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1. Introduction. 
 

The problem of optimal taxation is of general interest and of special importance for 

economies in transition. One group of theoretical results for this problem concerns social welfare 

losses related to distortionary effects for different types of taxes (see Movshovich et al. (1997), 

Levin and Movshovich (2000), Myles (1996)). A general conclusion in this literature is the 

superiority of profit tax in comparison with indirect taxes in solution of social welfare 

optimization problem. In particular, the former paper shows that the marginal excess burden 

(MEB) of the profit tax is zero (since it does not cause any distortions) while the indirect taxes 

produce substantional MEBs. 

Meanwhile, economic statistics shows that profit tax is less significant for the budget than 

indirect taxes in the majority of the countries. For instance, VAT, excise and sales taxes provide 

about 60% of the budget income in Russia and China, more than 30% in Greece and Ireland, more 

than 20% in Denmark, Finland, Netherlands and Norway. The share of profit tax is between 2% in 

Germany and 16,6% in Australia and typically does not exceed 10% in the economically 

developed countries (OESR). 

Another important issue is the use of input taxes. In his recent textbook, Myles claims 

(p.231): “input taxes have been employed in many countries but they would be not form a part of 

an optimal tax system for a competitive economy”. However, in practice some kind of an input 

tax – a fixed presumptive tax – is now widely applied in the taxation of small and medium 

businesses in several countries (see Thieben, 2001, for the data on Ukraine). In this case some 

characteristics of the production capacity used by a firm or the number of employees determine 

the type of an agent.  Depending on the characteristics used to evaluate the production capacity, 

this tax may depend on the natural resources employed (for instance, the size and the location of 

the land), or on the value of some observable input with a small elasticity of substitution (the 

square of a shop or a café, the number of employees and so on).  In particular, Ukraine uses now a 

fixed tax dependent on the type of production and the number of employees, the trade permit for 

individuals providing certain cervices and the market fee for every occupied trade place for selling 

agricultural products. In 2002 similar variants of taxation for small business were widely 

discussed in Russia. Such taxes seem to be especially attractive for countries with widespread tax 

evasion and corrupted tax inspectors (see Bardhan and Yakovlev on the latter issue). 

In order to answer these questions, the important questions are: is the latter proposition true? 

What is the reason of the mentioned contradictions between the theoretical conclusions and the 

empirical evidence? Why is profit tax less popular in practice than indirect taxes inspite of its 
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theoretical superiority? And under what conditions presumptive taxes dependent on input may 

become an effective tool for tax collection? 

The present paper studies the social welfare optimization problem under a fixed net tax 

revenue. We consider taxation of enterprises in a one-good economy in the general equilibrium 

framework. The firms use labour and some heterogeneous resource (such as land, or trade 

squares, or oil fields) for production. We consider sales tax, profit tax and a presumptive tax 

dependent on the amount of the employed resource, and search for the optimal tax rates. For every 

firm, the government knows the amount of the employed resource but does not know its quality. 

In contrast to the previous models (Movshovich et al. (1997), Levin and Movshovich 

(2000), Myles (1996)), we take into account a possibility of tax evasion and a need for costly 

audit in order to enforce sales and profit tax payments. 

Section 2 describes a basic model without tax evasion and establishes a usual result on the 

advantage of profit tax. Section 3 considers the model with the Leontiev-type production function. 

In this case the optimal amount of production is determined by the amount of the employed 

resource and we show that sales tax is unnecessary in the optimal tax system since it may be 

efficiently substituted by the presumptive tax. (This conclusion generalizes our previous result 

obtained for the partial equilibrium model; see the complementary paper Marhuenda et al., 2001). 

In Section 4 we study the same model with a profit tax as a source of the budget income. We 

show that under tax evasion the optimal marginal tax rate is actually not constant but is maximal 

till some value of income and zero above this threshold. The marginal loss of the welfare for this 

tax is positive and increases in the cost of audit. We characterize the optimal combination of profit 

tax and presumptive tax that minimizes   the social welfare loss. 

