h ↑ =⇒ η ↓ =⇒ x0, xn, x̃n ↓ =⇒ g ↓ Ü|A���.8,-*NA���A�35*êà�%
ãF(q*-O4A:.8*-O4A5,YO�B�(40�á2*-O4AX6&(435,/A�B8RCA:.�g�6&(y*/A5(4R/6&*)��.�g�6&cs6&*CB�*-67.8(4RFB�1"M�cdA5(+*/R�.]3�351"��B�(435��.�g�(4A�3/�+ó©B�(40]óå(4A�3/�
R/*CB�*/A�%
h ↑ =⇒ ζ = h

ηε ↑ =⇒ f(ζ) ↓ =⇒ µ̃0 ↑ =⇒ g ↑ Ü|3�.8cs��.�R-6&*-67.8([A���A�35*êà} O"6&^7A:6&(+*/A5(4R-6&*)��.�gi6&cs6&*CB�*-67.8(4R�,-67R/A�R
h ↑ =⇒ ζ = h

ηε ↑ =⇒ g ↓

• WXA5(4A5,CB�^&^&�Vá�*/.8*CB�^pA���A�35*Y67RNB�c<�"6&M�14.814R�%£ðF.vH£A5GVA5,�á{6&*Y67RY��.�R/R-6&�"^7AX*/.s3�.8(435^&140"A�á4*-O�B�*��
∂g

∂h

∣∣∣∣
h=0

> 0
á

g(h −→ ∞) −→ 0

g(h −→ 0) −→ g0 > 0LÝR
g
ó�67R�3�.8(y*-6&(+14.814RY.8(

h
áy6&*xcdA�B�(4R�á+*-O�B�*�*-O4A5,/A�67R£B;��A�R/*xG�B�^&14A�.�g

h
á2B�*xHYO"673/O�*-O4ANA�3�.8(4.8cs673FM�,/.�HY*-O

,CB�*/A;,/A�B83/O4A�RF6&*/RYcjB�â]6&cE1"c G�B�^&14A�%

® !"r�o[§jnpo]
α = 1

@QA5*
ε = γ − 1

á
ε→ 0Ú O4A5(��",/.�Û4*F.�g�Û4,-cdR

π0 = O(ε2),
Ü�$�%?K�JVà

πn = 1 − γ−n +O(ε2) = nε+O(ε2),
Ü�$�%?KV¬�à

π̃n = O(ε2).
Ü�$�%?K�`Và

���!�*�@�*�^�,�^�!���*�!�����l���������*�&�^�!���o�
f(ζ)

�,� �<¡�¢��&���o�¤£o¥o¥d¦
$�ý



} 6&*-Oq*-O4A�R/A;R-1"�"��.�R-6&*-67.8(4R�á26&*�67RNA�B8R-��*/.¡MVA5*�á4*-O�B�*
V0 = O(ε2),

Ü�$�%?K�ìVà
Vn = nβηε+O(ε2),

Ü�$�% =y¦Và
Ṽn = O(ε2),

Ü�$�% =4$và
HYO4A5,/A

η =
1

β(r + h)
> 0.

Ü�$�% =y>Và
Ú O4A;A���.8,-*/R�.8(�6&("(4.vG8B�*-67.8(�HY6&^&^p��A;B8Rbgæ.8^&^7.�HY6&("M

x0 = ηε+O(ε2),
Ü�$�% =yKVà

xn = ηε+O(ε2),
Ü�$�% =�=+à

x̃n = O(ε2).
Ü�$�% =yýVà

Ú O4A:�",/.8��B��"6&^&6&*©��.�g���A56&("Ms6&(�ï�A5,/.dR-*CB�*/A�á
µ0 = µ̆0 +O(ε)

á"67R

µ̆0 =
1

1 + 2ηε/h
.

Ü�$�% =yJVà
LF(40qA�3�.8(4.8cs673;M�,/.�HY*-O[,CB�*/A:67R

g =

(
2µ0x0 +

∞∑

n=1

µnxn

)
ln γ ≈ 2(1 + ηε

h )
h
ηε(1 + 2ηε

h )
hε.

Ü�$�% =+¬�à

ö",/.8c *-O"67RNA�â]�",/A�R/R/67.8(�6&*Y67R�A�B8R-��*/.sMVA5*Y*-O�B�*

• ∂g

∂h

∣∣∣∣
h=0

> 0
á

• g(h −→ ∞) −→ 0,

• g(h −→ 0) −→ g0 > 0,

LFR
g
67RE3�.8(y*-6&(y14.814Rs.8(

h
á�6&*;cdA�B�(4R�á�*-O�B�*E*-O4A5,/Aj67R¢Bq��A�R-*;G�B�^&14A

h
áUB�*;HYO"673CO
*-O4A�A�3�.8(4.8cs673jM�,/.vHY*-O
,CB�*/A

,/A�B83/O4A�RN6&*/RYcjB�â]6&cE1"c�%
LF^&^_*-O4A�R/Ad,/A�R/1"^&*/R;O�B�GVA���A�A5(~.8�"*CB�6&(4A�0~�+��LNM�O"67.8(Qá�ðÝ.�HY6&*-*¡A5*EB�^å%qB�(40�cd.8,/Ad6&(2ó)0"A5�"*-O�6&(y*/A5,-�",/A5*CB�*-67.8(

3�B�( ��Ajg|.81"(40
6&( *-O4A56&,dB�,-*-6735^7A�Ü|LFM�O"67.8(¯B�(40 ðF.vHY6&*-*¡A5*dB�^å%&á_>�¦�¦2$�í&$5îwà�%�'©(
*-O4A�3�.8(y*/A�â2*d.�gN*-O"67R¢H£.8,-�
*-O4A
0"A�R/35,-6&�"*-67.8(�.�gi*-O4A:cd.]0"A5^Q6&*/R/A5^¤gi67RY6&cs��.8,-*CB�(+*�%
LF^&^�,/A5cjB�6&("6&("Mj��B�,-*/R�.�gi*-O4A:H£.8,-��,/A5�",/A�R/A5(+*N6&(40"A5��A5(40"A5(y*F,/A�R/A�B�,/3/O\.8��A5,CB�*-6&("Md*-O"67R�cd.+0"A5^�B8R�*-O4A:��B8R/A�%

$�J
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'©(~*-O"67R¢3/O�B��"*/A5,¢H£A�R-O�B�^&^�B80"02,/A�R/RE*-O4Ajg|.8^&^7.vHY6&("M[�",/.8�"^7A5c��¡1"(40"A5,¢HYO�B�*E3�.8(4026&*-67.8(4R¡MV.vGVA5,-("cdA5(y*¡6&(y*/A5,�gæA5,�ó
A5(43�A�á46&(q��B�,-*-67351"^hB�,�á�R-1"�4R-67026&ï�6&("M�.�gU3�.8cs��A5*-6&("M�B�*�*-O4A<RCB�cdA:*/A�3/O"(4.8^7.8M�673�B�^i^7A5GVA5^Q6&("(4.vG8B�*/.8,/Rvá�3�B�(�R-*-6&cE1"^hB�*/A
*/A�3/O"(4.8^7.8M�673�B�^��",/.8M�,/A�R/Rêé

@QA5*
π
��AEBd�",/.�Û4*Ý.�g£BsÛ4,-cÍ6¤g_*-O4A5,/A¡B�,/A;(4.�*CB�â2A�R�% Ú O4A¢R/.81",/3�A¢.�gUcdA�B�(4RÝ.8([*-O4AER/1"�4R-6702�q67R�*-O4AE�",/.�Û4*

*CB�â"A�Rb6&cs��.�R/A�0q.8(�B�^&^�Û4,-cdR�6&(q*-O4A:A�3�.8(4.8c<�V% Ú O4AX*CB�â�,CB�*/A:67R
τ
% Ú O4A:0267R-��.�RCB��"^7AX�",/.�Û4*�.�gUB<Û4,-cû(4.vHõHY6&^&^

��A
(1 − τ)π

%

'©(�*-O4AsLNM�O"67.8(QPSRXcd.]0"A5^ � *-O4A¡M�,/A�B�*/A�R/*;3�.8(y*-,-6&�"1"*-67.8(�*/.qA�3�.8(4.8cs673¡M�,/.vHY*-O�67RXM�6&GVA5(Î�y�[*-O4A¡6&(40214R-*-,-67A�R�á6&(¯HYO"673CO�Û4,-cdR�3�.8cs��A5*/A\B�*j*-O4A�RCB�cdA�*/A�3/O"(4.8^7.8M�673�B�^X^7A5GVA5^¢Üw*-O"67Rj6&(40214R-*-,-�967Rd6&(üè�ï�A5,/.
R-*CB�*/AVè�à�% } A�3�B�^&^
*-O"67RNR/6&*-1�B�*-67.8( è�(4A�3C�yó©B�(40]óå(4A�3C��è¢3�.8cs��A5*-6&*-67.8( Ü|R/A�Ají&$�îwà�%�@pA5*�PSRFA�R-*-6&cjB�*/A�á{O4.�H«0".jR-1"�4R/67026&ï�6&("M�.�g_R-143/O�Û4,-cdR
HY6&^&^x6&(2ò414A5(43�A�A�3�.8(4.8cs673�M�,/.�HY*-O�,CB�*/A�%q@QA5*

S
��As*-O4A�R-6&ï�Aj.�gY*-O4A�R-1"�4R-6702�V%�ßÝ67R-��.�RêB��"^7Ad�",/.�Û4*E.�gYÛ4,-cdR<6&(

(4A�3/�+ó©B�(40]óå(4A�3/�[R-*CB�*/AdÜwHY6&*-O�R-1"�4R-6702�4à£67R
(1 − τ)π0 + S

%

Ú O4AY3CO�B�("MVA�RU6&(sa�A5^&^&cjB�(dA�ç+1�B�*-67.8(4RUHY6&^&^"3�B�14R/AY3CO�B�("MVA�RU6&(sR-�]R/*/A5cûÜ�$�%?`Và ú Ü�$�%&$�$và�%
-F.vH96&*U3�B�(s��A£HY,-6&*-*/A5(

�!�d� �,�^�!��·��$�¸���¸�!�*�
���i�,�!�¹�*�&�E�!�o�,º4�����,���o�»�!�&���C¼����!½4�o���x�&�,�$�4�&�^�!�{���s��·��o�,�@�o�&��¾
$v¬



B8R��

rV0 = (1 − τ)π0 + S − 1

2
βx2

0 + x0(V1 − V0) + x̃0(V0 − Ṽ1),
Üæ>2%&$và

rVn = (1 − τ)πn − 1

2
βx2

n + xn(Vn+1 − Vn) + (x̃n + h)(V0 − Vn),
Üæ>2%?>Và

rṼn = (1 − τ)π̃n − 1

2
βx̃2

n + xn(Ṽn+1 − Ṽn) + (x̃n + h)(V0 − Ṽn),
Üæ>2%?KVà

x0 =
(V1 − V0)

β
,

Üæ>2% =+à

xn =
(Vn+1 − Vn)

β
,

Üæ>2%?ýVà

x̃n =
(V0 − Ṽn)

β
,

Üæ>2%?JVà

2µ0S = τ(2µ0π0 +
∞∑

k=1

µk(πk + π̃−k)),
Üæ>2%ñ¬�à

HYO4A5,/Ad*-O4As^hB8R/*<A�çy1�B�*-67.8(
,/A5�",/A�R/A5(y*/RE�"1402MVA5*E3�.8(4R/*-,CB�6&(y*Eg|.8,:*-O4AjMV.�GVA5,-("cdA5(y*�Üwcd.8(4A5�ÎR-��A5(y*<g|.8,;R-1"�4R/670267A�R
B�,/A:A�çy1�B�^p*/.s*CB�â2A�RN3�.8^&^7A�35*/A�0�à�%
Lb*¢B�,-�"6&*-,CB�,-��B83�3�A5�"*CB��"^7A�G�B�^&14A�R¢.�g���B�,CB�cdA5*/A5,/R¡6&*<67RE��.�R/R/6&�"^7Ad*/.�RC.8^&GVAd*-O4A�R-�]R/*/A5c (y1"cdA5,-673�B�^&^&��.8("^&�V%

Ú O4A5,/A�g|.8,/A�H£A�R-O�B�^&^N�",/.�G]670"A�R/.8^&1"*-67.8(4Rsgæ.8,s*)H�.���B�,-*-67351"^hB�,d,/A5^7A5G�B�(y*�3�B8R/A�R���(�B�cdA5^&�Vá£gæ.8,d3�B8R/A�Rd.�gdè�^hB�,-MVAVè
Ü
γ → ∞ àXB�(40�è5R-cjB�^&^)è�Ü γ → 1

àÝ6&("(4.vG8B�*-67.8(4R�%jö",/.8c *-O"67R<B�(�B�^&�2R-67R:H�AsHY6&^&^_670"A5(+*-6¤gw��cjB�6&(~3CO�B�,CB835*/A5,-67R-*-673�R
B�(40�gæA�B�*-1",/A�R�.�g�*-O4A<R/.8^&1"*-67.8(Q%

þXÐCÏ ¿X×�À:6{Ù/Ö�ÁÅÙCÒ Øe�96�� Õ9Â�?��YÔ�29� Ù/Ò¢ÒEÕ<	��bÓ�Ù/Õ�Ò:6sÃ
Ó�3:�Ä6�Ø�3��{Å¯� Ù�6Æ�
Ç��UØpÓ{Ù$	9�
Õ�Ò Ø�Õ4Å±È���Ó�Ù�Ó{Ù$	9�ÉÅ¯�YÔ�Ê9��Ó�6Ë�83:�UÒÌÈÍ�bÓ��UÒFÓ8È�Õ4?/Ù/ØsÁ Ù�686"Ó{Ô�Ù/ØpÓ
Ü
γ → ∞ ⇔ maxn = 1, x1 ≡ 0

à
@QA5*�PSR:3�.8(4R-670"A5,<B�R-6&*-1�B�*-67.8(Qá�gæ.8,XHYO"673/OÎ*-O4A¡M�,/A�B�*/A�R-*X��.�R/R-6&�"^7A¢*/A�3/O"(4.8^7.8M�673�B�^�026¤��A5,/A5(43�A¡cjB��VA�R:.8(4AsR/*/A5�Q%;'åg
R-6&ï�A�.�g{6&("(4.�G�B�*/.8,-�ER/*/A5�¢67R�M�,/A�B�*NÜ

γ → ∞ à�á8*-O4A5(s�",/.�Û4*i.�g�.8(4A�ó)R-*/A5�s^7A�B80"A5,iM�,/.�H�RU1"�¢*/.Ý*-O4A£M�,/A�B�*/A�R/*U��.�R/R/6&�"^7AG8B�^&14A�Ü
φ(γ−1, α)

γ→∞−→ 1, ∀α > 0
àXB�(40�*-O4A5,/AdB�,/A¡(4.q.8*-O4A5,:6&(43�A5(y*-6&GVA�RE*/.�3�.8(y*-6&(y14Aj6&("(4.�G�B�*-67.8(4R�% Ú O4A

Û4,-c ^7.]3�B�*/A�0�.8(q*-O4A:^7A�B8026&("MjA�02MVA;.�gi*/A�3/O"(4.8^7.8M���0".]A�RY(4.8*N3�.8(4021435*N(4A5Hõ,/A�R/A�B�,/3/O4A�RÝB�(y��cd.8,/A�%
'©(q*-O"67R�3�B8R/A:6&*Y67RY��.�R/R-6&�"^7AX*/.¡MVA5*ÝB�(�B�^&�+*-673�B�^Q,/A�R/1"^&*/RN.�gi*-O4AXcd.+0"A5^å%
Ú O4A;R/A5*�.�gUA�ç+1�B�*-67.8(4RvÜæ>2%&$và ú Üæ>2%?JVà�á�Üæ>2%ñ¬�à�HY6&^&^Q��AÝg|.8^&^7.vHY6&("M4�

x1 = 0,
Üæ>2%?`Và

βx̃1 = V0 − Ṽ1,
Üæ>2%?ìVà

βx0 = V1 − V0,
Üæ>2%&$�¦Và

rV0 = (1 − τ)π0 + S − 1

2
βx2

0 + x0[βx0] − βx̃0x̃1,
Üæ>2%&$�$và

rV1 = (1 − τ)π1 − β(x̃1 + h)x0,
Üæ>2%&$�>Và

rṼ1 = (1 − τ)π̃1 −
1

2
βx̃2

1 + β(x̃1 + h)x̃1,
Üæ>2%&$�KVà

S =
τ

2µ0
[µ0π0 + µ1(π1 + π̃1)].

Üæ>2%&$5=+à

$�`



T_ç+1�B�*-67.8(4RYgæ.8,�A���.8,-*/R�6&(�R-*CB�*/A�R<è
0
è;B�(40
è −1

è;B�,/A��
1

2
x2

0 + x0(r + h) =
1

β
(1 − τ)(π1 − π0) −

S

β
=

=
1

β
(π1 − π0 +

τ

2
(π0 − (2 +

µ1

µ0
)π1 −

µ1

µ0
π̃1)),

Üæ>2%&$�ýVà
1

2
x̃2

1 + x̃1(r + h+ x0) =
1

β
(1 − τ)(π0 − π̃1) +

S

β
+

1

2
x2

0 =

=
1

β
(π0 − π̃1 +

τ

2
(−π0 +

µ1

µ0
π1 + (2 +

µ1

µ0
)π̃1).

Üæ>2%&$�JVà
Ú .�B�(�B�^&�+ï�Aj*-O4AsA���A�35*;gw,/.8c R/143/O~R/3CO4A5cdAj.�gYR-1"�4R-67026&ï�6&("M4á�H£Ad3�B�^7351"^hB�*/AjO4.�Hø0".�A���.8,-*/R;.�gNB�MVA5(+*/R;HY6&^&^

3/O�B�("MVA<HY6&*-O�*CB�â�,CB�*/A
τ
�

∂x0

∂τ
=
π0 − (2 + µ1

µ0
)π1 − µ1

µ0
π̃1

2β(x0 + r + h)
< 0,

Üæ>2%&$v¬�à
∂x̃1

∂τ
=

−κπ0 + νπ1 + ςπ̃1

2β(x̃1 + x0 + r + h)(x0 + r + h)
,

Üæ>2%&$�`Và
κ = x̃1 + r + h,

Üæ>2%&$�ìVà
ν = 2x0(1 +

µ1

µ0
) + x1(2 +

µ1

µ0
) + (r + h)

µ1

µ0
,

Üæ>2%?>�¦Và

ς = x0(1 +
µ1

µ0
) − x̃1

µ1

µ0
+ (r + h)(2 +

µ1

µ0
).

Üæ>2%?>2$và
Ú O4AFgæ.8,-c<1"^hB8Rbgæ.8,bB�(qA�R-*-6&cjB�*-67.8(�.�gi.+3�351"��B�(435��.�gpï�A5,/.sR-*CB�*/A:B�(40�A�3�.8(4.8cs673XM�,/.�HY*-Oq,CB�*/A�RbHY6&^&^�R-*CB��j*-O4A

RCB�cdAdÜw6&(�*/A5,-cdRF.�g
xj
à��

µ0 =
x̃1 + h

2x0 + x̃1 + h
,

Üæ>2%?>�>Và

g = 2µ0x0 ln γ =
2x0(x̃1 + h)

2x0 + x̃1 + h
ln γ.

