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Preface

This manuscript is a collection of problems that I have been using in teaching intermediate and
advanced level econometrics courses at the New Economic School (NES), Moscow, during last
several years. All problems are accompanied by sample solutions that may be viewed ” canonical”
within the philosophy of NES econometrics courses.

Approximately, Chapters 1 through 5 of the collection belong to a course in intermediate level
econometrics (”Econometrics III” in the NES internal course structure); Chapters 6 through 9 —
to a course in advanced level econometrics (”Econometrics IV”, respectively). The problems in
Chapters 10 through 12 require knowledge of advanced and special material. They have been used
in the courses ”Topics in Econometrics” and ” Topics in Cross-Sectional Econometrics”.

Most of the problems are not new. Many are inspired by my former teachers of econometrics
in different years: Hyungtaik Ahn, Mahmoud El-Gamal, Bruce Hansen, Yuichi Kitamura, Charles
Manski, Gautam Tripathi, and my dissertation supervisor Kenneth West. Many problems are
borrowed from their problem sets, as well as problem sets of other leading econometrics scholars.

Release of this collection would be hard, if not to say impossible, without valuable help of my
teaching assistants during various years: Andrey Vasnev, Viktor Subbotin, Semyon Polbennikov,
Alexandr Vaschilko and Stanislav Kolenikov, to whom go my deepest thanks. I wish all of them
success in further studying the exciting science of econometrics.

Preparation of this manuscript was supported in part by a fellowship from the Economics
Education and Research Consortium, with funds provided by the Government of Sweden through
the Eurasia Foundation. The opinions expressed in the manuscript are those of the author and
do not necessarily reflect the views of the Government of Sweden, the Eurasia Foundation, or any
other member of the Economics Education and Research Consortium.

I would be grateful to everyone who finds errors, mistakes and typos in this collection and
reports them to sanatoly@mail.nes.ru.
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Part 1

Problems






1. ASYMPTOTIC THEORY

1.1 Asymptotics of t-ratios

Let X;, ¢ = 1,---,n, be an IID sample of scalar random variables with E [X;] = u, V[X;] = o7,
E [(Xl - M)ﬂ =0,E [(Xz — ,u)ﬂ = 7, all parameters being finite.

X
(a) Define T,, = —, where, as usual,
o

Derive the limiting distribution of \/nT,, under the assumption pu = 0.

(b) Now suppose it is not assumed that p = 0. Derive the limiting distribution of

vn (Tn— plim Tn> .

n—oo

Be sure your answer reduces to the result of part (a), when p = 0.

X
(c) Define R,, = —, where
T _
gl== E XZ-2
n
i=1

is the constrained estimator of ¢ under the (possibly incorrect) assumption p = 0. Derive
the limiting distribution of

vn (Rn— plim Rn)

n—oo

for arbitrary p and 2 > 0. Under what conditions on p and ¢? will this asymptotic distri-
bution be the same as in part (b)?

1.2 Asymptotics with shrinking regressor

Suppose that
Yi = o+ Bri + ug,

where {u;} are IID with E[u;] = 0, E [u?] = ¢ and E [u}] = v, while the regressor z; is deter-
ministic: z; = p’, p € (0,1). Let the sample size be n. Discuss as fully as you can the asymptotic
behavior of the usual least-squares estimates (¢, 3,5%) of (o, 8,02) as n — oc.

ASYMPTOTIC THEORY 11



1.3 Creeping bug on simplex

Consider a positive (z,y) orthant, i.e. Ri, and the unit simplex on it, i.e. the line segment z+y = 1,
x > 0, y > 0. Take an arbitrary natural number k£ € N. Imagine a bug starting creeping from the

origin (z,y) = (0,0). Each second the bug goes either in the positive z direction with probability

p, or in the positive y direction with probability 1 — p, each time covering distance % Evidently,

this way the bug reaches the unit simplex in k seconds. Let it arrive there at point (z, yx). Now
let £ — oo, i.e. as if the bug shrinks in size and physical abilities per second. Determine:

(a) the probability limit of (zx, yx);
(b) the rate of convergence;

(¢) the asymptotic distribution of (zg, yx).

1.4 Asymptotics of rotated logarithms

Let the positive random vector (U, ;)" be such that
Un o, d 0 Wuyy  Wup
()= G )) 2 (@) (2 )
as n — 0o. Find the joint asymptotic distribution of
InU, —InV,
nU,+mnV, }°

What is the condition under which InU,, —In V,, and In U,, + In V;, are asymptotically independent?