Then we consider a model with a production function of a general type and study a similar 

problem. We also distinguish the case where presumptive tax is more efficient than the sales tax, 

and vice versa. Section 4 discusses the case with complete information on the quality of the input 

resource and shows that presumptive tax is more efficient than sales tax for any production 

function. However, this result does not hold if firms use some other heterogeneous resource, and 

its quality is private information of the firm. 

 

2. Basic model. 

We consider a one-good economy where production requires two factors: the labour and 

some resource (for instance, land). This resource is heterogeneous, and function )(qD  with 

density )(qd  characterizes the distribution of the total amount of the resource over quality q . For 

every unit of the resource with quality q , production function ),( lqf  characterizes the output 
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depending on the amount l  of labour. We implicitly assume that the production function of any 

firm is linear in the amount of the resource. The labour supply )(wL  monotonously increases in 

wage max)(,0)0(, LwLLw →=  as w  tends to ∞ . 

The government sets taxes in order to collect net revenue R  necessary to cover fixed budget 

expenses. Below we consider sales tax with rate τ , presumptive tax with rate T  per one unit of 

the employed resource, and profit tax with rate t . For any resource unit involved in production, a 

manager solves the profit maximization problem: 

]),()1[(max),,( wllqfwql
l

−−→ ττ        (1) 

The marginal productivity of labour does not increase in l , so ),,( τwql does not increase in w  

and in τ . 

The rates T  and t  do not influence its solution. However, only those resource units that 

bring the positive after tax profit are involved in production. Since the profit increases in q , the 

minimum quality ),(* Tq τ  of the employed resource meets equation 

  TTwqlTwTwqlqf ==− )),,(*,(),())),,(*,(*,()1( ττττττ    (2) 

(In this section we assume that producers do not evade from taxes). 

The equilibrium wage ),( Tw τ  equalizes the supply and the demand at the labour market: 

)),(()()),,(*,(
),(*

TwLdqqdTwql
Tq

τττ
τ
∫ =     (3) 

So tax rates should provide the net tax revenue R . First consider the case where 0=t . Then 

)},()())]),,(,(),())),,(,(,([{),(
),(*

TRdqqdTwqlTwTwqlqftTRR
Tq

τττττττ
τ
∫ −−+=   (4) 

where )),(*(1()())),,(,(,(),(
),(*

TqDTdqqdTwqlqfTR
Tq

τττττ
τ
∫ −+= . 

The social welfare is measured by the total production volume minus the disutility of the 

labour for workers: 

∫ ∫−=
),*(

)),((

0

)()())),,(,(,(
Tq

TwL

dLLwdqqdTwqlqfW
τ

τ

ττ      (5) 

where wwLw ≡))(( . 

The purpose of the government is to set tax rates tT ,,τ  that maximize the welfare (5) under 

condition (4). 

A standard result of the tax optimization theory is that the social welfare reaches its 

maximum when the budget revenue R  is provided by profit tax. Let us ascertain this proposition 

for the model (1-3). 
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Lemma 1. 0/* >∂∂ τq , 0/* >∂∂ Tq , 0/ <∂∂ τw , 0/ <∂∂ Tw , 0))1/(),(( >∂−∂ τττ Tw , 

0)),,(,( <∀ τττ dTwqdlq , 0)],()),(,())),,(,(,([ <− τττττ dTwTwqlTwqlqfd . 

 

Proposition 1. The optimal tax system for the model (1-5) includes only profit tax, that is, 

the welfare reaches its maximum under 0=T  and 0=τ . 

Proof. Assume from the contrary that, for the optimal tax rates, 0>τ  or 0>T . If 1<t  then 

we can increase this rate and reduce resp. τ  or T  according to equation (4’). Then the welfare 

would increase since ),(* Tq τ  increases in τ  and T  and the welfare W  decreases in these tax 

rates according to (5). 