Üæ>2%?>�KVà
LÝRXgæ.8^&^7.�H�RXg|,/.8c Üæ>2%&$v¬�àÝ6&(4R-*/A�B80~.�gbA5("O�B�(4356&("M[6&("(4.�G�B�*-67.8(�B�^£A���.8,-*/R:6&(�6&(40214R-*-,-67A�R:HY6&*-O~(4A�3/�+ó©B�(40]óå(4A�3/�

3�.8cs��A5*-6&("ME6&("(4.vG8B�*/.8,/R�á2R-1"�4R/6702�dR-1"�"�",/A�R/R£*-O4A5c�%ULFR_g|.8,£6&cs6&*CB�*-67.8(�B�^�A���.8,-*/R�.�g�*/A�3CO"(4.8^7.8M�673�B�^&^&��^hB�M�M�6&("MEÛ4,-c
*-O4A5�j3�B�(���.8*-O�0"A�35,/A�B8R/A�á2.8,�6&(435,/A�B8R/A¢Ü|RCA�A¢Üæ>2%&$�`Và-à�% Ú O4AF�",/.�Û4*�6&(�*-O4AFï�A5,/.¡R-*CB�*/A�á

π0
6&(�*-O4AFA�â2�",/A�R/R-67.8(�gæ.8,bB

0"A5,-6&G�B�*-6&GVA<.�gUA���.8,-*/R�.�g�è53�B�*/3/O"6&("M�1"�pèÝÛ4,-cÍ.8(
τ
67R�6&(435^&140"A�0�HY6&*-O�R-6&M�(�è − èVÎÚ O4A:^hB�,-MVA5,�*-O4A;,/A5^hB�*-6&GVA;�",/.�Û4*67R�á]*-O4AÝ^hB�,-MVA5,Y*-O4AÝ�",/.�Û4*Y*CB�âj67R�%ULF(40�*-O"67Rb,/A�02143�A�Rb,/A5^hB�*-6&GVAX�",/.�Û4*NB�(40�6&(43�A5(+*-6&GVA�RY*/.¢6&cs6&*CB�*/A�%£ãF*-O4A5,Y�",/.�Û4*/R

A5(y*/A5,FHY6&*-O�R-6&M�(
è
+
è8% Ú O4A56&,�G�B�^&14A�RNB�1"M�cdA5(+*Ý0267R-*-,-6&�"1"*/A�0�cd.8(4A5�Vá4R/.sA5("O�B�(43�A;6&(43�A5(+*-6&GVA�RN*/.¡6&cs6&*CB�*/A�%

�]."á"H�A�P GVA:MV.8*
³;�����_�{rvu±�vuw�{�l�²w�{² Ú O4A:6&(y*-,/.]021435*-67.8([.�g_B¢*CB�âÎÜæB�(40�3�.8,-,/A�R-��.8(4026&("M�R-1"�4R-6702�4à��
Üw6±à�,/A�R-1"^&*/R�6&(q,/A�021435*-67.8([.�gUA���.8,-*/R�.8(�6&("(4.�G�B�*-67.8(4R�÷
Üw6&6±àb3�B�(�B�1"M�cdA5(+*F6&cs6&*CB�*-67.8(�B�^�A���.8,-*/R<Üw6¤g

π0 <
µ1

µ0
= 2x0

x1+h

à�á�B8RYH�A5^&^�B8RY,/A�02143�A:*-O4A5c�÷
Üw6&6&6±à<6&(435,/A�B8R/A�R¡3�.�R-*/R¡.�gN6&cs6&*CB�*-67.8(4R�ÜæB8R¢H£A5^&^�B8R¢*-O4A�,/A�021435*-67.8(9.�gF3�.�R-*/R¡.8( 6&("(4.�G�B�*-67.8(4RêàEHYO"673/O ,/A�R-1"^&*/R¢6&(
6&(435,/A�B8R/A;.�gU.]3�351"��B�(435��.�giï�A5,/.dR-*CB�*/A�%
@QA5*�PSR¡A�â4B�cs6&(4AqB�ç+14A�R-*-67.8(�O4.�H 0".+A�R¢*-O4A�6&(y*-,/.]021435*-67.8( .�gXB�*CB�â
B�(40 B�R/1"�4R-6702�Î6&(2ò414A5(43�A�RsA�3�.8(4.8cs673

M�,/.�HY*-O�,CB�*/A�%Uö4.8,£*-O"67Rx�"1",-��.�R/A�H�ANR-O�B�^&^�3�B�^7351"^hB�*/AÝB<0"A5,-6&G8B�*-6&GVAÝ.�gpB:M�,/.vHY*-O�,CB�*/AN1"(40"A5,£*-O4AN*CB�â¡,CB�*/A¡ÜwHYO4A5(
*CB�â�,CB�*/A:67R�A�ç+1�B�^Qï�A5,/.yà��

∂g

∂τ

∣∣∣∣
τ=0

=

>0︷︸︸︷
∂g

∂x0

<0︷︸︸︷
∂x0

∂τ
+

>0︷︸︸︷
∂g

∂x̃1

?︷︸︸︷
∂x̃1

∂τ

Üæ>2%?>�=+à

$�ì



@QA5*�PSRF3�.8(4R-670"A5,���A5O�B�G]67.8,N.�g�*-O"67RNA�â]�",/A�R/R/67.8(�6&(�R/.8cdA:^&6&cs6&*-6&("Mj3�B8RCA�R�%

• @QA5*���B�,CB�cdA5*/A5,Ý.�giA�B8RCA:.�gUB¡6&cs6&*CB�*-67.8(���AX^hB�,-MVA��

h� x̃1, x0 =⇒ µ0 −→ 1 =⇒ ∂x̃1

∂τ
< 0 =⇒ ∂g

∂τ

∣∣∣∣
τ=0

< 0,

*-O�B�*�67R
³;�����x��rvu±�vuw�{9l�²hl�² ')gp��B�*/A5(y*Y��.8^&6735�d67RbR/.�g|*bB�(40�,-6&M�O+*/RY*/.<6&(+*/A5^&^7A�35*-1�B�^Q�",/.8��A5,-*)��B�,/AÝ��B802^&���",/.8*/A�35*/A�0
*-O4A5(�A���A�35*Yg|,/.8c R-1"�4R-67026&ï�6&("Md6&("(4.vG8B�*/.8,/RÝ3�.8cs��A5*-6&("Mj.8(q*-O4A;RCB�cdA:*/A�3CO"(4.8^7.8M�673�B�^�^7A5GVA5^p67Rb(4A5MyB�*-6&GVA�%

• @QA5*�(4.vHõ6&cs6&*CB�*-67.8(4RF��AXO"6&(40"A5,/A�0�á�B�(40�cjB�,-�VA5*/R���AXcd.8(4.8��.8^&6&ï�A�0�� h −→ 0; α −→ 0. =⇒
=⇒ (π1 − π0) ≈ (π0 − π̃1), =⇒ x0 ≈ x̃1, =⇒ µ1

µ0
≈ 2.

=⇒ ∂g

∂τ

∣∣∣∣
τ=0

≈ −π0

9β(x0 + r)
< 0.

³;�����x��rvu±�vuw�{ l�²7��² 'ågX3�.8cs��A5*-6&*-67.8(ô.8(¯*-O4AqcjB�,-�VA5*/Rj67Rd,/A5^hB�*-6&GVA5^&� ^7.�HÅÜXcd.8(4.8��.8^&67R/*-673���.�H£A5,�B�(40
�",/.�Û4*<.�gbA�B83/O~.�g�Û4,-c�áQ3�.8cs��A5*-6&*-6&GVAd.8(Î^7A�B8026&("M�A�02MVAd.�g�*/A�3/O"(4.8^7.8M��~B�,/AsR-12�j3567A5(+*-^&��^hB�,-MVAvàÝ*-O4A5(~B�(
6&(+*-,/.+021435*-67.8(\.�g�*-O4A;R/1"�4R-670267A�RY*/.s(4A�3C�yó©B�(40]óå(4A�3C�q6&("(4.�G�B�*/.8,/RN67RY6&(4A��j3567A5(+*�%

• ðÝ.�H£A5GVA5,�á�*-O4A5,/A:67RNB�^7R/.jR-143/O�B�,/A�Bs.�gi��B�,CB�cdA5*/A5,/R�á�HYO4A5,/A<B¡0"A5,-6&G8B�*-6&GVA ∂g
∂τ

∣∣∣∣
τ=0

> 0
%

@QA5*N6&cs6&*CB�*-67.8(4R���AXO"6&(40"A5,/A�0�á{B�(40qcjB�,-�VA5*/RN��A:3�.8cs��A5*-6&*-6&GVA�%
h −→ 0; α −→ 1. =⇒'©(q*-O"67R�3�B8R/A:(4.8(2óåï�A5,/.d�",/.�Û4*�67RY,/A�3�A56&GVA�0�.8("^&���y��*-O4A<B835*-1�B�^p^7A�B80"A5,��

π̃1 ≈ 0, π0 ≈ 0; π1 ≈ 1
%

�]."á"*-O4A:A���.8,-*/RN.8(q6&cs6&*CB�*-67.8([�",CB835*-673�B�^&^&��B�,/A:(4.8*FB��"�"^&67A�0��
x1 = 0 x̃1 ≈ 0; x0 > 0 :'©(¢A�B83CO¡6&(40214R-*-,-�<R-*/A5�2óå�+�yó)R-*/A5�s.8("^&�<.8(4A�^7A�B80"A5,i,/A5cjB�6&(4RYá�HYO4.Ý,/A�3�A56&GVA�R�cd.8(4.8��.8^&�<�",/.�Û4*�áVB�(40¢(4.8��.+02�

B�*-*/A5cs�"*/R¡*/.\6&cs6&*CB�*/A�O"67RsB83/O"67A5GVA5cdA5(+*��
=⇒ µ0 ≈ 0; µ1 ≈ 1.

ö"1",-*-O4A5,dA�3�.8(4.8cs673�M�,/.�HY*-O967R
6&(+*/A5,/3�A5�"*/A�0�%£'©(q*-O"67R�3�B8R/A

∂g

∂τ

∣∣∣∣
τ=0

≈ π1

2β(x0 + r)

(
µ1

µ0
r − 2x0

) µ1

µ0
−→∞
︷︸︸︷−→ ∞.

Üæ>2%?>�ýVà

³;�����x��rvu±�vuw�{½l�²&#p² Lb*EO"6&M�O"^&�~3�.8cs��A5*-6&*-6&GVA�cjB�,-�VA5*/R�Üw^7.vH �",/.�Û4*¢.�gNA�B83CO
(4A�3C�yó©B�(40]óå(4A�3C�~Û4,-c�à;*-O4A
6&(+*-,/.+021435*-67.8(\.�g�*-O4A;R/1"�4R-670267A�RY*/.s(4A�3C�yó©B�(40]óå(4A�3C�q6&("(4.�G�B�*/.8,/RN67R�A���A�35*-6&GVA�%
Ú O"67R<gæB835*EO�B8R<*-O4Aj6&(y*-1"6&*-6&GVA�A�3�.8(4.8cs673�B�^b3�.8(y*/A5(y*�%[')( B�R-6&*-1�B�*-67.8(
HY6&*-O
O"6&M�O"^&��3�.8cs��A5*-6&*-6&GVA�cjB�,-�VA5*
ÜæB��4R/.8^&1"*/A5^&�\R-1"�4R-*-6&*-1"*/A�0\MV.].+0"RêàFB�(40\^hB�,-MVAER/6&ï�A¢.�g£6&("(4.�G�B�*-67.8(4R�á]äÿ1"cs�[g|,/.8c è�^hB�M�M�6&("M�èE6&(�*-O4Aqè53�.8c¡ó
��A5*-6&*-6&GVAVè¢3�.8(4026&*-67.8(�0"A5cjB�(40"R;3�.�R-*/R:B�(40�0".+A�RÝ(4.8*XM�6&GVAsBjR/3�.8,-6&("M�6&(�*-O4A¢�",/.�Û4*�% Ú O4A5,/A�gæ.8,/A�á�^hB�M�M�6&("M
Û4,-c 0".\(4.8*¡1"(40"A5,-*CB��VA�A���.8,-*/R�áU6&(¯.8,/0"A5,¡*/.Î.�GVA5,-*CB��VAq*-O4A�^7A�B80"A5,�%�'åg¡è53/O�B�,-MVA�óæg|,/A�AVè 6&cs6&*CB�*-67.8(4Rs6&(
6&(40214R-*-,-�qB�,/A;B��4R/A5(+*EÜ

h = 0
à£*-O4A5(�.8(4AX^7A�B80"A5,¢Üw(4.8*Y6&(y*/A5,/A�R-*/A�0q6&(�g|1",-*-O4A5,�6&("(4.vG8B�*-67.8(4R�á{B8RYO4A;B�^&,/A�B802�

,/A�3�A56&GVA�REcd.8(4.8��.8^&67R/*-673d�",/.�Û4*êàX,/A5cjB�6&(4RE6&(�6&(40214R-*-,-�V% Ú O4Aj0"A5GVA5^7.8�"cdA5(+*¢.�g�A�3�.8(4.8cE�Î67R;6&(y*/A5,/3�A5�"*/A�0�%
')g�6&(�*-O"67RNR-6&*-1�B�*-67.8([*-O4A:6&(402673�B�*/A�0���.8^&6735��Ü|R-1"�4R-6702��*/.d(4A�3C�yó©B�(40]óå(4A�3C��3�.8cs��A5*-6&*/.8,/R�àb67RNB��"�"^&67A�0ÐÏ�á"*-O4A
6&(+GVA�R-*-cdA5(y*/RF6&(�6&cs6&*CB�*-67.8(���A�3�.8cdA<B�*-*-,CB835*-6&GVA;*/.sÛ4,-cdR�á4B�(40q*-O"67RYHY6&^&^Q1",-MVA:g|.8,-HbB�,/0�0"A5GVA5^7.8�"cdA5(y*�%

ÑE¼��@� �o�&�,�Ò�*�^�$Ód�!�����C�!�&��Ô&�!ÕÖ�����x�!�*����� �o�,�
�!�&�o�&¢o�x� �oÕÖ���^�!�
�*���*�E���!�&�
�d�!��� ��Ó*×Ò�$¼��^�!���&¢Ø�!�*�
�*�!��� �@�d�$¼��x�!�Ö�<Õ9���!¢����&�o×Z� ����������4�!�^� � ��ÙÚ�@Û �^�!�Ø�*�!�oÔ*�����¸�!� �o×���Û$���!�����"���»�*�!�¹�d�&�^�!�����ZÓ&�*� ÙÚ�^�,�!�*� ×�� �,���,�&·*�,�`�¹ºÖ�0�o½Ú�
�!�Ø���!�,�^×���¾
>�¦



ö�6&M�1",/A�>2%&$�� f£O�B�("MVAÎ.�g¢A�3�.8(4.8cs673�M�,/.�HY*-Oõ,CB�*/A\HYO"6&^7A�6&(y*-,/.]0214356&("M¯cs6&("6&cjB�^;R-1"�4R/6702�¯*/.�(4A�3/�+ó©B�(40]óå(4A�3/�
6&("(4.�G�B�*/.8,/REÜ|3�B8RCA;.�g�^hB�,-MVA;6&("(4.�G�B�*-67.8(4Rêà

�+��A�356hB�^&^&�d*-O"67R�HY6&^&^���AN(4.8*CB��"^7AXB�*£*-O4AN6&("6&*-6hB�^��"O�B8R/A�á+HYO"6&^7AF*-O4A�g|,CB835*-67.8(�.�g�^7A�B80"A5,/R
µ1
67RxM�,/A�B�*YA5(4.81"M�O

B�(40�*-O4A�3�.8(43�A5(+*-,CB�*-67.8(ô.�g:6&(40214R-*-,-67A�R�HY6&*-O¥B�(¥A5GVA5("^&�90"A5GVA5^7.8��A�0�*/A�3/O"(4.8^7.8M�67A�R�á
µ0
á�67Rj^7.�H;% Ú O4A5(

M�,/.vHY*-O�M�,CB8021�B�^&^&��Ü|R-*/A5�2óå�+�yó)R-*/A5�{à�R-^7.�Hü0".�HY(Qá�B�6&cdRÝB�*�R/.8cdA;A�ç+1"6&^&6&�",-6&1"cÍG�B�^&14A�%
'©*�67R���.�RCR-6&�"^7A\*/.9R-O4.�H;áF*-O�B�*�B�*�*-O4A�ï�A5,/. 6&("6&*-6hB�^:*CB�â�,CB�*/A�áÝ6&*/R�6&(435,/A�B8R/A�O�B8R�B
��.�R/6&*-6&GVAÎA���A�35*�*/.
A�ç+1"6&^&6&�",-6&1"c«M�,/.�HY*-O¡,CB�*/A�á�O4.�H£A5GVA5,_B�g|*/A5,pR/.8cdA£35,-6&*-673�B�^+G�B�^&14A�á�6&*/R�g|1",-*-O4A5,�6&(435,/A�B8R/Ax*-O4.81"M�O¢3�B�(E6&(435,/A�B8R/A
M�,/.vHY*-O�,CB�*/A:6&(�R/O4.8,-*�óå,-1"(Qá4,/A�R-1"^&*/RY6&([0"A�35,/A�B8R/A;.�g_B�(�A�çy1"6&^&6&�",-6&1"cÅÜw^7.8("M8óå*/A5,-c�àbM�,/.�HY*-O[,CB�*/A�%
_,/.8��.�R-6&*-67.8(4RÝ>2%&$oP]>2% =�3�B�(q��AX,/A5�",/A�R/A5(y*/A�0[M�,CB��"O"673�B�^&^&��Ü|R/A�AXÛ4M4%4>2%&$và�%

• ö4.8,�B�(96&(y*/A5,-cdA�026hB�*/A[^7A5GVA5^�.�gX3�.8cs��A5*-6&*-6&GVA5(4A�R/Rj.8(�*-O4A�cjB�,-�VA5*/R�B�(409A�B8R/Aq.�gX6&cs6&*CB�*-67.8(4Rd6&*d3�B�(¯��AR/O4.�HY(
Ü|R-1"�4R/*-6&*-1"*-6&("M�Üæ>2%&$v¬�àYB�(40ÎÜæ>2%&$�`Và�6&(�Üæ>2%?>�=+à-à�á"*-O�B�*Y*-O4AX6&(y*-,/.]021435*-67.8([.�g�*-O4A:R-1"�4R-6702�j67RYA���A�35*-6&GVA
HYO4A5(

π0(α) < π1

(
µ1

µ0
− 2

2x3
0 + (x̃1 + h)2(x0 + x̃1 + r + h)

2x2
0(2x̃1 + r + h) − (x̃1 + h)2(x0 + x̃1 + r + h)

)
.

Üæ>2%?>�JVà

�+1"�4R/*-6&*-1"*-6&("M�A�â2�",/A�R/R-67.8(4R¡gæ.8,
µ0
B�(40

µ1
6&(¥>2%?>�JÎ6&*d67Rs��.�R/R-6&�"^7A�*/.�R-O4.�H;á�*-O�B�*�A�R/R/A5(y*-6hB�^¡Üw�"1"*d(4.8*

R/12�j3567A5(y*êàY3�.8(4026&*-67.8(4RF*/.¢g|1"^¤Û4^&^Q*-O"67RY6&(4A�ç+1�B�^&6&*)��B�,/A��

x1 + h < x0,
Üæ>2%?>V¬�à

(x1 + h)2

2x2
0

x0 + x̃1 + r + h

2x̃1 + r + h
< 1.