1.5 Trended vs. differenced regression

Consider a linear model with a linearly trending regressor:
Yy = a+ Bt + &y,

where the sequence ¢; is independently and identically distributed according to some distribution
D with mean zero and variance o2. The object of interest is 3.

1. Write out the OLS estimator B of 3 in deviations form. Find the asymptotic distribution of
s.
2. An investigator suggests getting rid of the trending regressor by taking differences to obtain
Yt — -1 =P+ et — e

and estimating 8 by OLS. Write out the OLS estimator 3 of 8 and find its asymptotic
distribution.

3. Compare the estimators B and § in terms of asymptotic efficiency.

12 ASYMPTOTIC THEORY



1.6 Second-order Delta-Method

Let S, = %2?21 X;, where X;, i = 1,---,n, is an IID sample of scalar random variables with
E[X;] = u and V[X;] = 1. It is easy to show that /n(S2 — u?) <, N(0,4p2) when p # 0.

a) Fin e asymptotic distribution o when p = 0, by taking a square o e asymptotic
Find th totic distribution of S2 wh 0, by taki f th toti
distribution of S,,.

(b) Find the asymptotic distribution of cos(Sy). Hint: take a higher order Taylor expansion
applied to cos(Sy,).

(c¢) Using the technique of part (b), formulate and prove an analog of the Delta-Method for the
case when the function is scalar-valued, has zero first derivative and nonzero second derivative,
when the derivatives are evaluated at the probability limit. For simplicity, let all the random
variables be scalars.

1.7 Brief and exhaustive

Give brief but exhaustive answers to the following short questions.

1. Suppose that x; is generated by x; = px;—1 + e;, where e; = €; + 04,1 and &; is white noise.
Is the OLS estimator of p consistent?

2. The process for the scalar random variable x; is covariance stationary with the following
autocovariances: 3 at lag 0; 2 at lag 1; 1 at lag 2; and zero for all higher lags. Let T" denote

the sample size. What is the long-run variance of z;, i.e. Tlgréo \% (% Zle xt)?

3. Often one needs to estimate the long-run variance V. of the stationary sequence z;e; that
satisfies the restriction E[e;|z;] = 0. Derive a compact expression for V.. in the case when
e; and z; follow independent scalar AR(1) processes. For this example, propose a way to
consistently estimate V,. and show your estimator’s consistency.

1.8 Asymptotics of averages of AR(1) and MA(1)

Let x; be a martingale difference sequence relative to its own past, and let all conditions for the
CLT be satisfied: VTzr = ﬁ Zthl Ty LA N(0,02). Let now y; = pys—1 + 2 and 2 = x4 + Oxy_1,

where |p| < 1 and |0] < 1. Consider time averages y; = %Zthl y¢ and Zp = %Zle 2t

1. Are y; and z; martingale difference sequences relative to their own past?
2. Find the asymptotic distributions of gy and Zp.

3. How would you estimate the asymptotic variances of g and zr?

SECOND-ORDER DELTA-METHOD 13



14

4. Repeat what you did in parts 1-3 when x; is a kx 1 vector, and we have vVTXy = % Zle Xy 4,

N(0,%), yt = Pyi—1 + X4, 2t = x¢ + O%x;_1, and P and © are k x k matrices with eigenvalues
inside the unit circle.

ASYMPTOTIC THEORY



2. BOOTSTRAP

2.1 Brief and exhaustive

Give brief but exhaustive answers to the following short questions.

1. Comment on: ”The only difference between Monte-Carlo and the bootstrap is possibility and
impossibility, respectively, of sampling from the true population.”

2. Comment on: "When one does bootstrap, there is no reason to raise B too high: there is a
level when increasing B does not give any increase in precision”.

3. Comment on: ”The bootstrap estimator of the parameter of interest is preferable to the
asymptotic one, since its rate of convergence to the true parameter is often larger”.

4. Suppose that one got in an application 6 =1.2 and 5(9) = .2. By the nonparametric bootstrap
procedure, the 2.5% and 97.5% bootstrap critical values for the bootstrap distribution of 0
turned out to be .75 and 1.3. Find: (a) 95% Efron percentile interval for 6, (b) 95% Hall
percentile interval for 6, (c) 95% percentile-t interval for 6.