If 1=t  then reduction of τ  or T  decreases ),(* Tq τ  and increases simultaneously R  and 

W . In the both cases we obtain the contradiction to our assumption on the optimality of the tax 

rates. 

Intuition for this result is rather obvious: according to (1)-(5) profit tax does not produce 

any distortions in decisions of agents, while the presumptive tax decreases the amount of the 

employed resource, and sales tax, besides that, reduces the amount of the employed labour force. 

However, this theoretical intuition does not correspond to practice since the model ignores 

tax evasion activity of producers. Below we consider the relevant modification of the model. 

 

3. A Model with Leontiev-type Production Function. 

First consider the problem for production function ),1min(),( qllqf = , where q  

characterizes labour productivity. 

Proposition 2.  For Leontiev-type production function, qwql /1),( =  and 1)),(,( * =wqlqf  

for any ),(* Tqq τ> , the minimum employed quality and the equilibrium wage meet conditions 

 ),,()1)(,(* TwTTq τττ =−−  ∫ =
),(*

)),(()(

Tq
TwLdq

q
qd

τ
τ , 

the net tax revenue and the welfare are determined as  

))),(*(1)(( TqDTR ττ −+= , ∫−−=
)),((

0
)()),(*(1

TwL
dLLwTqDW

τ
τ . 

Proof is straightforward from the system (1)-(5). 

This proposition shows that the presumptive tax and the sales tax are equivalent in this case 

(as well as in the previous paper) since the amount of the employed resource determines the 

production volume. A similar proposition is true if we consider a possibility of evasion from the 

sales tax and assume that the actual production volume may be verified by the costly audit and the 
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penalty for evasion is proportional to the unpaid tax. Under any strategy of the government, the 

effective sales tax per unit of the employed resource (including the tax paid by a firm and the 

expected penalty for evasion) does not depend on the quality q . So it is possible to increase the 

presumptive tax and collect the same gross revenue without and audit costs. (See Marhuenda, et 

al, 2004, for the formal model and proof.) 

Now let us study this model with the presumptive and profit taxes. Then the equilibrium 

wage, the marginal quality and the social welfare do not depend on the profit tax rate and meet 

similar conditions: 

∫

∫

−−=

==−

))((

0

)(*

)())(*(1

)),(()(),()1)((*

TwL
Tq

dLLwTqDW

TwLdq
q
qdTwTTq

     (6) 

 

In contrast to the previous section, we take into account a possibility of tax evasion and audit 

costs. A strategy of a firm managing a unit with quality q  includes the employed labour l  and the 

reported profit Pr . A strategy of the government includes, besides tax rates, a probability of audit 

)(Prπ  dependent on the reported profit. An audit always reveals the actual profit, and the penalty 

is proportional to the unpaid tax with coefficient δ+1 . Since every firm aims to maximize the 

expected after tax and penalty profit, its strategy is a solution of the problem 

 

)]}),(,0max[),({max),,,)(,(
,

PrTwllqft(Pr))(1-PrtTwllqftwqPrl
Prl

−−−⋅+−−−→ πδπ , 

if the maximal profit is non-negative, otherwise the resource of such quality is not used. 

 

Proposition 3. For any strategy of the government for any employed q , the optimal value 

),(),,( wqltwql =  is determined according to (1) under 0=τ  and maximizes the before tax profit. 

The minimum quality of the employed resource )(* Tq  and the wage )(* Tw  do not depend on t  

and )(Prπ  and meet system (2), (3) with 0=τ : 

 

Twqlwwqlqf =− ),()),(,( ******        (8) 

∫ =
*

** )()(),(
q

wLdqqdwql         (9) 
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The government aims to maximize the total social welfare and provide fixed net tax revenue 

R . The total welfare is 

 

∫∫∫ ⋅−−=
)(*

*
))(*(

0)(*

* )())(,),(,(()()())(,(,(
Tq

TwL

Tq
dqqdtTwqPrcdLLwdqqdTwqlqfW ππ , 

 

where c  is a cost of one audit. 