Üæ>2%?>�`Và
Ú O4AÝA�â2�",/A�R/R-67.8(ÎÜæ>2%?>V¬�à_cdA�B�(4Rváy*-O�B�*�*/.8*CB�^�6&(y*/A5(4R-6&*©��.�gQ6&cs6&*CB�*-67.8(4R;ÜwHYO"673/Oq0"A5��A5(40"R���.8*-O�.8(�A���.8,-*/Rb.�g
6&cs6&*CB�*/.8,

x1
á2B�(40j.8(Îè5R-��.8(y*CB�(4A�.814RvèN6&cs6&*CB�*-67.8(4R

h
à_R-O4.81"^70j��A�^7A�RCR_*-O4A5(�*-O4AN6&(+*/A5(4R-6&*)�j.�gQ6&("(4.vG8B�*-67.8(4Rv%

Ú O+14R�á]*-O4AN��B8R-67R�.�gQ*-O4AÝA��j3567A5(435�j.�gQ*-O4AFR/1"�4R-6702�s67Rx*-O4AÝR-*-,/.8("M¡A�B8R-6&("MqÜw6&(�B<^&6&cs6&*xói0".�HY(�*/.<ï�A5,/.E��.86&(y*êà
.�gb*-O4Ad�",/.]3�A�R/R;.�gY6&cs6&*CB�*-67.8(4R;HYO"673COQá�6&(~*-1",-(Qá�3�.81"^70�.8,-6&M�6&(�B�*/A�B�*;*-O4AdA�â2��A5(4R/As.�gY,/A�021435*-67.8(
.�gY*-O4As�",/.�Û4*

>2$



6&(~(4A�3C�yó©B�(40]óå(4A�3C�
R-*CB�*/A�áUB8R;H�A5^&^bB8RE0214Ad*/.���B�,CB�cdA5*/A5,
h
Ü|0"A�R/35,-6&�"6&("M�A�B8R/Aj.�gY6&cs6&*CB�*-67.8(4Rêà;HYO"673/O9B�6&cdRE*/.

ï�A5,/."%x'©(q*-O"67RNR-6&*-1�B�*-67.8(�B�*-*-,CB835*-6&GVA5(4A�R/RÝ.�g���.�R/R/A�R/R/67.8(�.�g�O"6&M�O4A5,F*/A�3/O"(4.8^7.8M��
Ü|0214A:*/.jR-1"�4R-67026&ï�6&("M+à�,/A�R-1"^&*/RN6&(
6&(435,/A�B8R/A:6&(qM�,/.vHY*-O�,CB�*/A�%
Ú O4AÝ��.8^&6735��.�g�R-1"�4R-67026&ï�6&("Ms3�.8cs��A5*-6&("Md.8(�*-O4AXRCB�cdAÝ*/A�3CO"(4.8^7.8M�673�B�^Q^7A5GVA5^�6&("(4.�G�B�*/.8,/RYO�B8Rb^7A5M�6&�"^7A:B�^&*/A5,-(�B�ó

*-6&GVA���*/.<6&(435,/A�B8R/AXB�*-*-,CB835*-6&GVA5(4A�R/RY.�gQ��.�R/R/A�R/R/67.8(�.�gQO"6&M�O�*/A�3/O"(4.8^7.8M��j6&(4R/*/A�B80�.�gQ*-O4AF6&(y*-,/.]0214356&("MsR-1"�4R-6702�s6&*�67R
��.�RCR-6&�"^7AX*/.sR/.�g|*/A5(q*/.+.¡,-6&M�670�cjB�,-�VA5*/R¢Ü|0"A�35,/A�B8R/A;3�.8cs��A5*-6&*-67.8({à�%�ãF*-O4A5,FB�^&*/A5,-(�B�*-6&GVA:67Rv��è5R/.�gw*/A5("6&("M�è<B�*-*-6&*-140"A
*/.<6&cs6&*CB�*-67.8(~Üw6&(435,/A�B8RCA

h
à�%UTi��.8,-*/Rb6&(�*-O"67RY026&,/A�35*-67.8(�B�^7R/.¢,/A�R-1"^&*/R�6&(�6&(435,/A�B8R/AX.�gpM�,/.�HY*-Oq,CB�*/AÝ6&(�fbB8R/AÝ.�gp*/.].

R-*-,-6735*i��B�*/A5(y*_��.8^&6735��Üw�"1"*_3�B�(s,/A�R/1"^&*U6&(¡0"A�35,/A�B8RCAb6&(d.8*-O4A5,_R-6&*-1�B�*-67.8(4Rêà�%iðF.vH£A5GVA5,_*-O4AYç+14A�R-*-67.8(Q��HYO4A5*-O4A5,U6&*U67R
(4A�3�A�R/RCB�,-�¡*/.EB��"�"^&�s*-O4AFR-1"�4R-670267A�R�á+.8,x*/.E3�.8,-,/A�35*£6&(4R-*-6&*-1"*-67.8(4R�026&,/A�35*-^&�4é ú 0"A5cjB�(40"R�R/A5��B�,CB�*/AF3�.8(4R/670"A5,CB�*-67.8(
.81"*�.�g�*-O4A:gw,CB�cdA5H�.8,-��.�g�*-O"67RY��B���A5,�%

þXÐÿþ ¿X×�À:6{Ù/Ö�ÁÅÙCÒ Øe�96�� Õ9Â�6�Å¯�4?�?qÙ/Ò¢ÒEÕ<	��bÓ{ÙCÕ�Ò�6eÃ
Ó�3��Ä�
Ü�Ø�Ù��UÒ¢Ø�Á Ù�6IÔ��UÖ¢×EØe�UÖ
Ü
γ → 1, γ = 1 + ε

à
@QA5*�PSRj3�.8(4R/670"A5,�BÎ3�B8R/A�á£HYO"673/O�67Rd3/O�B�,CB835*/A5,-6&ï�A�0��y� cs6&("6&c<1"c R-6&ï�Aq.�g:6&("(4.�G�B�*-67.8(4R[Ü

γ
B�6&cdR�B�*d*-O4A�^7.�H£A5,

��.81"(404B�,-�Vá
γ → 1

à�% } AX14R/A;BscdA5*-O4.+0�.�g_B8R-�]cs�"*/.8*-673;0"A�3�.8cs��.�R-6&*-67.8(�.8(�R-cjB�^&^���B�,CB�cdA5*/A5,
ε
%

T_ç+1�B�*-67.8(4RNR/A5*<Üæ>2%&$và ú Üæ>2%?JVàbHY6&^&^p��AX*-,CB�(4R�gæ.8,-cdA�0q6&(+*/."�

rV0 = (1 − τ)π0 + S − 1

2
(V1 − V0)

2 + (V1 − V0)(Ṽ1 − V0),
Üæ>2%?>�ìVà

rVn = (1 − τ)πn − 1

2
(Vn+1 − Vn)2 + (V0 − Vn)(V0 − Ṽn) + βh(V0 − Vn),

Üæ>2%?K�¦Và

rṼn = (1 − τ)π̃n − 1

2
(V0 − Ṽn)2 + (Vn+1 − Vn)(Ṽn+1 − Ṽn) + βh(V0 − Ṽn).

Üæ>2%?K2$và

'©*<67R¢(4A�3�A�R/RCB�,-��*/.\3�.8(4R-670"A5,/A�0 3�B8R/A�R
α < 1

B�(40
α = 1

R/A5��B�,CB�*/A5^&�VáxB8R¢*-O4A��",/.�Û4*<g|1"(435*-67.8(
φ(·, α)

67R
R-cd.].8*-O�B�*

α < 1
B�(40�O�B8RNB¢�+6&("�qB�*

α = 1
%

® !"r�o
α < 1

@QA5*
ε = γ − 1

% Ú O4A5(Qá�14R-6&("M�B8R/�+cs�"*/.8*-673¡0"A�3�.8cs��.�R-6&*-67.8(Î.�g_�",/.�Û4*Fg|1"(435*-67.8(4R
φ(z, α)

B�(40\G8B�^&14A<gw1"(435*-67.8(4R
Vj
á"(4A5M�^7A�35*-6&("Mjç+1�B802,CB�*-673<.8(

ε
*/A5,-cdRvá"H£A:,/A�3�A56&GVA;�",/.�Û4*/R��

π0 = φ(1, α) +O(ε2),
Üæ>2%?K�>Và

πn = φ(1, α) − nφ(1, α)′ε+O(ε2),
Üæ>2%?K�KVà

π̃n = φ(1, α) + nφ(1, α)′ε+O(ε2).
Üæ>2%?K�=+à

�+1"�4R-6702�Vá�B�^&^7.vHY6&("M\Üæ>2%?K�>Và ú Üæ>2%?K�=+à�B�(40~Üæ>2%ñ¬�à�á4HY6&^&^Q��A��

S =
τ

µ0
φ(1, α) +O(ε2).

Üæ>2%?K�ýVà

>�>



Ú O4A;RC.8^&1"*-67.8(�.�giR/�]R-*/A5c�Üæ>2%?>�ìVà ú Üæ>2%?K2$vàb^7.].8�2Rb^&6&�VA��

V0 =
1 − τ

r
φ(1, α) +

4
r

+O(ε2),
Üæ>2%?K�JVà

Vn =
1 − τ

r
φ(1, α) +

δ

r
+ nβηε+O(ε2),

Üæ>2%?KV¬�à

Ṽn =
1 − τ

r
φ(1, α) +

δ

r
− nβηε+O(ε2).

Üæ>2%?K�`Và
@QA5*�PSRN,/A5cjB�,-��á"*-O�B�*NHYO4A5(

S > S0 ≈ 1 − τ

(r + h)
(−∂φ(1, α)

∂z
)ε,

Üæ>2%?K�ìVà

V1
��A�3�.8cdA�Rb^7A�R/R�*-O4A5(

V0
B�(40�*-O4AÝ6&(43�A5(+*-6&GVA�RY*/.¢6&("(4.�G�B�*-67.8(4RY6&(�ï�A5,/.sR/*CB�*/AF3�A5,-*CB�6&("^&��G8B�("67R/OQá]B�(40�6&*bcdA�B�(4R�á

*-O�B�*X*-O4A¢^7.8("M8óå,-1"(�A�ç+1"6&^&6&�",-6&1"cÂM�,/.�HY*-OÎ,CB�*/A¡3�.8cdA�RÝ*/.�ï�A5,/."%dÜ } O4A5(ÎA5GVA5,-�V.8(4A�á�HYO4.�3�B�(Qá�HY6&^&^Yè53�B�*/3/OÎ1"�pè
*-O4A:^7A�B80"A5,/R�á4*-O�B�(�(4.8��.]02��HY6&^&^�6&(yGVA�R-*�6&(�6&("(4.�G�B�*-67.8(4RêàÖÝ8%
Ú O4A5,/A�gæ.8,/A:H£AER-O�B�^&^QR-14R-��A�35*�á2*-O�B�*�*-O4A;R/1"�4R-6702�

S
67RNR-cjB�^&^QA5(4.81"M�O�Ü

S = sε < βη(r+h)
r ε

à�%
Ú O4A5([B�*

S � 2r2β
3

4 ≈ S,
Üæ>2% =y¦Và

δ =
h

r + h
S,

Üæ>2% =4$và

η =
1 − τ

β(r + h)

(
−∂φ(1, α)

∂z

)
= (1 − τ)ηAg.

Üæ>2% =y>Và
Ú O4A;A���.8,-*/R�.8(�6&("(4.vG8B�*-67.8(4RNHY6&^&^Q��A

&x0 = ηε− 4− δ

βr
< xAg

n (1 − τ) < xAg
n ,

Üæ>2% =yKVà
xn = ηε = xAg

n (1 − τ) < xAg
n ,

Üæ>2% =�=+à
x̃n = nηε+ 4−δ

βr > xAg
n (1 − τ),

Üæ>2% =yýVà
4−δ
βr = S

β(r+h) .

Ú O4A��",/.8��B��"6&^&6&*©�¥.�g¢6&(40214R-*-,-����A56&("M96&(ô*-O4A[ï�A5,/.9R/*CB�*/A�á
µ0 = µ̂0 + O(ε)

áX3�B�(õB�^7R/.���A�0"A5*/A5,-cs6&(4A�0
B�(�B�^&�]*-673�B�^&^&���

µ̂0 =
1

1 + 2(1 − ζ)f(ζ + dζ)
> µ̃0 Þ�ß , Üæ>2% =yJVà

ζ =
h

ηε
=

βh(r + h)

−(1 − τ)φ′ε
> ζAg,

Üæ>2% =+¬�à

dζ =
4− δ

rβηε
=

S

−(1 − τ)φ′ε
.

Üæ>2% =y`Và
Ú O4A;A�3�.8(4.8cs673<M�,/.�HY*-O�67RFB8R-�+cs�"*/.8*-673�B�^&^&��A�ç+1�B�^�*/.

g = (2µ0x0 +
∞∑

n=0

µnxn) ln γ = ((1 − dζ)µ0 + 1)ηε2 +O(ε3).
Üæ>2% =yìVà

àE�!�*���*¢��¸�á�������&� � �^�,�!���,º4�!�Ø�&���!��Ód�!���������s�o�iºÖ�0��â4�0���!�
< 50 ã Ó��o�C�!�&�e�d�*ÕØ·��^���o�äÔ*�!ÕÖ�C���¸���0���!�^� n > 0

¼���×�×b·�� �^��ÕÖ�
� Ù�� �×�� �,� Ó&�!�*�
���&�$åi�&�o×��á�%º'æç£¹¾ è�é�êC¼���×�×n·��@·d�!��½Ú�^�
>�K



Ú Oy14R¡*-O4A�A���A�35*Eg|,/.8c *-O4A�6&(+*-,/.+0214356&("M�.�g�*-O4A�R-1"�4R/6702��67R¢*)H£.�óægæ.8^70�%~ãF( *-O4A�.8(4AjO�B�(40�áU,/A�021435*-67.8(¯.�g
6&(43�A5(y*-6&GVA�Rb,/A�R-1"^&*/R£6&(�,/A�021435*-67.8(�6&(�A���.8,-*/R£.8(�6&("(4.�G�B�*-67.8(4R;Ü

x0 < xAg
0

á
xn < xAg

n
à�%_ãF(�*-O4AF.8*-O4A5,�O�B�(40�á]*-O4A

�",/.+3�A�RCR�.�g�6&cs6&*CB�*-67.8(4RF3�B�(���AX��.].�R-*/A�0�Ü
x̃n > x̃Ag

n
à�%

ðÝ.�H£A5GVA5,F*/.8*CB�^pA���A�35*Ygw,/.8cû*-O4A;6&(y*-,/.]0214356&("M�.�gi*-O4A:R-1"�4R-6702��67RY(4A5MyB�*-6&GVA�%
∂g

∂τ

∣∣∣∣
τ−→0

−→ −ηε2
1 + 2(1 − dζ)f(·)

[
2 − 2π0f

′(·)dζ(1 − dζ)

−φ′ε + (1 − dζ)(1 + 2f(·))
]
< 0.

Üæ>2%?ý�¦Và
Ú O�B�*�67R

³;�����_�{rvu±�vu±��¥l�²çë�² ')(�3�B8RCA<.�g_GVA5,-��R-cjB�^&^�6&("(4.�G�B�*-67.8(4R¡ÜwHYO"6&^7A<*-O4A5,/A¢B�,/A<6&cs��A5,�gæA�35*-67.8(4RÝ.�gx3�.8cs��A5*-6&*-67.8(�.8(
*-O4AXcjB�,-�VA5*/RêàYR/1"�4R-6702��*/.¡(4A�3C�yó©B�(40]óå(4A�3C��6&("(4.�G�B�*/.8,/RNR/^7.�H�RN0".vHY(�A�3�.8(4.8cs673;M�,/.vHY*-OQ%

® !"r�o�§jn�o+
α = 1

} A:R-O�B�^&^pR-14R/��A�35*
ε = γ − 1

á
ε→ 0

%
'©(q*-O"67R�3�B8R/A:�",/.�Û4*N.�g_BEÛ4,-c Üw*-O4AXgæ.8,-c<1"^hB8RF3�.86&(435670"A:HY6&*-O
Ü�$�%?K�JVà ú Ü�$�%?K�`Và-àbHY6&^&^Q��A

π0 = O(ε2),
Üæ>2%?ý2$và

πn = 1 − γ−n +O(ε2) = nε+O(ε2),
Üæ>2%?ý�>Và

π̃n = O(ε2).
Üæ>2%?ý�KVà

ö",/.8cÍR/�]R-*/A5c Üæ>2%?>�ìVà ú Üæ>2%?K2$vàb6&*�3�B�(���AX,/A�3�A56&GVA�0�á�*-O�B�*

V0 =
4
r

+O(ε2),
Üæ>2%?ý�=+à

Vn = nβηε+
δ

r
+O(ε2),

Üæ>2%?ý�ýVà

Ṽn =
δ

r
+O(ε2),

Üæ>2%?ý�JVà
HYO4A5,/A 4 = S, δ = h

r+hS, η = 1−τ
β(r+h) = (1 − τ)η0.Ú O4A;A���.8,-*/R�.8(�6&("(4.vG8B�*-67.8(4RNHY6&^&^Q��A

x0 = ηε− S

β(r + h)
+O(ε2),

Üæ>2%?ýV¬�à
xn = ηε+O(ε2),

Üæ>2%?ý�`Và
x̃n =

S

β(r + h)
+O(ε2).

Üæ>2%?ý�ìVà
Ú O4A:�",/.8��B��"6&^&6&*©��.�g���A56&("Ms6&(�*-O4A:ï�A5,/.sR-*CB�*/A�á

µ0 = µ̆0 +O(ε)
67R�A�ç+1�B�^�*/.

µ̂0 =
ζ + dζ

2 + ζ + dζ
> µ̃Ag

0 ,
Üæ>2%?J�¦Và

ζ =
h

ηε
=
βh(r + h)

(1 − τ)ε
> ζAg,

Üæ>2%?J2$và

dζ =
S

(1 − τ)ε
.

Üæ>2%?J�>Và
U,/.8��B��"6&^&6&*-67A�RNg|.8,Y6&(40214R/*-,-67A�RN.�gi��A56&("Md6&(�.8*-O4A5,FR-*CB�*/A�R��

µk =

(
1

1 + ζ + dζ

)k

µ0.
Üæ>2%?J�KVà

>�=



ì B�^&14A;.�gi*-O4A;R-1"�4R/6702���
S =

τ

2

1 + ζ + dζ

ζ + dζ
ε.

Üæ>2%?J�=+à
Ú O4A;A�3�.8(4.8cs673<M�,/.�HY*-O�67RFB8R-�+cs�"*/.8*-673�B�^&^&��A�ç+1�B�^�*/.

g = (2µ0x0 +

∞∑

n=0

µnxn) ln γ = ((1 − 2dζ)µ0) + 1)ηε2 +O(ε3)
Üæ>2%?J�ýVà

Ú .8*CB�^�A���A�35*bgw,/.8c *-O4AX6&(+*-,/.+0214356&("M�.�gi*-O4A:R-1"�4R-6702�
∂g

∂τ

∣∣∣∣
τ−→0

−→ ηε2

ζ2(2 + ζ)2
[
1 − 6ζ2 − 5ζ3 − 2ζ4

]
.

Üæ>2%?J�JVà

@QA5*�PSRF3�.8(4R-670"A5,���A5O�B�G]67.8,N.�gi*-O"67R�A�â]�",/A�RCR-67.8(�6&(�R/.8cdA:^&6&cs6&*-6&("M\Ü|A�â]*-,/A5cdAvà�3�B8R/A�R�%

• @QA5*�*-O4Aõ��B�,CB�cdA5*/A5,ô.�g~A�B8R/Aõ.�gÎ6&cs6&*CB�*-67.8(4R¥��Aõ^hB�,-MVA�� h � x1 = ηε, h � x0 =⇒
ζ −→ ∞ =⇒ ∂g

∂τ

∣∣∣∣
τ=0

< 0
%

³<���{�_��rvu±�vuw�{õl�²hl»í�² ')gx��B�*/A5(y*:��.8^&6735��67R:R/.�g|*XB�(40\*-O4A¢�",/.8*/A�35*-67.8(~.�gx6&(+*/A5^&^7A�35*-1�B�^_�",/.8��A5,-*)��,-6&M�O+*/R:67R
H�A�B���*-O4A5(�A���A�35*�gw,/.8c R-1"�4R/67026&ï�6&("Md(4A�3/�+ó©B�(40]óå(4A�3/��6&("(4.vG8B�*/.8,/RN67RY(4A5MyB�*-6&GVA�%

• @QA5*N(4.�He6&cs6&*CB�*-67.8(4RN��AXO"6&(40"A5,/A�0�� h −→ 0; =⇒ ζ = βr
1−τ

h
ε ,

BVàY'åg
h� ε

�FÜw(�B�cdA5^&�
h(r + h) >

ε

6β

à�á2*-O4A5( ∂g

∂τ

∣∣∣∣
τ=0

< 0.