The net revenue is 

 

∫

∫

⋅−⋅−−−⋅++

+⋅+−−=

)*(

***

)*(

*

)())(()())]())(,()())(,(,())((()1(

))(,),(,([))((1()1(

Tq

Tq

dqqdPrcdqqdPrTTwqlTwTwqlqfPr

tTwqPrtTqDTtR

ππδ

π

 

 

Note that, under given rate T , the profit before tax may be considered as an exogenously 

given function of q  and the government’s problem is a partial case of the welfare maximization 

problem with a given distribution of the income before tax studies by Sanchez and Sobel, 1993. 

Their result implies the following proposition. 

 

Proposition 4. Under fixed tax rates T  and t , the optimal auditing rule )(Prπ  belongs to the 

class of “cut-off rules”: these exists such threshold Pr  that every report PrPr <  is audited with 

probability )1(1 δ+  that makes tax evasion unprofitable, and every report PrPr ≥  is not audited. 

 

Let ))(,()())(,(,(),( *** TwqlTwTwqlqfTqY −=  denote the profit before tax for a unit with 

quality )(* Tqq ≥ , q  be such quality that PrTqY =),( . Under the cut-off rule, for every unit 

with quality qq ≤ , the manager reports the actual profit, and for every unit with quality qq > , 

PrtTwqPr =⋅))(,),(,( π . 

Proceeding from this result, we can characterize a government strategy by triplet ),,( qtT . 

Under a given T , the welfare optimization problem may be reformulated as follows: 

 

))(()(min(),( * TqDqDqt −→                (10) 

under condition 
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)))(()(()))((1()1()],())(1()(),([ **

)*(

TqDqDcTqDTtTqYqDdqqdTqYtR
q

Tq

−−−−+−+= ∫ ,   (11) 

where )(* Tq , )(* Tw  are determined from system (8,9); is the )1( δ+= cc . Expected audit cost 

per one unit for ),[ * qqq∈ . Components t  and q  should minimize the total audit cost under 

condition (10). Assume that the profit tax rate is limited by 1* ≤t . 

 

Proposition 5. A solution of the problem (10,11) is ))(,( * Tqt  where )(Tq  is a minimal root 

of the equation (11) under *tt = . 

Proof. Let ),( qtR  denote the right-hand side of (11). This equation determines )(tq  as an 

implicit function. According to the known theorem, 

)(
)(

qR
tR

dt
qd

∂∂
∂∂−= . 

Since q  is a minimum root of the equation (11), 0>∂∂ qR . Let us show that 0>∂∂ tR . 

Then )())(,( qdcdttqtdW −=  0/ <dtqd , so W  reaches its maximum at *tt = . Indeed, 

0)()),((
)(*

>−>∂∂ ∫
Tq

dqqdTTqYtR  since TTqY >),(  for any )(* Tqq > . 

 

Propositions 4,5 show that the optimal way to collect profit tax (if we like to maximize the 

total welfare) is to implement the extremely regressive tax schedule: the profit below the threshold 

level Pr  should be taxed with the maximal marginal rate *t , and above the threshold the 

marginal rate is zero and the tax is actually flat. 

Thus, the welfare optimization problem takes the form: 

)))(())((()()())(,(,(max *
))(*(

0)(*

* TqDTqDcdLLwdqqdTwqlqfT
TwL

Tq
−−−→ ∫∫  

where )(* Tq , )(* Tw  and )(Tq  are determined by conditions (8), (9) and (11) under *tt = . 

In order to find the optimal strategy of taxation, let us determine and compare the marginal 

welfare losses for the presumptive tax and profit tax denoted by TdRdW /  and tdRdW /  resp. 

The marginal loss shows the welfare reduction if the additional amount dR  of the net tax revenue 

is provided by the corresponding tax. Formally, qddR
qddWdRdW t

/
// = , where q  and T  are 

considered as independent variables when we compute the derivatives. We obtain: 
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);()),()()),()),(,()),(,())((1(

)(),())(1(),(

******

*

qdcwqlTwwqlwqlqfwqlqfqDt

qdcTqYqDt
qd

dRqdc
qd

dW

qlq

q

−′−′′+′−=

=−′−=−=
 

dT
dq

dq
dw

w
W

q
W

dT
dW *

*

*

** )( ⋅
∂
∂

+
∂
∂

= ; )()(),(,( *****
* qdcqdwqlqf

q
W

+−=
∂
∂  

)()(),( **

*

*
* wLwdqqdwqlf

w
W

q
wl ′−′′=

∂
∂

∫ ; 1
*

*
****

*

)),(),(( −′=
dq
dwwqlwqf

dT
dq

q ; 

).()(),(

)(),(
*

*

*

***

*

*

wLdqqdwql

qdwql
dq
dw

q
w ′−′=

∫
       (12) 

First consider the case with the Leontiev-type production function ),1min(),( qllqf = . Then 

)(* Tq  meets equation Tqqw =− *** /)(1  (8′) where )( ** qw  is determined by 

)(/)( *

*

wLdqqqd
q

=∫  (9′). 

The welfare and net tax revenue are resp. 

)))(()(()()))((1( *
)))*(*((

0

* TqDqDcdLLwTqDW
TqwL

−−−−= ∫ , 

)))(()(()))((1()1(

)]/))((1))((1()()/))((1([

**

**

)*(

**

TqDqDcTqDTt

qTqwqDdqqdqTqwtR
q

Tq

−−−−+

+−−+−= ∫  

The marginal loss of the welfare for profit tax is 

)]()())(1([)( 2

*
* qdc

q
TwqDtqdc

qddR
qddW

t −−=− . 

The similar value for the presumptive tax is 

dTdR
dTdW

dR
dW

T −=−  where ])()1)(([ *

*
***

*

dq
dwqwcqd

dT
dq

dT
dW

+−=− , 

}])()(1[))(({)))((1)(1( *

*

*

*
*

*

dq
dwdq

q
qdt

q
qDcTqd

dT
dqTqDt

dT
dR q

q
∫+

−
−−−−−=− , 

)(
)(
**

*

*

*

wLq
qd

dq
dw

′
−= , 

))(/)(1( ***

2**

wLqdw
q

dT
dq

′+
= . 

Finally, we obtain 
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)(])()(1[)(()())(/)(1)(1))((1)(1(

))(/)1(1(

*

*

*****

**

wLdq
q
qd

q
qDtqcTqdwLqdTqDt

qwLTc
dR
dW

q

q

T

′+
−

+−−′+−−−

′−−−
=−

∫
 

The standard optimization theory implies the following proposition. 

Proposition 6. The optimal taxation strategy meets the following condition: either 
Tt dRdWdRdW // = , or Tt dRdWdRdW // >  and 0=T , or Tt dRdWdRdW // <  and *qq = . 

 

Let us compare the marginal welfare losses under *qq =′  and very large )( *wL′ . In this 

case 
1

1)1( −







 −

−
≈−

c
tTK

dR
dW

t
, 

1

1
1

)1)1()(1( −





 −

−
+−−

≈−
c

tKT
dR
dW

T , 

where ))(/())(1( *** qdqqDK −= . For typical statistic distributions, K  reduces in *q . Then the 

ratio of the marginal losses |||| Tt RR WW  exceeds 1 if and only if 

1
)1(

)/11(
>

−
+−

tc
Ktc .         (13) 

If the ratio exceeds 1 under 0=T  then the optimal way to finance the budget under small R  

is to use the presumptive tax. Moreover, as T  increases, *q  also increases and the inequality 

holds true. So the presumptive tax stays the only source of the optimal budget financing. (In the 

more general case, in particular, under a fixed )( *wL′ , the effect of the rate T  increasing is 

ambiguous.) 