�{àY'åg
h(r + h) � ε

6β

á"*-O4A5( ∂g

∂τ

∣∣∣∣
τ=0

> 0.

³<���{�_��rvu±�vuw�{Èl�²7ª�² '©(ô3�B8R/A�.�gEGVA5,-��R/cjB�^&^Ý6&("(4.vG8B�*-67.8(4R[.8(ô*-O4A�B��4RC.8^&1"*/A5^&�¥3�.8cs��A5*-6&*-6&GVA�cjB�,-�VA5*/R
R/1"�4R-67026&ï�6&("MÎ.�gN(4A�3/�+ó©B�(40]óå(4A�3/��6&("(4.�G�B�*/.8,/Rd3�B�(���A�A���A�35*-6&GVA�.8("^&�Îgæ.8,¢*-O4A�3�B8RCA�.�gNGVA5,-�~,-6&M�670
��B�*/A5(+*
��.8^&6735�V%
Ú O+14R�á�*-O4Aq6&(y*-,/.]0214356&("M
.�g:*-O4A�R-1"�4R/6702�
6&(�3�B8RCAq.�g:R/cjB�^&^Y6&("(4.�G�B�*-67.8(4Rj67R�A���A�35*-6&GVA�.8("^&�¯B�*sGVA5,-� O"6&M�O

3�.8cs��A5*-6&*-67.8(�.8(\*-O4A¡cjB�,-�VA5*/R;B�(40\^7.vHëR-��A�A�0�.�g£R/��.8(+*CB�(4A�.814R:6&cs6&*CB�*-67.8(4R�%�Ü�iB�,CB�cdA5*/A5,
h
á�0"A�R/35,-6&�"6&("M�A�B8R/A

.�gi6&cs6&*CB�*-67.8(4R�á�R-O4.81"^70���A;B�*�^7A�B8R-*�R/6¤â�*-6&cdA�RY^7A�RCRY*-O4A5(
xn
ú A���.8,-*/R�á4026&,/A�35*/A�0�.8(�6&("(4.�G�B�*-67.8(4Rêà�%

'©(�.8*-O4A5,bH�.8,/0"R�á]6¤g�R-6&ï�AÝ.�gp6&("(4.�G�B�*-67.8(4RY0"A�35,/A�B8R/A�R�á]*-O4A5(�B�(�B�,/A�B¢.�gp��B�,CB�cdA5*/A5,/Rvá+6&(�HYO"673CO�R/1"�4R-67026&ï�6&("Ms.�g
(4A�3/�+ó©B�(40]óå(4A�3/��6&("(4.�G�B�*/.8,/R�67R�A���A�35*-6&GVA�á"HY6&^&^Q��AXcd.8,/A:(�B�,-,/.�H;%
Ú O4Ab6&(4A���A�35*-6&GVA5(4A�R/Rx.�g�R-1"�4R-67026&ï�6&("M:6&(d3�B8R/AY.�g�GVA5,-�¢R/cjB�^&^"6&("(4.�G�B�*-67.8(4R_67Ri6&(y*-1"6&*-6&GVA5^&�s35^7A�B�,ig|,/.8c�g|.8^&^7.vHY6&("M

,/A�B8R/.8(4R�% Ú O4AÝ0"A�35,/A�B8R/AN.�gQR-6&ï�AF.�g�6&("(4.�G�B�*-67.8(4RbO�B8R£B�(�A���A�35*_gæ.8,x*-O4AN,/A5^hB�*-6&GVAN�",/.�Û4*xgw,/.8cº6&("(4.�G�B�*-67.8(4R��iHYO4A5(
ε
B��"�",/.VB83/O4A�RXï�A5,/.�*-O4AE,/A5^hB�*-6&GVA<�",/.�Û4*Ýg|,/.8c(4A�â2*N6&("(4.vG8B�*-67.8(4R;B��"�",/.VB83CO4A�R:ï�A5,/.j*/.]."% Ú O4AER-1"�4R/6702�Vá{.8(\*-O4A
.8�"��.�R-6&*/AXO�B8RY^&6&cs6&*/A�0�G�B�^&14AdÜw�",/.8��.8,-*-67.8(�B�^p*/.¡�",/.�Û4*�6&(qï�A5,/.dR/*CB�*/Avà�%ULb*Ygw1",-*-O4A5,Y,/A�021435*-67.8(\.�g

ε
*-O4AX,/A5^hB�*-6&GVA

�",/.�Û4*ig|,/.8c«6&("(4.vG8B�*-67.8(4Rx��A�3�.8cdA�Ri^7A�RCRi*-O4A5(dR-1"�4R-6702�<,/A�3�A56&GVA�0dB�(40¡6&(43�A5(+*-6&GVA�RU*/.X�",/.8^7.8("M:6&("(4.�G�B�*-67.8(4R_G�B�("67R-O
B�*FB�^&^å% Ú O�B�*N67RN*-O4AXÛ4,-cdR�HYO"673CO[O�B�GVA<3�B�1"M�Oy*F1"��*-O4A:^7A�B80"A5,�á��",CB835*-673�B�^&^&��3�A�B8R/A:*/.dcjB��VA;6&("(4.�G�B�*-67.8(4R�% Ú O4A
M�,/.�HY*-O�67R�R/^7.�H£A�0�0".�HY(Q% Ú O4.81"M�Oq*-O4AX6&(+*-,/.+021435*-67.8(�.�g�*-O4A:R-1"�4R-6702�d*/.¡(4A�3C�yó©B�(40]óå(4A�3C��6&("(4.vG8B�*/.8,/R�6&(435,/A�B8R/A�R
6&(43�A5(y*-6&GVA�Rb*/.E6&cs6&*CB�*/A¡ÜæB�(40�6&*£��.].�R-*/R�0"A5GVA5^7.8�"cdA5(y*Y6&(�*-O4AFR-O4.8,-*�óå,-1"({à�á2(4A5GVA5,-*-O4A5^7A�RCR�A�ç+1"6&^&6&�",-6&1"c�Üw^7.8("M8óå,-1"({à
M�,/.�HY*-O[,CB�*/A:67RY^7.vH£A5,/A�0�%

>�ý



'©(\3�B8R/A¡.�gÝè�(4.8*:R/."á��"1"*:R-cjB�^&^)èE6&("(4.�G�B�*-67.8(4R<B�(�B�,/A�B2á�HYO4A5,/A¢*-O4A¡R-1"�4R-6702��O�B8R;B���.�R-6&*-6&GVAEA���A�35*�á�A�â267R-*/R
Üw6&*N67RN6&(�*-O4A¢RCB�cdA;,/A5M�67.8(Qá{HYO4A5,/AER/143/O\B�,/A�Bdgæ.8,�^hB�,-MVA<6&("(4.vG8B�*-67.8(4RÝ67RêàY�"1"*N6¤g_R-6&ï�AE.�g_6&("(4.�G�B�*-67.8(4RÝ0"A�35,/A�B8RCA�R
*-O"67R<B�,/A�B�HY6&^&^x0"A�35,/A�B8RCAs*/.+."%s')gb�",/.�Û4*;67R;A�ç+1�B�^U*/.qï�A5,/."á�B�(40Î6&cs6&*CB�*-67.8(4R¢B�,/As,CB�*-O4A5,<026¤�j351"^&*�á�*-O4AdR-1"�4R-6702�
3�B�(j6&(435,/A�B8R/AXB�(�A�ç+1"6&^&6&�",-6&1"c M�,/.�HY*-O�,CB�*/A�á]*-O�B�*x67R£*/.;�",/.8cd.8*/AÝ6&cs6&*CB�*-67.8(4R�6&(j*-O4AÝ3�B8R/A�HYO4A5(�*-O4A5��B�,/A9îÚï�ð*ñ�ñgò
6&(4R-12�j3567A5(y*-^&��6&(y*/A5(4R-6&GVA�%£'ågQ*-O4AF��B�,CB�cdA5*/A5,�.�gp6&("(4.vG8B�*-67.8(4R�P2R-cjB�^&^&(4A�RCR�á

ε
á]O�B8R£^7.vH£A5,b^&6&cs6&*�áQÜw*-O�B�*�B�(�.8,/0"A5,Y.�g

cjB�M�("6&*-140"A¡.�gi*-O4AE,/A5^hB�*-6&GVAE�",/.�Û4*Ng|,/.8cÍ6&("(4.vG8B�*-67.8(4R
π1 − π0 = βηε

B�(40[�",/.�Û4*F6&([ï�A5,/.jR-*CB�*/A
π0 = φ(1, α)B�,/A:3�.8cs��B�,CB��"^7AvàY*-O4A5(�6&*Y,/A�R-1"^&*/RY6&(�R-6&cs6&^hB�,F.81"*/3�.8cdA�R�%

LÝR:*-O4Ad3�.8(435^&14R-67.8(�6&*<R-O4.81"^70Î��As(4.8*/A�0Î*-O�B�*¢A5GVA5(~6¤gb*-O4As6&(y*-,/.]021435*-67.8( .�gb*-O4Adcs6&("6&c<1"cÅR-1"�4R-6702�¯Üw*-O4A
6&(y*-,/.]021435*-67.8(�.�gQcs6&("6&c<1"cû*CB�â�B�*�*-O4AN6&("6&*-6hB�^�*CB�âj,CB�*/AÝA�ç+1�B�^{*/.Eï�A5,/.yàUO�B8RYB<��.�R/6&*-6&GVAFA���A�35*xgæ.8,xM�,/.vHY*-Oq,CB�*/A�á
*-O4A:g|1",-*-O4A5,N6&(435,/A�B8R/A¢.�g_R/3�B�^7A�RÝ.�giMV.vGVA5,-("cdA5(y*:6&(+*/A5,�g|A5,/A5(43�AE*-O4.81"M�O\R/O4.81"^70�6&(435,/A�B8R/AEM�,/.�HY*-O\,CB�*/A;6&(\R-O4.8,-*�ó
,-1"(QáUHY6&^&^b,/A�R-1"^&*¡6&(90"A�35,/A�B8R/A�ÜæB�gw*/A5,dB83CO"67A5GVA5cdA5(y*j.�gXR/.8cdA�35,-6&*-673�B�^YG�B�^&14AvàE.�gXB�(9A�ç+1"6&^&6&�",-6&1"c Üw^7.8("M8óå*/A5,-c�à
M�,/.�HY*-O[,CB�*/A�%

>�J
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'©(q*-O"67R�3/O�B��"*/A5,F*-O4A:,/A�R-1"^&*/R�.�gi��B�,-*-6hB�^�3�.8cs��A5(4RCB�*-67.8(�.�gU3�.�R-*/R�.�gi6&("(4.�G�B�*-67.8(4RNHY6&^&^���A:3�.8(4R-670"A5,/A�0�%
@QA5*

π
��AqB��",/.�Û4*d.�g:B[Û4,-c ��A�gæ.8,/A�*-O4A�6&(y*-,/.]021435*-67.8(�.�gF*CB�â�á

ψ(x) = 1
2βx

2
0

��AqB�3�.�R-*/R¢g|1"(435*-67.8(¯.�g
6&("(4.�G�B�*-67.8(Q%s�].81",/3�As.�g£cdA�B�(4R:.8(�*-O4A¡M�,CB�(y*/RX67RX*-O4A¢�",/.�Û4*:*CB�â�% Ú O4A¡*CB�â[,CB�*/A¢67R

τ
% Ú O4AsR-6&ï�A¢.�g£M�,CB�(+*/R:67R

�",/.8��.8,-*-67.8(�B�^p*/.sDFÞXßûÜw6&("(4.vG8B�*-67.8(\.8,Y6&cs6&*CB�*-67.8({àY3�.�R-*/R�%@_,/.8��.8,-*-67.8(�B�^&6&*©��3�.+A��j3567A5(+*N67R
s
%ULF^&^7.]3�B�*/A�0q�",/.�Û4*

cs6&(y14RF3�.�R-*/RY67R��
(1 − τ)π − (1 − s)ψ(x)

%
Ú O"67RXR/3CO4A5cdAE3�B�(\��A<6&(y*/A5,-�",/A5*/A�0�B8RÝA���A�35*-6&GVA¢,/A�021435*-67.8(Î.�g_*-O4AE�",/.�Û4*F*CB�âqgæ.8,NÛ4,-cdRvá�B�^&^7.]3�B�*-6&("M�B�3�.8(2ó

R-670"A5,CB��"^7A:�",/.8��.8,-*-67.8(pÜw��B�,-*êàN.�g�*-O4A56&,��",/.�Û4*N6&(�DFÞXß¡%
Ú O4A¢3/O�B�("MVA�RX6&(�abA5^&^&cjB�(QPSR:A�çy1�B�*-67.8(\HY6&^&^�3�B�14RCAE3CO�B�("MVA�RX6&([*-O4A¢R-�2R-*/A5c Ü�$�%?`Và ú Ü�$�%&$�$và�%¤-F.vHü6&*ÝHY6&^&^���A

,/A�3�.8,/0"A�0[B8Rv�

rV0 = (1 − τ)π0 − (1 − s)
1

2
βx2

0 + x0(V1 − V0) + x̃0(V0 − Ṽ1),
ÜæK2%&$và

rVn = (1 − τ)πn − (1 − s)
1

2
βx2

n + xn(Vn+1 − Vn) + (x̃n + h)(V0 − Vn),
ÜæK2%?>Và

rṼn = (1 − τ)π̃n − (1 − s)
1

2
βx̃2

n + xn(Ṽn+1 − Ṽn) + (x̃n + h)(V0 − Ṽn),
ÜæK2%?KVà

x0 =
(V1 − V0)

(1 − s)β
,

ÜæK2% =+à

xn =
(Vn+1 − Vn)

(1 − s)β
,

ÜæK2%?ýVà

x̃n =
(V0 − Ṽn)

(1 − s)β
,

ÜæK2%?JVà

τ

(
2µ0π0 +

∞∑

k=1

µk(πk + π̃−k)

)
=
sβ

2

(
2µ0x

2
0 +

∞∑

k=1

µk(x
2
k + x̃2

−k)

)
,

ÜæK2%ñ¬�à

HYO4A5,/A:^hB8R-*�A�ç+1�B�*-67.8(�,/A5�",/A�RCA5(y*/R��"1402MVA5*N^&6&cs6&*CB�*-67.8(�gæ.8,Y*-O4A:MV.�GVA5,-("cdA5(+*¢%
Ú O4A�R/.8^&1"*-67.8(~gæ.8,EB�,-�"6&*-,CB�,-����A5,-cs67R/R-6&�"^7Aj��B�,CB�cdA5*/A5,/R¢67R;��.�R/R-6&�"^7Ad.8("^&�Î(+1"cdA5,-673�B�^&^&�V% Ú O4A5,/A�gæ.8,/Aj'XR-O�B�^&^

3�.8(4R-670"A5,�R/.8cdA�^&6&cs6&*-6&("M¡3�B8R/A�R�áVgw,/.8cº*-O4AFB�(�B�^&�2R-67Rx.�g�HYO"673/O�*-O4AN3CO�B�,CB835*/A5,-67R-*-673�R�B�(40sgæA�B�*-1",/A�R�.�g�*-O4AFR/.8^&1"*-67.8(
HY6&^&^_��As35^7A�B�,�%s')*<B�MyB�6&(~HY6&^&^_��A¡*-O4As3�B8RCA�R;.�g�GVA5,-�\^hB�,-MVA�Ü

γ → ∞ àXB�(40ÎGVA5,-��R-cjB�^&^NÜ γ → 1
àF6&("(4.�G�B�*-67.8(4R�%

>V¬



LFR�H�A5^&^�B8R�6&(�*-O4AÝ�",/A5G+67.814RY3CO�B��"*/A5,�á"3�B8R/AX.�g�R-cjB�^&^�*CB�âj,CB�*/A
τ
B�(40�R/cjB�^&^{M�,CB�(+*YHY6&^&^���AÝ3�.8(4R-670"A5,/A�0�6&(q.8,/0"A5,

*/.dA5G�B�^&1�B�*/A<HYO4A5*-O4A5,F*-O4A;M�,CB�(y*/RX3�B�(���A;14RCA�gw1"^Q6&([�",-6&(4356&�"^7A�%Yab.8*-O�gæ.8,�*-O4A<3�B8R/AE.�gU^hB�,-MVA�á{B�(40qgæ.8,�*-O4AE3�B8R/A
.�g_R-cjB�^&^p6&("(4.vG8B�*-67.8(4RX6&*�HY6&^&^���A;R-O4.�HY(Qá�*-O�B�*F*-O4A<R-1"�4R-67026&ï�6&("M�.�g_A���.8,-*/RFO�B8RXBs��.�R-6&*-6&GVA<A���A�35*F.8(\A�3�.8(4.8cs673
M�,/.�HY*-O[,CB�*/A�R�á2O4.�H�A5GVA5,XB¡R-6&ï�A:.�gi*-O"67RNA���A�35*YO�B�,/02^&�q0"A5��A5(40"RF.8(�3/O�B�,CB835*/A5,-67R-*-673�RÝ.�g_B�(�A�3�.8(4.8c<�V%

/;ÐCÏ üý�96�� Õ9Âþ?��YÔ�29�kÙCÒEÒ¢Õ{	Ø�bÓ{Ù/Õ�Ò:6sÃ Ó�3��ÿ2YÔ���ÒFÓ�6Ì�YÔ��ÿÅ�Õ964Ó �
Ç��UØpÓ{Ù$	9�ÿ�83��UÒ
Å¯�YÔ�Ê9��Ó�68�YÔ�� Ø�Õ4Å±È)��Ó{Ù�Ó{Ù$	9���NÒEÖÌÈÍ�bÓ��UÒFÓ8È�Õ9?/Ù/ØsÁ Ù�6IÔ�Ù�2�Ù/Ö

'åg�*-O4A;R-6&ï�A;.�gi6&("(4.�G�B�*-67.8(\67RY^hB�,-MVAjÜ
γ → ∞ à�á"^7A�B8026&("Mj6&([.8(4A;R-*/A5�qHY6&^&^Q,CB�67R/A;�",/.�Û4*F.�gi*-O4A:^7A�B80"A5,�1"��*/.s*-O4AM�,/A�B�*/A�R-*Y��.�R/R-6&�"^7AÝG8B�^&14AdÜ

φ(γ−1, α)
γ→∞−→ 1, ∀α > 0

à�á26&(43�A5(+*-6&GVA�R�*/.¡�VA�A5��.8(q6&("(4.�G�B�*-67.8(4RYHY6&^&^�G�B�("67R-OQ%
ö�6&,-cÈ^7.]3�B�*/A�0ÎBjR/*/A5�ÎB�O4A�B80�.�g�*-O4A¢3�.8cs��A5*-6&*/.8,XHY6&^&^i(4.8*X3�.8(4021435*:(4A5H�,/A�R/A�B�,/3CO4A�RjÜ

x1 ≡ 0
à�%;'©(\*-O"67RÝ3�B8RCA

*-O4AXM�,/A�B�*/A�R-*N��.�R/R-6&�"^7AX*/A�3CO"(4.8^7.8M�673�B�^p^7A�B8026&("M�cjB��VA�RN.8(4A:R-*/A5�
Ü
maxn = 1

à�%
Ú O4AqR/.8^&1"*-67.8(4R¢gæ.8,¡^7A5GVA5^7Rd.�gFA���.8,-*/Rs3/O4.�R/A5(¯6&(9R-*CB�*/A�R�è

0
è B�(40Iè −1

èqB�,/A�3�.8cs6&("M~.81"*¢gw,/.8c B\R/A5*s.�g
A�çy1�B�*-67.8(4Rv�

1

2
x2

0 + x0(r + h) =
1 − τ

(1 − s)β
(π1 − π0),

ÜæK2%?`Và
1

2
x̃2

1 + x̃1(r + h+ x0) =
1 − τ

β(1 − s)
π0 +

1

2
x2

0,
ÜæK2%?ìVà

τ =

δ< 1

2︷ ︸︸ ︷
β

2

x2
0(x̃1 + h) + x0x̃

2
1

x0 + π0(x̃1 + h)
s = δs.

ÜæK2%&$�¦Và
Ú O4AXgæ.8,-c<1"^hB8R�g|.8,�.]3�351"��B�(435�q.�g�*-O4A:ï�A5,/.sR/*CB�*/A<B�(40qM�,/.�HY*-O[,CB�*/AXHY6&^&^pR-*CB���*-O4A;RêB�cdAjÜw6&(q*/A5,-cdRN.�g

xj
à��

µ0 =
x̃1 + h

2x0 + x̃1 + h
,

ÜæK2%&$�$và

g = 2µ0x0 ln γ =
2x0(x̃1 + h)

2x0 + x̃1 + h
ln γ.

ÜæK2%&$�>Và
Ú O4A¢A���.8,-*/RX.�g£B�MVA5(y*/RXHYO"6&^7AE6&(y*-,/.]0214356&("Mqcs6&("6&c<1"cÂ*CB�â�HY6&^&^�6&(435,/A�B8R/A�% Ú O4AEG8B�^&14A¢.�g£Bj0"A5,-6&G�B�*-6&GVA¡.�g£B

M�,/.�HY*-O[,CB�*/AX1"(40"A5,N*-O4AX,CB�*/A;.�gU3�.8cs��A5(4RêB�*-67.8([.�gU3�.�R-*/R
s
(+1"cdA5,-673�B�^&^&�q67R�A�çy1�B�^p*/.

∂g

∂τ

∣∣∣∣
s=0

=
2(1 − 2δ)

∆β[2x0 + x̃1 + h]2
×

×
(
(1 − π0)(x̃1 + h)2(x0 + x̃1 + r + h) + 2x2

0(π0(x̃1 + r + h) + x0 − x1)
)
.
ÜæK2%&$�KVà

Ú O"67R�A�â2�",/A�R/R-67.8(�67R�M�,/A�B�*/A5,�*-O�B�(�ï�A5,/.jB�*NB�(+�qB83�3�A5�"*CB��"^7A<G8B�^&14A�RN.�g���B�,CB�cdA5*/A5,/R�%b�]."á"H£A<3�B�(�g|.8,-cE1"^hB�*/A
³;�����_�{rvu±�vu±��
�Q²|��² ')(�3�B8R/AN.�gQ^hB�,-MVAÝ6&("(4.�G�B�*-67.8(4R�*-O4AFR/1"�4R-67026&ï�6&("Ms.�gpA���.8,-*/RXÜwM�,CB�(y*�á2�",/.8��.8,-*-67.8(�B�^�*/.;6&(yGVA�R/*�ó
cdA5(y*/RN6&(�DFÞXß;à�O�B8RNB¢��.�R-6&*-6&GVA;A���A�35*�.8(�A�3�.8(4.8cs673:M�,/.vHY*-O�,CB�*/A�%
Ú .E�",/A�R/A5(+*��"6735*-1",/AÝcd.8,/AF�",/A�3567R/A5^&�Vá2H£AÝR-O�B�^&^�B�(�B�^&�+ï�AF��A5O�B�G]67.8,b.�gQ*-O"67RbA�â2�",/A�R/R-67.8(�6&(�*-O4AFcjB�6&(�^&6&cs6&*-6&("M

3�B8R/A�R�%

• @QA5*���B�,CB�cdA5*/A5,Ý.�giA�B8RCA:.�g�6&cs6&*CB�*-67.8(4RF��AX^hB�,-MVA�� h� x̃1, h� x0

=⇒ ∂g

∂τ

∣∣∣∣
τ=0

−→ 2(1 − δ)(1 − π0)

β(r + h)
−→ 0

á
*-O�B�*�67Rv�i6¤g�6&(+*/A5(4R-6&*)��.�gi6&cs6&*CB�*-67.8(4R�67R�3�.8(4R/670"A5,CB��"^7A;*-O4A5(�R-1"�4R/67026&ï�6&("MdHY6&^&^���AX6&(4A���A�35*-6&GVA�%

>�`



• @QA5*�(4.�HÈ6&cs6&*CB�*-67.8(4R���A�O"6&(40"A5,/A�0¥B�(40�cjB�,-�VA5*/R���Aqcd.8(4.8��.8^&6&ï�A�0�� h −→ 0, α −→ 0. =⇒
=⇒ (π1 − π0) ≈ (π0 − π̃1) ≈ 1/2, =⇒ x0 ≈ x̃1 ≈

√
1/β, =⇒ δ ≈ 3/2,

=⇒ ∂g

∂s

∣∣∣∣
s=0

≈ 1

18
√
β

%
')gp3�.8cs��A5*-6&*-67.8(qB�*�cjB�,-�VA5*/Rb67R£^7.�HIA5(4.81"M�O�Üw*-O4AÝ^hB�,-MVAFcd.8(4.8��.8^&�j��.vH£A5,�B�(40�á"B83�3�.8,/026&("M�^&�Vá"R-12�j3567A5(y*-^&�
^hB�,-MVAF�",/.�Û4*b.�gpA�B83/O�.�gQ(4A�3/�+ó©B�(40]óå(4A�3/�dÛ4,-cdR�à�áy*-O4A5(�6&(y*-,/.]021435*-67.8(q.�gQ*-O4A�M�,CB�(y*bM�6&GVA�RbB:��.�R-6&*-6&GVANA���A�35*�%

• @QA5*N(4.�He6&cs6&*CB�*-67.8(4RN��AXO"6&(40"A5,/A�0�á�B�(40qcjB�,-�VA5*/R���A:3�.8cs��A5*-6&*-6&GVA�� h −→ 0; α −→ 1. =⇒
=⇒ π̃1 ≈ 0, π0 ≈ 0; π1 ≈ 1

�U*-O4A:(4.8(2óåï�A5,/.s�",/.�Û4*�67R�,/A�3�A56&GVA�0�.8("^&���y��*-O4A<B835*-1�B�^Q^7A�B80"A5,�÷
=⇒ x1 = 0 x̃1 > 0; x0 > 0 :

=⇒ ∂g

∂s

∣∣∣∣
s=0

≈ 6
(
√

2 − 1)(1 − (2 −
√

2)x2
0)

(3 + 2
√

2)x0β

Ü ∼ 1√
β

à
R/1"�4R-67026&ï�6&("MdHY6&^&^QM�6&GVA:*-O4A;��A�R-*�.81"*/3�.8cdA�%

Tiâ2*/A5(4026&("Mj*-O4A�RCAX,/A�R-1"^&*/R�á"H�A;R-O�B�^&^�gæ.8,-c<1"^hB�*/A
³;�����_�{rvu±�vuw�{\��²hl�² ')(¡3�B8R/A�.�g�^hB�,-MVA�6&("(4.�G�B�*-67.8(4R_R-1"�4R-67026&ï�6&("M:.�g{A���.8,-*/RYÜwM�,CB�(y*�á��",/.8��.8,-*-67.8(�B�^"*/.Ý6&(yGVA�R-*-cdA5(+*/R
6&(ôDFÞXß;àsHY6&^&^ÝM�6&GVA\cjB�â]6&cE1"c�.81"*/3�.8cdA�6¤g;cjB�,-�VA5*/R�B�,/A[3�.8cs��A5*-6&*-6&GVA�B�(40���B�*/A5(+*���.8^&6735�¯67R�,-6&M�670�% Ú O4A
A��j3567A5(435�d.�g�R-1"�4R-67026&ï�6&("ME.�g�A���.8,-*/R_HY6&^&^{B��"�",/.VB83CO�ï�A5,/.;.8*-O4A5,-HY67RCA���.8(jcd.8(4.8��.8^&6&ï�A�0jcjB�,-�VA5*/Rx6&(j3�B8RCA�.�g�A�B8R/�
6&cs6&*CB�*-67.8(4R�%
WXA5(4A5,CB�^&6&ïvB�*-67.8([.�g��",/.8��.�R-6&*-67.8(4RNK2%&$:B�(40�K2%?>¡B�(40qA�â]O�B�14R-*-6&GVAX�"6735*-1",/A:0"A�RC35,-6&�"6&("Ms*-O4A:R-6&ï�AX.�g�A���A�35*£g|,/.8c

6&(y*-,/.]021435*-67.8([.�gics6&("6&c<1"cÈR-1"�4R-6702�Vá�B�,/A<R-O4.�HY(�6&(�B¡Û4M4%4K2%&$�%
} AÝO�B�GVA<R-O4.�HY(Qá2*-O�B�*�B�*b*-O4AX6&("6&*-6hB�^�*CB�â�,CB�*/AXA�ç+1�B�^�*/.¢ï�A5,/."á26&*/Rb6&(435,/A�B8R/AXHY6&^&^�O�B�GVA;B<��.�R-6&*-6&GVA:A���A�35*�g|.8,

B�(�A�ç+1"6&^&6&�",-6&1"cÍM�,/.�HY*-O�,CB�*/A�%_a�1"*FB�gw*/A5,�RC.8cdA:35,-6&*-673�B�^QG8B�^&14A:gw1",-*-O4A5,Y6&(435,/A�B8R/A<.�g�*CB�â�,CB�*/A<B�(40qR-1"�4R-6702��HY6&^&^
,/A�R-1"^&*�6&(�0"A�35,/A�B8RCA;.�gUB�([A�çy1"6&^&6&�",-6&1"c Üw^7.8("M8óå*/A5,-c�à�M�,/.�HY*-O�,CB�*/A�%
Ú O+14R�á£.�gXM�,CB�(y*/Rj�",/.8��.8,-*-67.8(�B�^F*/.�6&(yGVA�R-*-cdA5(+*/Rj6&(¯DÝÞXßÈB�,/A�A��j3567A5(y*�0".]A�*/.�^7.�HÍ6&("6&*-6hB�^�6&(y*/A5(4R-6&*©�9.�g

6&cs6&*CB�*-67.8(4R��\��.8*-O�6&(yGVA�R/*-cdA5(y*/Rq.�gXÛ4,-cdR�B�(40�R-��.8(y*CB�(4A�.814R�6&cs6&*CB�*-67.8(4R�B�,/A[R-cjB�^&^å%I@Q.vH6&(+GVA�R-*-cdA5(y*/RqB�,/A
3�B�14R/A�0~�y�Î^7.�H �",/.�Û4*¢6&(~ï�A5,/.�R/*CB�*/Ad��A�3�B�14R/Aj.�gFB�,-6&M�670~3�.8cs��A5*-6&*-67.8(Q%[�+��.8(+*CB�(4A�.814R¡6&cs6&*CB�*-67.8(4RsB�,/AdH£A�B��

competition level a
10

h

¶g/¶t>0

¥

0

ö�6&M�1",/AsK2%&$��Ff£O�B�("MVA�R:.�g£A�3�.8(4.8cs673¡M�,/.�HY*-O�,CB�*/A¢6¤gxcs6&("6&cE1"cÂM�,CB�(y*X�",/.8��.8,-*-67.8(�B�^U*/.�6&(+GVA�R-*-cdA5(y*/R:6&(�DFÞXß
67RY6&(+*-,/.+02143�A�0�Ü|3�B8R/A:.�g�^hB�,-MVA;6&("(4.�G�B�*-67.8(4Rêà

>�ì



��A�3�B�14RCA[*-O4A\��B�,CB�cdA5*/A5,�0"A�R/35,-6&�"6&("M¯A�B8RCA\.�gE6&cs6&*CB�*-67.8(4R�á
h
áFB�6&cdR�*/.�ï�A5,/.���.86&(+*�%ø'©(ô*-O"67R�R/6&*-1�B�*-67.8(I*-O4A

R-1"�4R-67026&ï�6&("Md.�giA���.8,-*/Rb67RYA���A�35*-6&GVA�á"��A�3�B�14R/A:B835*-1�B�^&^&��*CB�â��"1",/0"A5(qg|A5^&^7Rb1"��.8(�B¢cd.8(4.8��.8^&��Ü±g|.8,YHYO"673COq6&(�B�(y�
3�B8R/AY*-O4A5,/AÝB�,/A�(4.:6&(43�A5(+*-6&GVA�R£*/.<�",/.8^7.8("M<6&("(4.vG8B�*-67.8(4Rêà�á]�"1"*�3�.8^&^7A�35*/A�0dcdA�B�(4RbB�,/AN0267R-*-,-6&�"1"*/A�0j��A5*©H£A�A5(�*-O4.�R/A
HYO4.s6&(yGVA�R/*NR-1"�4R-*CB�(+*-6hB�^&^&��6&(�*/A�3/O"(4.8^7.8M�673�B�^UB802G8B�(43�A�%

/;Ðÿþ üý�96��ÌÕ4Â 6�Å¯�9?�?üÙ/Ò¢Ò¢Õ{	��YÓ{Ù/Õ�Ò:6sÃkÓ�3:� 2YÔ���ÒFÓ�6 �YÔ�� Å�Õ964Ó �
Ç��UØpÓ{Ù$	9� �83��UÒ
Ø�Õ4Å±È)��Ó{Ù�Ó{ÙCÕ�Ò ��Ò¢Ö ÈÍ�bÓ��UÒFÓ8È�Õ9?/Ù/ØsÁÌ�YÔ��Ä29�UÒFÓ�?��
Ü
γ → 1, γ = 1 + ε

à
@QA5*�PSR�3�.8(4R-670"A5,qB�3�B8R/A�áYHYO"673COô67R�3CO�B�,CB835*/A5,-6&ï�A�0ô�y�9cs6&("6&c<1"cÌR/6&ï�A�.�g;6&("(4.�G�B�*-67.8(4R�Ü

γ
B�6&cdR�*/.~6&*/R�^7.�H£A5,

��.81"(404B�,-�Vá
γ → 1

à�% } AX14R/A;BscdA5*-O4.+0�.�g_B8R-�]cs�"*/.8*-673;0"A�3�.8cs��.�R-6&*-67.8(�.8(�R-cjB�^&^���B�,CB�cdA5*/A5,
ε
%

fbB8R/A�R
α < 1

B�(40
α = 1

H£AXR-O�B�^&^�3�.8(4R-670"A5,�RCA5��B�,CB�*/A5^&�Vá4B8Rb*-O4AF�",/.�Û4*bg|1"(435*-67.8(
π = φ(·, α)

67RbR-cd.+.8*-O�B�*
α < 1

B�(40�O�B8RNB¢�+6&("��Ü±g|,CB835*-1",/Avà�HYO4A5(
α = 1

%

® !"r�o
α < 1

@QA5*
ε = γ − 1

% Ú O4A5(Qá414R/6&("M�B8R-�]cs�"*/.8*-673;0"A�3�.8cs��.�R/6&*-67.8([.�gxB¡�",/.�Û4*Yg|1"(435*-67.8(
φ(z, α)

B�(40qG�B�^&14AXgw1"(435*-67.8(4R
Vj
á"(4A5M�^7A�35*-6&("Mjç+1�B802,CB�*-673<.8(

ε
cdA5cE��A5,/RN6&*�3�B�(���A:.8�"*CB�6&(4A�0�*-O�B�*

π0 = φ(1, α) +O(ε2),
ÜæK2%&$5=+à

πn = φ(1, α) − nφ(1, α)′ε+O(ε2),
ÜæK2%&$�ýVà

π̃n = φ(1, α) + nφ(1, α)′ε+O(ε2).
ÜæK2%&$�JVà

Ú O4A;R/.8^&1"*-67.8([.�giR-�2R-*/A5c ÜæK2%&$và!P�ÜæK2%?JVàY^7.+.8�2Rb^&6&�VA��
V0 =

1 − τ

r
φ(1, α) +O(ε2),

ÜæK2%&$v¬�à

Vn =
1 − τ

r
φ(1, α) + nβ(1 − τ)ηAgε+O(ε2),

ÜæK2%&$�`Và

Ṽn =
1 − τ

r
φ(1, α) − nβ(1 − τ)ηAgε+O(ε2).

ÜæK2%&$�ìVà
Ú O4A;A���.8,-*/R�.8(�6&("(4.vG8B�*-67.8([B�(40�6&cs6&*CB�*-67.8(4RNHY6&^&^���A

x0 = 1−τ
1−sη

Agε+O(ε2) ≈ ηε,
ÜæK2%?>�¦Và

xn = 1−τ
1−sη

Agε+O(ε2) ≈ ηε,
ÜæK2%?>2$và

x̃−n = n1−τ
1−sη

Agε+O(ε2) ≈ nηε,
ÜæK2%?>�>Và

HYO4A5,/A
ηAg =

1

β(r + h)

(
−∂φ(1, α)

∂z

) á
η =

1 − τ

1 − s
ηAg %U,/.8��B��"6&^&6&*©��.�g���A56&("Md6&(q*-O4A:ï�A5,/.dR/*CB�*/A�á

µ0 = µ̂0 +O(ε)
á�B�(40�A�3�.8(4.8cs673<M�,/.�HY*-O[,CB�*/A��

µ̂0 =
1

1 + 2f(ζ)
,

ÜæK2%?>�KVà

g =

(
2µ0x0 +

∞∑

n=0

µnxn

)
ln γ = (µ0 + 1)ηε2 +O(ε3) ≈ 2

1 + f(ζ)

1 + 2f(ζ)
ηε2,

ÜæK2%?>�=+à

ζ =
h

ηε
=

1 − s

1 − τ
ζAg.

K�¦



ö",/.8cÍ�"1402MVA5*F3�.8(4R-*-,CB�6&(+*ÝB¢,/A5^hB�*-67.8(4R-O"6&�[��A5*©H£A�A5(�*-O4A:R/6&ï�A�R�.�g�*-O4A;M�,CB�(y*ÝB�(40�*CB�âq67R
τ

(1 − τ)2
=

s

(1 − s)2
b,

ÜæK2%?>�ýVà

b =

(
2 +

∞∑

k=1

(k2 − 1)µk

)
(−φ′0)2
φ0

ε2

4β(r + h)2

(
<

1

2

)
,

(−φ′0)2
φ0

=
α2

(2 − α)(2 + α)2(1 − α)
.
ÜæK2%?>�JVà

')g
ε→ 0

*-O4AF*CB�âj,CB�*/A
τ
HY6&^&^���AN^7A�R/R£*-O4A5(�è�*-O4AÝ,CB�*/A�R�.�g�R-1"�4R-67026&ï�6&("M�è

s
%U'©(j*-O"67RY3�B8R/AÝA���.8,-*/R�.�giB�^&^�Û4,-cdR

B�(40�A�3�.8(4.8cs673:M�,/.vHY*-O�,CB�*/A:HY6&^&^p6&(435,/A�B8R/A�%
Ú O+14R�á"H£A<3�B�(qg|.8,-cE1"^hB�*/A

³;�����_�{rvu±�vuw�{��Q²&�Q² '©(<3�B8R/A_.�g4R-cjB�^&^+6&("(4.�G�B�*-67.8(4R�R-1"�4R/67026&ï�6&("MÝ.�g4A���.8,-*/R£ÜwM�,CB�(y*/R��",/.8��.8,-*-67.8(�B�^+*/.N6&(yGVA�R-*-cdA5(+*/R
6&(�.8(�DÝÞXß:à£O�B8RFB¡��.�R/6&*-6&GVA:A���A�35*N.8(�A�3�.8(4.8cs673<M�,/.�HY*-O[,CB�*/A�%
Ti��A�35*Ýgw,/.8cÈ*-O4A¢M�,CB�(y*X67R:B�^&H�B��]R:��.�R-6&*-6&GVA�%Xa�1"*FH�AdB�,/A<6&(+*/A5,/A�R-*/A�0�6&(\*-O4A¢R/6&ï�AE.�gx*-O"67RXA���A�35*�% Ú .�HYO�B�*

A�â2*/A5(y*�HY6&^&^QM�,/.vHY*-O�,CB�*/A:6&(435,/A�B8RCA:6¤g�cs6&("6&cE1"cÍM�,CB�(+*�67RY6&(y*-,/.]02143�A�0�é } A;3�B�(qMVA5*�*-O"67R�(y1"c<��A5,�%
∂g

∂τ

∣∣∣∣
τ−→0

= 2
1 + η + f(ζ)(3 + 2η + 2f(ζ) + ζf ′(ζ)

f(ζ) )

(1 + 2f(ζ))2
1 − b

b− τ
η0ε

2.
ÜæK2%?>V¬�à

'©*Y67RNB�^7R/.¡6&(y*/A5,/A�R/*-6&("Mj*/.d3�.8cs��B�,/A:*-O"67RN6&(435,/A�B8R/A:*/.dB�(�6&("6&*-6hB�^pG8B�^&14A:.�g_B¡M�,/.�HY*-O[,CB�*/A��

(
∂g

∂τ
)/g

∣∣∣∣
τ−→0

=
1 + η + f(ζ)(3 + 2η + 2f(ζ) + ζf ′(ζ)

f(ζ) )

(1 + 2f(ζ))(1 + f(ζ))

1 − b

b(1 − τ)
.