If the inequality inverse to (13) holds under 0=T  then the profit tax is the most efficient 

source of the budget financing under small R . However, as q  increases, the marginal loss || tRW  

also increases while the marginal loss || TRW  stays constant (under ∞≈′ )( *wL ) or reduces. So 

the combination of the taxes with equal marginal welfare losses is, probably, the most efficient 

way of the budget financing. 

 

 

4. Discussion of the model with other production functions. 

Proposition 2 and our conclusion on the equivalence of the presumptive and sales taxes 

strongly relies on the following two properties of the Leontiev-type production function: under 
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any tax rates, 1) the optimal production volume per employed resource unit does not depend on 

q ; 2) the optimal amount of labour per employed resource unit does not depend on τ . 

The first property implies that the sales tax does not depend on q  and may be efficiently 

substituted by the presumptive tax per unit of the employed resource. According to the second 

property, sales tax does not cause any distortions in employment decisions. Consider two classes 

of production functions. 

a) Let minqq ≥ , Rwqlqf ≥))0),0(,(,( min
*

min . Then the necessary budget revenue may be 

obtained by means of the presumptive tax RT =  without any distortions since any 

resource unit is profitable under this tax. On the other hand, sales tax reduces the 

demand for labour and the welfare if 0<′′f  and the increase of the profit tax revenue 

requires additional audit costs. Thus, the presumptive tax is the optimal source of the 

budget financing in this case. More generally, the marginal loss of the social welfare is 

minimal for this tax if density )( *qd  is close to zero. In this case the reduction of the 

employed resource under increasing T  is also close to zero according to the system (12). 

b) ),1min()(),( qlqalqf = , where )(qa  increases in q . In this case the second property 

holds while the first fails. Then under sufficiently small audit cost, sales tax is the more 

efficient tool of financing than the presumptive tax because the minimum employed 

quality )(* τq  under this tax is less then )(* Tq  under the presumptive tax, and there are 

no other distortionary effects besides unemployment of some part of the resource and the 

corresponding reduction of w . Sales tax may turn the optimal source of budget 

financing in this case because the audit costs related to this tax are usually lower than the 

audit costs related to profit tax: auditing of production expenses requires large additional 

efforts. 

We assumed above that the government has no information on the quality of a particular 

resource unit. Proceeding from the given model, this assumption may look strange: it suffices to 

organize the profit audit for all units in one period of taxation in order to determine the maximal 

profits and thus ascertain the quality for every resource unit. After that the presumptive tax rates 

may be specified according to this information, and the government can get the same net tax 

revenue without audit costs. 

However, the given model does not take into account other factors that influence production 

function. In particular, there exist random factors that make the production function in the future 

period a stochastic rather than deterministic function. So if the distribution of q  is independent for 
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different periods of the time (and the actual quality is known before involving a resource unit in 

the production process) then the given model is appropriate for such economy. 

In practice the quality of a resource unit includes both stochastic and deterministic 

components. The existing method of the analysis of the financial and production activity of 

enterprises and organizations (Методика проведения анализа финансово-хозяйственной 

деятельности предприятий и организаций, 1997) worked out for tax inspectorates aims to 

distinguish the deterministic component. According to this method, enterprises are ranked 

according to the difference between declared profit (and some other parameters) and typical 

values calculated from the past activities of similar enterprises. It is proposed to audit enterprises 

where this difference exceeds some threshold. Thus, the threshold level of the profit is established 

for every homogeneous group of enterprises. So this method of taxation combines the 

presumptive tax and profit tax approaches. 

Our previous paper (Marhuenda et al, 2004) discusses other issues of the presumptive 

taxation related to stochasticity of the production function and redistribution of the productive 

resource to the more efficient owners. 
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