ÜæK2%?>�`Và
f�.8(4R-670"A5,-6&("M�R/.8cdAX^&6&cs6&*-6&("M�3�B8RCA�Rbg|.8,Y*-O4A�RCA;A�â]�",/A�RCR-67.8(4R��

• @QA5* h� x̃1, x0, α� 1, α→ 1. =⇒
=⇒ b→ 3�.8(4R-* × ε2

h2
→ 0
á

f(ζ =
h

ηε
) → 0, =⇒

=⇒ ∂g

∂τ

∣∣∣∣
τ−→0

→ 2(1 + η)
1 − b

b− τ
η0ε

2 → ® h

βα
→ ∞ ÷

(
∂g

∂τ
)/g

∣∣∣∣
τ−→0

→ (1 + η)
1 − b

b
→ ® h2

ε2α2
→ ∞.

• @QA5*N(4.�H h −→ 0; α� 1, α→ 1 =⇒
=⇒ b ∼ α2 → 0

÷
η0 → α

rβ

÷
ζ =

h

ηε
−→ 0

÷
f(ζ) → f̂(≈ 0.8)

%
=⇒

=⇒ g′tau

∣∣
τ−→0

−→ 2
1 + η + f̂(3 + 2η + 2f̂ + ζf̂ ′

f̂
)

(1 + 2f̂)2

1 − b

b
η0ε

2 −→ 1

α
−→ ∞

g′τ
g

∣∣∣∣
τ−→0

−→
1 + η + f̂(3 + 2η + 2f̂ + ζf̂ ′

f̂
)

(1 + 2f̂)(1 + f̂)

1 − b

b
−→ 1

α2
−→ ∞

LF^&^�*-O"67RYgæ.8,-cdR
³;�����_�{rvu±�vuw�{ ��²&#Q² '©(�3�B8R/A[.�g<R-cjB�^&^N6&("(4.vG8B�*-67.8(4R�á�6¤g:3�.8cs��A5*-6&*-67.8(ô.8(�cjB�,-�VA5*/R�67RjR-12�j3567A5(+*-^&�¯^7.�H Üw*-O4A
^hB�,-MVAscd.8(4.8��.8^&����.vH£A5,EB�(40�áiB83�3�.8,/026&("M�^&�Váp^hB�,-MVAd�",/.�Û4*<.�gbA�B83CO
.�gb(4A�3/�+ó©B�(40]óå(4A�3/��Û4,-cdRêàX*-O4AdA��j3567A5(435�Î.�g
R-1"�4R-67026&ï�6&("M�A���.8,-*/RNHY6&^&^p6&(435,/A�B8R/A<HYO"6&^7A<R/.�g|*/A5("6&("Mj.�gU��B�*/A5(y*Ý��.8^&6735�qB�(40�,/A�021435*-67.8([3�.8cs��A5*-6&*-6&GVA5(4A�R/RX.8(�*-O4A
cjB�,-�VA5*/R�%
LF(4.8*-O4A5,�^&6&cs6&*-6&("M�3�B8RCA�R��

K2$



• @QA5* h� x̃1, x0, α� 0(→ 1 ?), =⇒
=⇒ b→ ε2α2

18β(r + h)2(1 − α)
; =⇒ f(ζ) → 0. =⇒

=⇒ ∂g

∂τ

∣∣∣∣
τ−→0

→ 2(1 + η)
1 − b

b− τ
η0ε

2 ∼ (r + h)(1 − α)
÷

(
∂g

∂τ
)/g

∣∣∣∣
τ−→0

→ (1 + η)
1 − b

b
∼ (r + h)2(1 − α).

• @QA5*�(4.vH h −→ 0; α� 0(α→ 1), =⇒
=⇒ b→ ε2

18βr2(1 − α)

÷
η0 → 1

3rβ

÷
ζ =

h

ηε
−→ 0

÷
f(ζ) → f̂(≈ 0.8)

%
=⇒

=⇒ g′τ
∣∣
τ−→0

−→ 2
1 + η + f̂(3 + 2η + 2f̂ + ζf̂ ′

f̂
)

(1 + 2f̂)2

1 − b

b
η0ε

2 ∼ r(1 − α)
÷

g′τ
g

∣∣∣∣
τ−→0

−→
1 + η + f̂(3 + 2η + 2f̂ + ζf̂ ′

f̂
)

(1 + 2f̂)(1 + f̂)

1 − b

b
∼ r2(1 − α).

³;�����_�{rvu±�vuw�{9��²çë�² '©(q3�B8R/AX.�g�R-cjB�^&^�6&("(4.vG8B�*-67.8(4Rvá"6¤g�3�.8cs��A5*-6&*-67.8(�.8(qcjB�,-�VA5*/RY67RbO"6&M�O�A5(4.81"M�O~Üw*-O4AX^7.vH
�",/.�Û4*Y.�g�A�B83/O�(4A�3/�+ó©B�(40]óå(4A�3/��Û4,-cdRêàx*-O4A5(�A��j3567A5(435��.�g�R-1"�4R-67026&ï�6&("MsA���.8,-*/R�HY6&^&^�6&(435,/A�B8R/AÝHYO"6&^7AXR/.�g|*/A5("6&("M¡.�g
��B�*/A5(y*F��.8^&6735�qB�(40qR-*-,/A5("M�*-O4A5("6&("M�.�g�3�.8cs��A5*-6&*-6&GVA5(4A�R/RF.8(q*-O4A;cjB�,-�VA5*/R�%
ðÝ.�H£A5GVA5,�áx6¤g

α
67R¢35^7.�R/A�*/.�1"("6&*©�~*-O4A5(�*-O4A�B���.�GVA�0"A�R/35,-6&��A�0 0"A�3�.8cs��.�R-6&*-67.8( 67R¢(4.8*¡3�.8,-,/A�35*�áU*-O4A5,/A�g|.8,/A

.81"*/3�.8cdA;.�g@U,/.8��.�R/6&*-67.8(\K2%?ý¢67RNB83�351",CB�*/AE.8("^&����B�,-*-^&�V%
Ú O4A;3�B8R/A

α = 1
R-O4.81"^70q��A:3�.8(4R-670"A5,/A�0�á�B8RYH£A5^&^�B8R�6&(��",/A5G+67.814R���B�,-*/RN.�giH£.8,-��á4R/A5��B�,CB�*/A5^&�V%

® !"r�o
α = 1

LFRCR-1"cs6&("M
ε = γ − 1

á
ε→ 0

%
'©(q*-O"67R�3�B8R/A:�",/.�Û4*N.�g_BEÛ4,-c Üw*-O4AXgæ.8,-c<1"^hB8RF3�.86&(435670"A:HY6&*-O
Ü�$�%?K�JVà!P�Ü�$�%?K�`Và-à��

π̃n ' π0 ' O(ε2),
ÜæK2%?>�ìVà

πn = 1 − γ−n +O(ε2) = nε+O(ε2).
ÜæK2%?K�¦Và

Ú O4A;R/.8^&1"*-67.8([.�giR-�2R-*/A5c ÜæK2%&$và!P�ÜæK2%?JVàY^7.+.8�2Rb^&6&�VA��
Ṽn ' V0 ' O(ε2),

ÜæK2%?K2$và
Vn = (1 − τ)nβηAgε+O(ε2).

ÜæK2%?K�>Và
Ú O4A;A���.8,-*/R�.8(�6&("(4.vG8B�*-67.8(4RNHY6&^&^Q��A

x0 =
1 − τ

1 − s
ηAgε+O(ε2),

ÜæK2%?K�KVà

xn =
1 − τ

1 − s
ηAgε+O(ε2),

ÜæK2%?K�=+à
x̃−n = +O(ε2),

ÜæK2%?K�ýVà
HYO4A5,/A

ηAg =
1

β(r + h)

á
η =

1 − τ

1 − s
ηAg %

K�>



U,/.8��B��"6&^&6&*©�s.�g{��A56&("MÝ6&(¡*-O4Abï�A5,/.XR-*CB�*/A�á
µ0 = µ̆0+O(ε)

áV.8,i6&(sR-*CB�*/A:è
k
è:Üw,/A5^hB�*-6&GVAYçy1�B�(+*-6&*)�¡.�g{6&(40214R-*-,-67A�R

6&(q*-O4A;3�.8(2gæ.8,-cs6&("M�3�.8(4026&*-67.8({àY67R��

µ̆0 =
1

1 + 2ηε
h

=
1

1 + 21
ζ

, µk =

(
1

1 + ζ

)k

µ0,
ÜæK2%?K�JVà

HYO4A5,/A
ζ =

h

ηε

%
Ú O4A;A�3�.8(4.8cs673<M�,/.�HY*-O�67RFB8R-�+cs�"*/.8*-673�B�^&^&��A�ç+1�B�^�*/.

g = (2µ0x0 +
∞∑

n=0

µnxn) ln γ = 2
1 + ηε

h

1 + 2ηε
h

ηε+O(ε3).
ÜæK2%?KV¬�à

ö",/.8cÍ�"1402MVA5*F3�.8(4R-*-,CB�6&(+*ÝB¢,/A5^hB�*-67.8(4R-O"6&�[��A5*©H£A�A5(�*-O4A:R/6&ï�A�R�.�g�*-O4A;M�,CB�(y*ÝB�(40�*CB�âq,CB�*/A

τ

1 − τ
=

s

1 − s

b<0.5︷ ︸︸ ︷
h

2(h+ r)
.

ÜæK2%?K�`Và
Ú B�â�,CB�*/A<HY6&^&^���A<^7A�R/RF*-O4A5( è�*-O4AE,CB�*/A�RF.�gxR/1"�4R-67026&ï�6&("M�è

s
%�'©(�*-O"67RÝ3�B8R/A<A���.8,-*/RF.�g£B�^&^�Û4,-cdRXB�(40�M�,/.vHY*-O

,CB�*/A:HY6&^&^Q6&(435,/A�B8RCA�%_Ti��A�35*Ygw,/.8cû*-O4A;M�,CB�(y*�67RNB�^&HbB��2RN��.�R-6&*-6&GVA�% Ú O4A;R/6&ï�A:.�g�*-O4A;A���A�35*�67R

∂g

∂τ

∣∣∣∣
τ−→0

= 2
1 + 2ηε

h + 2η2ε2

h2

(1 + 2ηε
h )2

(1 + 2r/h)η0ε,
ÜæK2%?K�ìVà

(
∂g

∂τ
)/g

∣∣∣∣
τ−→0

=
(1 + 2ηε

h + 2η2ε2

h2 )

(1 + 2ηε
h )(1 + ηε

h )
(1 + 2r/h).

ÜæK2% =y¦Và
'©(q^&6&cs6&*-6&("M�3�B8R/A�Rv�

• @QA5*N��B�,CB�cdA5*/A5,F.�gUA�B8R/A:.�gUBs6&cs6&*CB�*-67.8(4R���AX^hB�,-MVA�� h� x̃1, x0, α = 1Ü � %���% ζ � 2 ⇐⇒ h(h+ r)β � 2ε
à�á

=⇒
g′τ
∣∣
τ→0

→ 2η0ε→ 0,

g′τ
g

∣∣∣∣
τ→0

→ 1.
�].�A���A�35*Ng|,/.8cÍ*-O4AEM�,CB�(y*X67RFï�A5,/.\ÜæB8RÝH£A5^&^UB8RÝA�çy1"6&^&6&�",-6&1"c�M�,/.�HY*-O�,CB�*/A��Y�V.81�R/A�A<*-O4A56&,F,CB�*-67.�67RFA�ç+1�B�^
*/.d1"("6&*)�4à

• @QA5*N(4.�He6&cs6&*CB�*-67.8(4RN��AXO"6&(40"A5,/A�0�� h −→ 0, α = 1Ü � %���% ζ � 2 ⇐⇒ h(h + r)β � 2ε
à�á

=⇒
g′τ
∣∣
τ→0

→ (1 + 2
r

h
)η0ε→

ε

βh
→ ∞,

g′τ
g

∣∣∣∣
τ→0

→ 1 + 2r/h.

Ú O4A�R/A;,/A�R-1"^&*/R�3�B�(���AÝg|.8,-cE1"^hB�*/A�0�6&(
³;�����_�{rvu±�vuw�{«��²7ª�² ')(~3�B8RCAj.�g�R-cjB�^&^x6&("(4.vG8B�*-67.8(4Rvá�6¤g�3�.8cs��A5*-6&*-67.8(�.8(~cjB�,-�VA5*/RE67R<��A5,�gæA�35*�Üw�",/.�Û4*¢.�gYA�B83CO
(4A�3/�+ó©B�(40]óå(4A�3/�jÛ4,-cdR_67R£A�çy1�B�^{*/.;ï�A5,/.yài*-O4A5(�*-O4ANA��j3567A5(435�d.�gQR-1"�4R-67026&ï�6&("M¢A���.8,-*/R£HY6&^&^�6&(435,/A�B8RCA�HYO"6&^7A���B�*/A5(+*
��.8^&6735��67R�R/*-,/A5("M�*-O4A5(Q%
@QA5*�PSRÝ,/A5cjB�,-��á�*-O�B�*lU,/.8��.�R-6&*-67.8(4R:K2%?ýjB�(40�K2%?JjRC.8cdA5HYO�B�*Ý3�.8(+*-,CB8026735*X.8(4A¡B�(4.8*-O4A5,�% Ú O"67RÝ67RN��.�R/R/6&�"^7A;*/.

A�â2�"^hB�6&(��+��*-O4AFgåB835*b*-O�B�*�*-O4A5��B�,/AX3�.8,-,/A�35*Y6&(�026¤��A5,/A5(y*Y,CB�("MVA�RN.�gpG8B�^&14A�RY.�g���B�,CB�cdA5*/A5,/R�%{U,/.8��.�R-6&*-67.8(�K2%?ýE67R
K�K
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h ¥
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“ ”Ease of

imitations

ö�6&M�1",/A�K2%?>2�df£O�B�("MVA�.�gFBqM�,/.�HY*-O ,CB�*/A�B�(40�,CB�*-67.[��A5*©H£A�A5(93/O�B�("MVA�.�gNB�M�,/.�HY*-O�,CB�*/A�B�(40~M�,/.�HY*-O ,CB�*/Aj6¤g
cs6&("6&c<1"cM�,CB�(y*N�",/.8��.8,-*-67.8(�B�^Q*/.dDÝÞXß«6&(yGVA�R-*-cdA5(+*/RN67RY6&(+*-,/.+02143�A�0�Ü|3�B8R/A:.�gUR-cjB�^&^Q6&("(4.�G�B�*-67.8(4Rêà

3�.8,-,/A�35*Y6&(�3�B8R/A
α < 1

á2(�B�cdA5^&�Vá"HYO4A5(�0"A5��A5(40"A5(43�A<.�g��",/.�Û4*N.�g�Û4,-cdRbgw,/.8cû6&*/RYR/*CB�*/AXO�B8R�B¢�+6&("��B�(40qA�çy1�B�^7R
*/.¡ï�A5,/.s6&(�ï�A5,/.sR-*CB�*/A�%
Ú O4AÝMVA5(4A5,CB�^��"6735*-1",/AF67Rb3�.8cs�"^7A�â�A5(4.81"M�O~Ü|R/A�A�Û4M4%?K2%?>Và�%x')(�3�B8R/AÝ.�gp��A5,�gæA�35*b3�.8cs��A5*-6&*-67.8(q*-O4AÝA��j3567A5(435��.�g

R-1"�4R-67026&ï�6&("MX67R�6&(435,/A�B8R/A�0¢HY6&*-Os3�.8cs�"^&673�B�*-67.8(d.�g�6&cs6&*CB�*-67.8(4R�%i'åg"Û4,-cdRiO�B�GVAYBF3�A5,-*CB�6&(¡^7A5GVA5^".�g�*-O4A£cd.8(4.8��.8^&67R/*-673
��.vH£A5,�*-O4A<A��j3567A5(435��HY6&^&^p6&(435,/A�B8R/A:HYO"6&^7A:6&cs6&*CB�*-67.8(4RFHY6&^&^���A�3�.8cdA<A�B8R-67A5,�%
@QA5*�PSRY,/A5cjB�,-��á"6¤g�*-O4A:^7A5GVA5^Q.�g�M�,/.vHY*-O�6&("6&*-6hB�^&^&��67RY.8�"*-6&cjB�^åá4*-O4A:R-1"�4R/67026&ï�6&("MsH£.8(QP *NM�6&GVA;B��"�",/A�356hB��"^7AE.81"*�ó

3�.8cdA�R:ÜwM�6&GVA�RY.81"*/3�.8cdA�R�á2�"1"*bMVA5(y*-^7Avà�%_'©*£67R�(4A�3�A�R/RêB�,-�d*/.¡3�.8,-,/A�35*bRC.8cdA5*-O"6&("M¡.8("^&��6¤gpHY6&*-O4.81"*b*-O4AX3�.8,-,/A�35*-67.8(
(4.8*�A5GVA5,-�+*-O"6&("M�67RNB�^&^�,-6&M�Oy*
'©(y*-1"6&*-6&GVA5^&��6&*b67Rb��.�R/R/6&�"^7AF*/.sA�â2�"^hB�6&(q*-O4A�R/AX,/A�R-1"^&*/Rv�i6¤g��",/.�Û4*/R�.�g�Û4,-cdRNB�,/AXA�çy1�B�^�*/.¡ï�A5,/.¡��A�3�B�14R/AX.�g�*/.].

,-6&M�670s3�.8cs��A5*-6&*-67.8(�B�(40¡6¤g{6&cs6&*CB�*-67.8(4RxB�,/Ab,CB�*-O4A5,x026¤�j351"^&*NÜw6&cs6&*CB�*-67.8(4R�B�,/Ab6&(4R-12�j3567A5(y*-^&�¡6&(+*/A5(4R-6&GVAvà�áV*-O4AbM�,CB�(+*
HY6&^&^pR-*-6&cE1"^hB�*/A;*-O4A5c�%�LFRNBd3�.8(4R/A�çy14A5(43�A�á�*-O4A:M�,CB�(y*FHY6&^&^p6&(435,/A�B8R/A<A�çy1"6&^&6&�",-6&1"c,CB�*/A<.�giM�,/.�HY*-OQá{6&(2ò414A5(4356&("M
.8(�B¡H£A�B����"^hB83�A�RY6&([A�3�.8(4.8c<�V%
ãF(j*-O4AFcjB�,-�VA5*/R�HY6&*-O�MVA5(+*-^7AF3�.8cs��A5*-6&*-67.8(�6&("(4.�G�B�*-67.8(4Rb3�B�(�B��"��A�B�,£*/.<��AN*-O4ANH�A�B��s�"^hB83�A¢Üw6¤gQ6&cs6&*CB�*-67.8(4R

B�,/A:gåB8356&^&6&*CB�*/A�0�á�*-O4A5�qHY6&^&^�.+3�351",ÝR-��.8(y*CB�(4A�.814R-^&�[B�(40�6&*NH�.8(QP *F(4A�3�A�R/RêB�,-�q*/.s�"1"*FcdA�B�(4RÝ.8(�*-O4A5c�à;%Y')(�*-O"67R
3�B8R/AXM�,CB�(y*FHY6&^&^pB835*/RFB�*Y*-O4A;A�â2��A5(4R/A:.�gUB¡R/*-6&c<1"^hB�*-67.8([.�gi6&("(4.�G�B�*-67.8(4R�%
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ö�6&M�1",/ANK2%?K2�Uf£O�B�("MVAN.�g�M�,/.�HY*-Oj,CB�*/Ab6¤g�cs6&("6&c<1"cºM�,CB�(y*£�",/.8��.8,-*-67.8(�B�^{*/.X6&(yGVA�R-*-cdA5(+*/R£6&(dDÝÞXß¥67RU6&(y*-,/.]02143�A�0
6¤gi*-O4A5,/A<B�,/A:^7.�R/R/A�RY021",-6&("Mj,/A�B�^&^7.+3�B�*-6&("M�.�g�*-O4A:�"1"�"^&673:gw1"(40"R<Ü|3�B8RCA;.�giR/cjB�^&^�6&("(4.�G�B�*-67.8(4Rêà

ãF(43�AXB�MyB�6&(j6&*�R-O4.81"^70j��AY,/A5cjB�,-�VA�0�á]*-O�B�*�*-O4A�cs6&("6&c<1"c M�,CB�(+*£HY6&^&^{��AFA���A�35*-6&GVAN6¤gQ*-O4A�6&("6&*-6hB�^�*CB�âd,CB�*/A�67R
A�ç+1�B�^y*/.Yï�A5,/."%�ðF.vH£A5GVA5,_B�g|*/A5,pR/.8cdAx35,-6&*-673�B�^+G8B�^&14Ax*-O4AUg|1",-*-O4A5,p6&(435,/A�B8R/A£.�g4R/3�B�^7A�Rp.�g"MV.�GVA5,-("cdA5(+*U6&(y*/A5,�gæA5,/A5(43�A�á
*-O4.81"M�O�3�B�(�6&(435,/A�B8RCA:M�,/.�HY*-O�,CB�*/A�RN6&(q*-O4A;R-O4.8,-*Y,-1"(Qá"HY6&^&^�,/A�R/1"^&*�6&(�0"A�35,/A�B8R/A;.�g_B�(�A�çy1"6&^&6&�",-6&1"cÅÜw^7.8("M8óå,-1"({à
A�3�.8(4.8cs673;M�,/.vHY*-O�,CB�*/A�%
Ú O"67R¢356&,/351"cdR-*CB�(43�A�67R<A�R-��A�356hB�^&^&�Î6&cs��.8,-*CB�(y*¡6&(
3�B8R/A�.�gY^7.�R/R/A�R<021",-6&("M\,/A�B�^&^7.]3�B�*-67.8( .�gYcdA�B�(4RE*-O",/.81"M�O

MV.�GVA5,-("cdA5(+*F�"1402MVA5*¢Ü|R/A�AÝÛ4M4%?K2%?KVà�%x')g�*-O4A;3�.8^&^7A�35*/A�0�*CB�â2A�R�3�B�(���AX,/A�0267R-*-,-6&�"1"*/A�0[A���A�35*-6&GVA5^&�q.8("^&����B�,-*-^&�Vá"*-O4A
B�,/A�B8RÝHY6&*-O\R/cjB�^&^���.�R-6&*-6&GVA¢A���A�35*ÝHY6&^&^�*-1",-(\6&(y*/.qB�,/A�B8RÝHY6&*-O\(4A5MyB�*-6&GVA¢A���A�35*:B�(40�*-O4A5,/A¢HY6&^&^���A<(4.�R/A5(4RCA;*/.
,/A�3�.8cscdA5(40�R/143/O���.8^&6735�V%

K�ý



· ¸º¹ »½¼E¾[¿ �

ö ��� ËÃ
Ä ���Ã 	ÎÆ�ÇõÇõ�«	Î	��NÆ² «U��� � ´ Ë �.«i���

')( *-O"67Rs��B�,-*sM�,CB�(+*/R�á£HYO"673/O�B�,/A�M�6&GVA5(¯*/.\Û4,-cdRdHYO"673/O¯O�B8RdB�^&,/A�B802��cjB80"A�R-143�3�A�R/R-gw1"^b6&("(4.�G�B�*-67.8(¯HY6&^&^���A
3�.8(4R-670"A5,/A�0�%
Ú O4A\R/3/O4A5cdA\^7.].8�]R�^&6&�VA[*-O"67R��Î6&("(4.�G�B�*/.8,qR/A5^7A�35*/R�*-O4A�^7A5GVA5^:.�gEA���.8,-*/R

x
áNB�(40ô3�.8,-,/A�R-��.8(4026&("M�^7A5GVA5^:.�g

3�.�R-*/R
ψ(x)

%XLY0"026&*-67.8(�B�^i6&(43�A5(y*-6&GVAEg|.8,ÝO"6&cÈ67RN*-O4AEM�,CB�(y*
S
á{HYO"673/O�O4A<HY6&^&^�,/A�3�A56&GVA¢6&(\3�B8RCAE.�gxR-143�3�A�RCR�% Ú O4A

�",/.8��B��"6&^&6&*)�\.�gUR/143�3�A�R/R�gæ.8,�6&("(4.vG8B�*/.8,X67RF�",/.8��.8,-*-67.8(�B�^�*/.�Bd^7A5GVA5^�.�g_A���.8,-*/R��
Prob( 	�
��� � 	�	 (��¤�%� ��(��&���!(�� ) =

xdt
% Ú O4A:�",/.8��B��"6&^&6&*©��.�giR-143�3�A�RCR�gw1"^�6&cs6&*CB�*-67.8(\0"A5��A5(40"RF.8(�*)H�.d��B�,CB�cdA5*/A5,/R���B��"�"^&67A�0�A���.8,-*/R

x
B�(40�A�B8R/A;.�g

6&cs6&*CB�*-67.8(4R
h
�
Prob( 	�
��� � 	�	 (��¤���Í�%�!���!(�� ) = (x+ h)dt

%
@QA5*

π
��A¡B��",/.�Û4*<.�gYB�Û4,-cÂ��A�gæ.8,/A¢*CB�â2A�Rv%¡�].81",/3�Ad.�g�cdA�B�(4R;.8(Î*-O4A¡M�,CB�(y*<B�,/A¡*-O4A¡�",/.�Û4*<*CB�â2A�R:.�gYB�^&^

Û4,-cdR�% Ú O4A¢*CB�â[,CB�*/A¢67R
τ
% Ú O4As3�.8^&^7A�35*/A�0ÎR-1"c67RX0267R-*-,-6&�"1"*/A�0���A5*)H�A�A5(ÎÛ4,-cdR�á�HYO"673/O�ä�14R-*Ý(4.�H½O�B�GVA¡cjB80"A

*-O4AX(4A�â]*N*/A�3/O"(4.8^7.8M�673�B�^UB83/O"67A5GVA5cdA5(y*�%
Ú O4A_3CO�B�("MVA�Rp6&(<abA5^&^&cjB�(QPSR�A�çy1�B�*-67.8(EHY6&^&^y3�B�14R/A_3CO�B�("MVA�Rp6&(<R/�]R-*/A5cøÜ�$�%?`Và!P�Ü�$�%&$�$và�%
-Ý.�H
6&*Q3�B�(<��Ai,/A�3�.8,/0"A�0

B8R��

rV0 = (1 − τ)π0 −
1

2
βx2

0 + x0(V1 − V0 + S0) + x̃0(V0 − Ṽ−1),
Üw=4%&$và

rVn = (1 − τ)πn − 1

2
βx2

n + xn(Vn+1 − Vn + Sn) + (x̃−n + h)(V0 − Vn),
Üw=4%?>Và

rṼ−n = (1 − τ)π̃−n − 1

2
βx̃2

−n + xn(Ṽ−(n+1) − Ṽ−n) + (x̃−n + h)(V0 − Ṽ−n + S̃−n),
Üw=4%?KVà

x0 =
(V1 − V0 + S0)

β
,

Üw=4% =+à

xn =
(Vn+1 − Vn + Sn)

β
,

Üw=4%?ýVà

x̃−n =
(V0 − Ṽ−n + S̃−n)

β
,

Üw=4%?JVà

τ

(
2µ0π0 +

∞∑

k=1

µk(πk + π̃−k)

)
=

(
2µ0x0S0 +

∞∑

k=1

µk(xkSk + x̃−kS̃−k)

)
,

Üw=4%ñ¬�à
HYO4A5,/A:^hB8R-*�A�ç+1�B�*-67.8(�,/A5�",/A�R/A5(+*/RN�"1402MVA5*N3�.8(4R/*-,CB�6&(y*�gæ.8,Y*-O4A:MV.vGVA5,-("cdA5(y*�%
'©*N67RÝR-14R-��A�35*/A�0�*-O�B�*Ý*-O4A<M�,CB�(+*/RFg|.8,Ý6&("(4.�G�B�*-67.8(4R;B�(40�M�,CB�(+*/RFg|.8,F6&cs6&*CB�*-67.8(4R:3�B�([��A<026¤��A5,/A5(y*�%XTxB83CO�.�g

*-O4A5cû3�B�(���AXA5G8B�^&1�B�*/A�0�R/A5��B�,CB�*/A5^&�V%xTi�j3567A5(435��.�giA�B83/Oq�]6&(40�.�giR-*-6&c<1"^hB�*-67.8(qHY6&^&^���AF,/A�3�A56&GVA�0�B�(40�*-O4A5��HY6&^&^
��A:3�.8cs��B�,/A�0[.8(4AX*/.jB�(4.8*-O4A5,�%

K�J



'©(�*-O"67RÝ3�B8R/A;MV.vGVA5,-("cdA5(y*;0".]A�RN(4.8*F*CB��VA¢B�(+�q,-67R-��.�g_��B��]6&("M�R/.8cdA5*-O"6&("M�6&(\3�B8R/A<.�g£BsgæB�6&^&1",/A¢.�gU6&("(4.�G�B�ó
*/.8,êù�6&cs6&*CB�*/.8,ÝB�(40�,/A5H�B�,/0"RÝ.8("^&��B835*-1�B�^�B83CO"67A5GVA5cdA5(y*/R�%
Ú O4A:R/.8^&1"*-67.8(�gæ.8,NB�,-�"6&*-,CB�,-����A5,-cs67R/R/6&�"^7AXG8B�^&14A�RY.�g���B�,CB�cdA5*/A5,/R�67Rb��.�R/R-6&�"^7AX.8("^&��(+1"cdA5,-673�B�^&^&�V% Ú O4A5,/A�gæ.8,/A

'bR-O�B�^&^p3�.8(4R-670"A5,ÝR/.8cdA:^&6&cs6&*-6&("M�3�B8R/A�R�á2g|,/.8cÍ*-O4A<B�(�B�^&�2R-67RF.�giHYO"673CO�*-O4AE3/O�B�,CB835*/A5,-67R-*-673�R:B�(40�gæA�B�*-1",/A�RN.�gU*-O4A
R/.8^&1"*-67.8(�HY6&^&^N��A�35^7A�B�,�%I')*�B�MyB�6&(�HY6&^&^N��Aq*-O4A[3�B8R/A�Rj.�g:GVA5,-�9^hB�,-MVA
Ü

γ → ∞ àdB�(40¯GVA5,-�9R-cjB�^&^¢Ü γ → 1
à

6&("(4.�G�B�*-67.8(4R�%
LÝRiH£A5^&^{B8R_6&(s*-O4Ab�",/A5G+67.814R_3CO�B��"*/A5,/R�á]'pR-O�B�^&^43�.8(4R-670"A5,/A�0�BX3�B8R/AY.�g�BXR/cjB�^&^"*CB�â¢,CB�*/A

τ
B�(40sR-cjB�^&^"M�,CB�(+*_*/.

A5G�B�^&1�B�*/A�á4HYO4A5*-O4A5,N*-O4A;M�,CB�(y*/RN3�B�([��AX14RCA�gw1"^Q6&(��",-6&(4356&�"^7A�%£LF^&cd.�R-*NB��"��B�,/A5(y*-^&�Vá�*-O�B�*�*-O"67RFR/3/O4A5cdA�ÜæB�*�^7A�B8R-*
g|,/.8c*-O4AE670"A�B�^&6&ï�A�0���.86&(+*:.�g_G+67A5HFàNR-O4.81"^70\O�B�GVA¢MV.].+0\A��j3567A5(435��Ü|.8(\*-O4A¢B�GVA5,CB�MVAvà�ápB�*Ý^7A�B8R-*XB8RX3�.8(+*-,CB8R-*/A�0
*/.jÛ4,/R-*FR/3CO4A5cdAE0267RC3514R/R/A�0[6&([3/O�B��"*/A5,;>2á{HYO4A5,/A¢*-O4A<M�,CB�(+*/RFH�A5,/A<M�6&GVA5(\�",CB835*-673�B�^&^&��gæ.8,¢è���.�R-6&*-67.8(pèE.�gUÛ4,-cdR
6&(q6&(40214R-*-,-�Vá�B�(40�H£A5,/A<3�.8("(4A�35*/A�0�HY6&*-O�A���.8,-*/R�.8("^&��6&(4026&,/A�35*-^&�V%
ãF*-O4A5,��",/.8�"^7A5c�á4HYO"673/O�HY6&^&^Q��AX0267R/3514R/R/A�0�á267RYg|.8^&^7.vHY6&("M4�Nè�HYO�B�*�67RYcd.8,/A:A���A�35*-6&GVA:*/.sR-*-6&cE1"^hB�*/A��U6&("(4.�G�B�ó

*-67.8(4R�.8,�6&cs6&*CB�*-67.8(4R�Ü|R-6&c<1"^hB�*-67.8({à-é+è
ab.8*-Odgæ.8,�B;3�B8R/AN.�g�^hB�,-MVA�á2B�(40sgæ.8,�B:3�B8R/AF.�gQR-cjB�^&^�6&("(4.vG8B�*-67.8(4R�6&*xHY6&^&^{��ANR-O4.�HY(Qá+*-O�B�*£*-O4AFR-1"�4R-67026&ï�6&("M¢.�g

6&("(4.�G�B�*/.8,/RF14R-1�B�^&^&���",-6&("MVRNM�,/A�B�*/A5,ÝA���A�35*�á�*-O�B�([R-*-6&cE1"^hB�*-67.8(\.�gU6&cs6&*CB�*/.8,/R�%�Lb*N*-O4A;RêB�cdA;*-6&cdA;R-6&ï�A<.�gUA���A�35*
0"A5��A5(40"R�O�B�,/02^&��.8(�*-O4A;3/O�B�,CB835*/A5,-67R/*-673�RF.�g_B�(�A�3�.8(4.8c<�V%

� ÐêÏ üý�96�� Õ9ÂÐ?��YÔ�29�ºÙCÒEÒ¢Õ{	Ø�bÓ{Ù/Õ�Ò:6sÃ Ó�3�� �UÒEØ�Õ�×EÔ��42�Ù/Ò:2ÈÕ4Â[Ù�Å�Ù-Ó��bÓ{Ù/ÕNÒ�6õÙ�6IÙ/Ò��
Ü��
Ø�Ù��UÒNÓ �bÓÆÅ�Ù�?/Ö>È:�YÓ��UÒFÓ8È�Õ9?/ÙCØ�Á

')gx*-O4AsR-6&ï�A¡.�gx6&("(4.�G�B�*/.8,-�ÎR-*/A5��67RÝ^hB�,-MVA�Ü
γ → ∞ à�á�^7A�B8026&("M�.8(Î.8(4A¢R/*/A5�ÎHY6&^&^�,CB�67RCAE�",/.�Û4*;.�g�*-O4A¢^7A�B80"A5,:1"�*/.�*-O4A<M�,/A�B�*/A�R/*:��.�R/R/6&�"^7A<G�B�^&14AqÜ

φ(γ−1, α)
γ→∞−→ 1, ∀α > 0

à�á�6&(43�A5(+*-6&GVA�R:*/.�6&("(4.�G�B�*/A¢HY6&^&^�G�B�("67R-OQ% Ú O4A
M�,CB�(y*/R<HY6&^&^_��As*-O4Ad.8("^&�\6&(43�A5(y*-6&GVAd*/.��",/.8^7.8("M�6&("(4.�G�B�*-67.8(4R�% Ú Oy14REB�^&^x^7A�B80"A5,/R�Üw6&,-,/A�R-��A�35*-6&GVAj.�gb(y1"cE��A5,¢.�g
R-*/A5�4R¢*-O4A5�~^7A�B80�à¡B�,/A�A�ç+1�B�^&^&�~6&(+*/A5,/A�R-*/A�0 6&( 6&("(4.�G�B�*-67.8(4R�%~LF^&^£^hB�M�M�6&("M�Û4,-cdRdB�^7RC.�B�,/A�670"A5(+*-673�B�^bgw,/.8cÅ*-O4A
��.86&(y*N.�giG+67A5Hõ.�g_B��"�"^&67A�0�A���.8,-*/R�%
Ú O4AYR/.8^&1"*-67.8(4R_g|.8,i^7A5GVA5^7R_.�g�A���.8,-*/Ri6&(�è�¦"è8á{è8$VèYB�(40�èêóC$VèbR-*CB�*/A�R_3�B�(s��Ab.8�"*CB�6&(4A�0¡g|,/.8cøBXR/A5*_.�g�A�ç+1�B�*-67.8(4R

1

2
x2

0 + x0(r + h) =
1 − τ

β
(π1 − π0) +

S0

β
(1 + x1 + x̃−1) −

S̃−1

β
x0 +

=x2

1
/2︷︸︸︷

S2
1

2β2
,

Üw=4%?`Và

1

2
x̃2
−1 + x̃−1(r + h+ x0) =

1 − τ

β
π0 +

1

2
x2

0 +
S̃−1

β
(x0 + r).

Üw=4%?ìVà
Ú O4A:�"1402MVA5*F3�.8(4R-*-,CB�6&(y*FHY6&^&^Q^7.+.8��^&6&�VA

τ(π0 + π1
x0

x̃−1 + h
) = S0x0 +

x1S1 + x̃−1S̃−1

x̃−1 + h
.

Üw=4%&$�¦Và
'©*sR/A�A5cdRjB��"��B�,/A5(y*�á�*-O�B�*dR-143CO¯R/3/O4A5cdA�R-O4.81"^70 M�6&GVA���A5*-*/A5,d.81"*/3�.8cdA�á£*-O�B�(¯R-*-6&cE1"^hB�*-67.8(�.�gÝA���.8,-*/Rs.8,

M�,CB�(y*/Rjgæ.8,jB���.�R/6&*-67.8(�.�gXÛ4,-cdR�% Ú O4A�ç+14A�R-*-67.8(�67R��qHYO�B�*d67Rjcd.8,/A�A���A�35*-6&GVA�*/.�R-*-6&cE1"^hB�*/A�áb6&("(4.�G�B�*-67.8(�.8,
6&cs6&*CB�*-67.8({é Ú .�B�(4R-H£A5,�*-O"67RNçy14A�R-*-67.8(�H£A;R-O�B�^&^pB�(�B�^&�]ï�A:*-O",/A�A;026¤��A5,/A5(y*ÝR-6&*-1�B�*-67.8(4R��
$và��+*-6&cE1"^hB�*-67.8([.�gi6&cs6&*CB�*-67.8(4R��

S̃−1 6= 0, S1 = S0 = 0
%

KV¬
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ö�6&M�1",/A_=4%&$���f£O�B�("MVA�.�g�A�3�.8(4.8cs673£M�,/.�HY*-O¡6¤g"cs6&("6&c<1"c�*CB�â;1"��.8(¡B�^&^VÛ4,-cdRiB�(40<M�,CB�(+*/R�*/.NR-143�3�A�R/R-gw1"^V6&cs6&*CB�*/.8,/R
67RY6&(y*-,/.]02143�A�0��FÜ

S̃−1 6= 0
à;Ü|3�B8R/A;.�gi^hB�,-MVA:6&("(4.�G�B�*-67.8(4Rêà

>VàY�+*-6&c<1"^hB�*-67.8(�.�gi6&("(4.�G�B�*-67.8(4RF.8(q*-O4A:^7A�B8026&("M�A�02MVA;.�g�*/A�3CO"(4.8^7.8M����
S̃−1 = S1 = 0, S0 6= 0

%
KVàY�+*-6&c<1"^hB�*-67.8(�.�gi6&("(4.�G�B�*-67.8(4RNcjB80"A:�+��6&(40214R/*-,-��^7A�B80"A5,/Rv�

S̃−1 = S0 = 0, S1 6= 0
%

@QA5*�PSRF3�.8(4R-670"A5,�*-O4A5c�%

® !"r�o��{²¡���vu|z����±!2�vuw��¯��¨Ýu|z~u±��!2�vuw�{�r��
S̃−1 6= 0, S1 = S0 = 0

²
')(q*-O"67RNR-6&*-1�B�*-67.8(�*-O4A:M�,CB�(+*N67RbM�6&GVA5(�*/.jBEÛ4,-c�á4HYO"673/O�O�B8RUäÿ14R-*�3�B�*/3CO4A�0]óå1"��HY6&*-O�*-O4A<3�.8cs��A5*-6&*/.8,�%
ãF1"*/3�.8cdA�RN.�gi*-O"67RNRC3/O4A5cdA<B�,/A:(4A5MyB�*-6&GVA�%FÜ|R/A�AXÛ4M4%i=4%&$và�%
ab.8*-O�.8(�*-O4A<cjB�,-�VA5*/R�HY6&*-O�O�B�,/0�3�.8cs��A5*-6&*-67.8(ÎB�(40�.8(�*-O4A<cjB�,-�VA5*/R�HYO4A5,/A:Û4,-cdRFA5(8ä�.v��B¡cd.8(4.8��.8^&67R/*-673

��.vH£A5,�*-O4A�A��j3567A5(435�¯.�gÝ*-O"67R�R/3/O4A5cdA[0"A5��A5(40"Rj.8(�A�B8R/A�.�g:6&cs6&*CB�*-67.8(4R�%ô�]."á£6¤gX6&cs6&*CB�*-67.8(4R�B�,/AqO�B�,/0�á�*-O"67R
R/3/O4A5cdA;HY6&^&^QM�6&GVA:(4A5MyB�*-6&GVA;.81"*/3�.8cdA

∂g

∂τ

∣∣∣∣
τ=0

−→
(
− 2

9β
+

2r

9
√
β

)
ln γ ��� α −→ 1, (r + h) −→ 0,

Üw=4%&$�$và
∂g

∂τ

∣∣∣∣
τ=0

−→ − 1

9β
− 1

36
√
β

ln γ ��� α −→ 0, (r + h) −→ 0.
Üw=4%&$�>Và

')g�6&cs6&*CB�*-67.8(4RXB�,/AÝgæB8356&^&6&*CB�*/A�0�á{0"A�35,/A�B8R-6&("Mj.�g_B¡M�,/.�HY*-O[,CB�*/AXHY6&^&^Q��A:A5GVA5(��"6&M�MVA5,�%
∂g

∂τ

∣∣∣∣
τ=0

−→ − 4

β
ln γ ��� α −→ 1, (r + h) −→ ∞,

Üw=4%&$�KVà
∂g

∂τ

∣∣∣∣
τ=0

−→ −4h(r + h) ln γ ��� α −→ 0, (r + h) −→ ∞.
Üw=4%&$5=+à

Ú O4A�R/A:,/A�R/1"^&*/Rbg|.8,-c
³;�����_�{rvu±�vu±��I#Q²|�{² ')(Î3�B8R/A¡.�g£^hB�,-MVA¡6&("(4.vG8B�*-67.8(4REA5(43�.81",CB�M�6&("M�.�g£6&cs6&*CB�*-67.8(4R;O�B8R:(4A5MyB�*-6&GVAsA���A�35*Xgæ.8,:A�3�.�ó
(4.8cs673jM�,/.vHY*-O ,CB�*/A�R�%�Lb*¢cs6&^70~��B�*/A5(+*¡��.8^&6735��Ü±gåB8356&^&6&*CB�*/A�0�6&cs6&*CB�*-67.8(4Rêà:6¤gN3�.8cs��A5*-6&*-67.8(9.8(
*-O4A�cjB�,-�VA5*/R¢67R
MVA5(y*-^7A:*-O4A5(\BsR-^7.�H�0".vHY([.�g_B¢M�,/.�HY*-O[,CB�*/A:HY6&^&^Q��AXcd.�R-*�R-6&M�("6¤Û�3�B�(y*¡Ü|R/A�AXÛ4M4%i=4%&$và�%
'©(y*-1"6&*-6&GVA5^&�¡*-O4A�R/AY,/A�R-1"^&*/Rx3�B�(d��Ab6&(+*/A5,-�",/A5*/A�0�B8Rigæ.8^&^7.�H�Rv%x�+*-6&c<1"^hB�*-67.8(�.�g�6&cs6&*CB�*-67.8(4R£67RU6&(4A��j3567A5(y*£6&(d3�B8R/A

.�g£*-O4A¡^hB�,-MVA¡6&("(4.vG8B�*-67.8(4R�áiB8RX6&*:��A�B�*/RX6&(43�A5(y*-6&GVA�R;*/.�cjB��VA¡6&("(4.vG8B�*-67.8(ôÜw*-O4A¡cd.8,/A¡*-O4AsR-6&ï�As.�g£6&("(4.vG8B�*-67.8(4Rvá
*-O4A�cd.8,/AqR-*-,/.8("M�^&��(4A5MyB�*-6&GVA�A���A�35*¡g|,/.8c 6&(y*-,/.]021435*-67.8(�.�gXR-143/O�R/3/O4A5cdA�.�gXR-*-6&c<1"^hB�*-67.8(�67Rêà�% Ú O�B�*d67R¡*-O4A
B83�3�A5^7A5,CB�*-67.8(�.�gxM�,/.�HY*-O�.8,-6&M�6&(�B�*-6&("M�g|,/.8c�R-*-,/A5("M�*-O4A5("6&("M�.�gx6&cs6&*CB�*-67.8(4R:0".]A�RF(4.8*:3�.8cs��A5(4RCB�*/AsBjR/^7.�H�0".�HY(

K�`
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ö�6&M�1",/As=4%?>2�<f£O�B�("MVAd.�gYB�M�,/.�HY*-O~,CB�*/A¡HYO4A5(~cs6&("6&c<1"c *CB�â\1"��.8(�B�^&^iÛ4,-cdR<B�(40�M�,CB�(y*/R<*/.�6&("(4.�G�B�*/.8,/R<.8(
^7A�B8026&("MjA�02MVA;.�gi*/A�3/O"(4.8^7.8M���B�,/A;6&(y*-,/.]02143�A�0��

S̃−1 = S1 = 0, S0 6= 0
Ü|3�B8R/A:.�gi^hB�,-MVA:6&("(4.�G�B�*-67.8(4Rêà

.�giM�,/.�HY*-O�,CB�*/A;3�.8cs6&("Mdgw,/.8cÍB¢,/A�021435*-67.8(�.�gi(y1"cE��A5,Ý.�g�6&("(4.vG8B�*-67.8(4R�% Ú O"67R�.]3�351",/RY��A�3�B�14RCAXM�,CB�(y*/RN0"A5��A5(40
(4.8*<.8("^&��.8(�A���.8,-*/R<.�g�6&cs6&*CB�*/.8,/R�% Ú O4A5��B�,/AjB�^7RC.��",/.8��.8,-*-67.8(�B�^£*/.qR-��.8(+*CB�(4A�.814R;6&cs6&*CB�*-67.8(4R�% Ú O�B�*;cdA�B�(4R
*-O�B�*<B835*-1�B�^&^&��*-O4A¡,/A�B�^&^7.]3�B�*-67.8(�.�g£,/A�RC.81",/3�A�RX6&(\*-O4A¢��B�,-*©�\.�g�*-O4AE^hB�M�M�6&("Mq�",/.]02143�A5,/R;0".]A�RÝ(4.8*<B���A�35*X*-O4A56&,
6&(43�A5(y*-6&GVA�Rvá�*-O�B�*Ý3�B�(�(4.8*X��AEA���A�35*-6&GVA�% Ú O4AE*CB�â"A�R�á�.8(\*-O4A¢.8�"��.�R-6&*/A�á�026&,/A�35*-^&��(4A5MyB�*-6&GVA5^&�ÎB���A�35*F6&(43�A5(+*-6&GVA�R
.�gY6&("(4.�G�B�*/.8,/R�% Ú O4A5,/A�gæ.8,/Aj*-O4Ad04B�cjB�MVAjg|,/.8c *-O"67R<RC3/O4A5cdAd*-O4Aj^hB�,-MVA5,�á�*-O4AjA�B8R-67A5,E*-O4Ad6&cs6&*CB�*-67.8(4R¡B�,/A[Üw*-O4A
^hB�,-MVA5,�*-O4A;R/O�B�,/A:.�g�,/A�R/.81",/3�A�RN,/A�B�^&^7.+3�B�*/A�0�(4.8*NB���A�35*-6&("M�6&(43�A5(y*-6&GVA�RN67Rêà�%

® !"r�oÎl�²¡���vu|z\���w!2�vuw�{¯�{¨Nu|���]�"!2�vu±��prs��9�vn�o\�wo+!"��u|�}�oy��}�o\��¨Y��o+��n���{�w��}����
S0 6= 0

'©(q*-O"67R�3�B8R/A:*-O4AXM�,CB�(+*/RÝB�,/AXM�6&GVA5(�*/.sÛ4,-cdRYHYO"673/O[O�B�GVAbä�14R-*Y(4.�He��A�3�B�cdA<Bs^7A�B80"A5,�%
ãFcs6&*-*-6&("M�351"c<��A5,/R/.8cdA<3�B�^7351"^hB�*-67.8(4R�á4H£A<R/O�B�^&^���B8R/RY*/.¡,/A�R-1"^&*/R¢Ü|R/A�AÝÛ4M4% =4%?>Và�%
ãF(�*-O4AdcjB�,-�VA5*/R¢HY6&*-O�O�B�,/0QÜw��A5,�gæA�35*êà;3�.8cs��A5*-6&*-67.8(�*-O4A�A��j3567A5(435�~.�g�*-O"67R¢R/3CO4A5cdA�0"A5��A5(40"RE.8( A�B8R/A�.�g

6&cs6&*CB�*-67.8(4R�%b�]."á26¤g�6&cs6&*CB�*-67.8(�B�,/A:,CB�*-O4A5,N3�.8cs�"^&673�B�*/A�0�*-O"67RNR/3/O4A5cdA<HY6&^&^�M�6&GVA:��.�R/6&*-6&GVA;.81"*/3�.8cdA
∂g

∂τ

∣∣∣∣
τ=0

−→ ln γ

9
,
HYO4A5(

α −→ 1, (r + h) −→ 0.

')g�6&cs6&*CB�*-67.8(4RÝB�,/AXgåB8356&^&6&*CB�*/A�0�á43/O�B�("MVAE.�g�*-O4A:M�,/.vHY*-O�,CB�*/A:HY6&^&^Q��AX(4A5MyB�*-6&GVA��
∂g

∂τ

∣∣∣∣
τ=0

−→ 2(1 − h)

βh(r + h)
ln γ,

HYO4A5(
α −→ 1, (r + h) −→ ∞.

ãF(sO�B�,/02^&�¢cd.8(4.8��.8^&6&ï�A�0jcjB�,-�VA5*/RU*-O4AYA���A�35*U67RxB�^&H�B��]RU��.�R-6&*-6&GVA�áyB�(40d6&(435,/A�B8R/A�RUHYO"6&^7Ab6&cs6&*CB�*-67.8(4R_��A�3�.8cdA
A�B8R-67A5,��

∂g

∂τ

∣∣∣∣
τ=0

−→ ln γ

2

HYO4A5(
α −→ 0, (r + h) −→ 0,

∂g

∂τ

∣∣∣∣
τ=0

−→ 2 ln γ
HYO4A5(

α −→ 0, (r + h) −→ ∞.

ãF(43�A<B�MyB�6&([R-1"cscjB�,-6&ï�6&("Mj*-O4A�R/A;,/A�R-1"^&*/R�á2H£A<R-O�B�^&^QcjB��VA;.81"*
³;�����_�{rvu±�vuw�{ #Q²hl�² '©(�3�B8RCA[.�g;^hB�,-MVA[6&("(4.�G�B�*-67.8(4R�A5(43�.81",CB�M�6&("M .�g;6&("(4.vG8B�*-67.8(4Rq.8(�*-O4A�^7A�B8026&("M A�02MVA\.�g
*/A�3/O"(4.8^7.8M��¯3�B�(�6&(2ò414A5(43�A�M�,/.vHY*-O�,CB�*/Aq��.8*-O¯��.�R-6&*-6&GVA5^&�¯B�(409(4A5MyB�*-6&GVA5^&�V%õãF(¯*-O4AqcjB�,-�VA5*/R�HY6&*-O�B�O�B�,/0
3�.8cs��A5*-6&*-67.8(~B�*Fcs6&^70\��B�*/A5(y*:^7A5M�67R/^hB�*-67.8(Î*-O4A<M�,/.vHY*-OÎ,CB�*/AE67RXR-^7.vH£A�0Î0".vHY(Q%EãF([cd.8(4.8��.8^&6&ï�A�0�cjB�,-�VA5*/RX*-O4A
A��j3567A5(435�q.�g�*-O4A<R/3/O4A5cdA:,-67RCA�RY6¤g�6&(+*/A5(4R-6&*)��.�gUR-��.8(y*CB�(4A�.814RN6&cs6&*CB�*-67.8(4R�6&(435,/A�B8R/A�R¢Ü|R/A�AÝÛ4M4%U=4%?>Và�%

K�ì



competition level a
10

h ¥

0

“ ”Ease of

imitations

¶ ¶t>0g/

ö�6&M�1",/A�=4%?K2��f£O�B�("MVA�.�gXB�M�,/.vHY*-O9,CB�*/A�6¤gFcs6&("6&c<1"c *CB�â~1"��.8( B�^&^£Û4,-cdRdB�(40
M�,CB�(y*/R¡gæ.8,E�",/.8^7.8("MyB�*-67.8(¯.�g
6&("(4.�G�B�*-67.8(4R��+��*-O4A;^7A�B80"A5,/REÜ

S1 6= 0
àYB�,/AX6&(+*-,/.+02143�A�0�Ü|3�B8R/A;.�gi^hB�,-MVA:6&("(4.�G�B�*-67.8(4Rêà
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P JRQG H I JLO O HS DNM J HO F T HKU G M JNM J SG OG F F H IK DV WG MF

P+X YF J Z JRQ JLO [ H I OG\ WN D O ZNOG\ W JLO O HS D M HV F P+X YF J Z JG F U V HU HV M J HO D ]M H\ HF MF

^V D O MF I HV VG D ] JFG Z JLKU V HSG KG O MF JLOMG\ _O H ] H [`ba c1d DV Z I HVe

F J [O F JRQG H IG fG\ Mhg g′

JLK JM D M J HO F iRO O HS D M J HO K D ZGJLO OG\ WN D O ZNOG\ W U HF JM J HOF J [O F JRQG g
g′

iRO O HS D M J HOK D ZG Y`]G D ZG V

j k l m n o p q r js

h→ 0 γ → 1 α→ 0 (−) (+) 1/α → ∞ (−0) (+0)

tu v

(γ = 1 + ε) 0 < α < 1
(−)

J I

α < αγwx yz

(+)

J I

α > αγwx yz (+)
(1 − α) → 0gJ I

α→ 1
(−) (+0) (+)

α = 1 (+) (+0) ε→ 1 (−) (+0) (+),max

γ → ∞ α→ 0 (−) (+)
(
18
√
β
)−1

(−) (+) 1/2 ln γ (+)

0 < α < 1
(−)

J I

α < α∞wx yz

(+)

J I

α > α∞wx yz (+) (−) (+) (+)

α = 1 (+) (+)
(√

β
)−1

(−) (+) 1/9 ln γ (+),max
h→ ∞ γ → 1 α→ 0 (−) (+) h/α→ ∞ (−)(−) (+0)

tu v

α = 1 (−) (+0) ε→ 0 (−)(−) (−0) (+),min
γ → ∞ α→ 0 (−) (+0) (−)(−) (+) 2 ln γ

tu v

α = 1 (−) (+0) (−)(−) (−) 1−h
h2 ln γ (+),min

{ _G K D [O JM X ZG H I M _G HX M\ HKG JF ZG |OG Z DF D\ _D O [G JLO G\ HO HK J\[V H d M _V D MG d _ J ]G D K JLO JLK D ]F X YF J Z ` JF JLO MV H ZX\ G Ze g′ = ∂g
∂τ

∣∣∣
τ→0t

+

v~} � HF JM J SG HX M\ HKG IV HK M _G F\ _G KG e g′ > 0t− v~} �G [D M J SG HX M\ HKG IV HK M _G F\ _G KG e g′ < 0t

−

v t

−

v~} �G V ` OG [D M J SG HX M\ HKG IV HK M _G F\ _G KG e g′ � 0t

+0

v� t

−0

v } � HF JM J SG � OG [D M J SG g YX M OG [ ] J [ J Y]+` F K D ] ] HX M\ HKG
max

� t

min

v } { _G YG F M � M _G d HV F M HX M\ HKG t d JM _ |��G ZF JRQG H IJLO O HS D M J HO F va

_ } G DFG H I JLK JM D M J HO F a h → 0e _DV ZG O t\ HF M ]+` v JLK JM D M J HO F g F MV J\ M

U D MG O MU H ] J\ `ba h→ ∞e G DF ` t\ HF M ]G F F v JLK JM D M J HO F g OG DV ]+` D ] ] JLK JM DNM J HO F DVG F U HO M D OG HX F a

γ } F JRQG H I JLO O HS D M J HO F a γ = 1 + εe F K D ] ]g [V D ZX D ] JLO O HS D M J HO F a

γ → ∞e ]DV [G JLO O HS D M J HO F a

α} \ HKU G M JM J SG OG F F H I K DV WG MF a α → 0} dG D W\ HKU G M JM J HO a α =

1} U G V IG\ M\ HKU G M JM J HO aOG\ WN D O ZN OG\ WF M D MG } M d H JLO O HS D M HV F\ HKU G MG D M M _G F D KG MG\ _O HN] H [ J\ D ] ]G SG ]a

=�=
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