2.2 Bootstrapping t-ratio

Consider the following bootstrap procedure. Using the nonparametric bootstrap, generate pseu-
kA

6, — 0
dosamples and calculate b p at each bootstrap repetition. Find the quantiles ¢, /2 and qj_, /2
S

from this bootstrap distribution, and construct

~

CT = [0 — s(0)4;_o /0.0 — 5(0)q, )-

Show that C'I is exactly the same as Hall’s percentile interval, and not the t-percentile interval.

2.3 Bootstrap correcting mean and its square

Consider a random variable  with mean p. A random sample {z;};" ;| is available. One estimates
u by T, and p? by Z2. Find out what the bootstrap bias corrected estimators of y and p? are.

2.4 Bootstrapping conditional mean

Take the linear regression
Y, = .T;,B + €,

BOOTSTRAP 15



with E[e;|z;] = 0. For a particular value of x, the object of interest is the conditional mean
g(xz) = E[y;|z] . Describe how you would use the percentile-t bootstrap to construct a confidence
interval for g(x).

2.5 Bootstrap adjustment for endogeneity?

Let the model be

Yi = :L‘{Lﬁ + €4,
but E [e;x;] # 0, i.e. the regressors are endogenous. Then the OLS estimator (3 is biased for
the parameter 3. We know that the bootstrap is a good way to estimate bias, so the idea is to

estimate the bias of B and construct a bias-adjusted estimate of 3. Explain whether or not the
non-parametric bootstrap can be used to implement this idea.

16 BOOTSTRAP



3. REGRESSION IN GENERAL

3.1 Property of conditional distribution

Consider a random pair (Y, X). Prove that the correlation coefficient

p(Y, F(X),

where f is any measurable function, is maximized in absolute value when f(X) is linear in E [V X].

3.2 Unobservables among regressors

Consider the following situation. The vector (y, z, z,w) is a random quadruple. It is known that
Ey|lz, z,w] = a + Sz + vz.

It is also known that C [z, 2] = 0 and that C [w, z] > 0. The parameters «, # and ~ are not known.
A random sample of observations on (y,x,w) is available; z is not observable.

In this setting, a researcher weighs two options for estimating 3. One is a linear least squares
fit of y on x. The other is a linear least squares fit of y on (z,w). Compare these options.

3.3 Consistency of OLS in presence of lagged dependent variable and
serially correlated errors

et {y ;Ofoo be a strictly stationary and ergodic stochastic process with zero mean and finite

variance.

(i) Define
g Clyt, yt—1)

% [yt] ) Ut = Yt — 5%—17

so that we can write
Yt = Bys—1 + us.
Show that the error u; satisfies E [us] = 0 and C [u, y.—1] = 0.

(ii) Show that the OLS estimator B from the regression of y; on y;—1 is consistent for .

(iii) Show that, without further assumptions, w; is serially correlated. Construct an example with
serially correlated u;.

!This problem closely follows J.M. Wooldridge (1998) Consistency of OLS in the Presence of Lagged Dependent
Variable and Serially Correlated Errors. Econometric Theory 14, Problem 98.2.1.

REGRESSION IN GENERAL 17



(iv)

3.4

A 1994 paper in the Journal of Econometrics leads with the statement: "It is well known that
in linear regression models with lagged dependent variables, ordinary least squares (OLS)
estimators are inconsistent if the errors are autocorrelated”. This statement, or a slight
variation on it, appears in virtually all econometrics textbooks. Reconcile this statement
with your findings from parts (ii) and (iii).

Incomplete regression

Consider the linear regression

yi=2; B +e, Elela]=0, E[ef|z;] =0
k1x1

Suppose that some component of the error e; is observable, so that

/
€ =2 7 + UE
kox1

where z; is a vector of observables such that E [1;|z;] = 0 and E [z;2]] # 0. The researcher wants to
estimate § and v and considers two alternatives:

1.

2.

Run the regression of y; on z; and z; to find the OLS estimates 3 and 4 of § and ~.

Run the regression of y; on z; to get the OLS estimate B of 3, compute the OLS residuals
é; = y; — x, and run the regression of é; on z; to retrieve the OLS estimate 4 of 7.

Which of the two methods would you recommend from the point of view of consistency of
B and 4?7 For the method(s) that yield(s) consistent estimates, find the limiting distribution of

Vi —7).

3.5

Brief and exhaustive

Give brief but exhaustive answers to the following short questions.

1.

18

Comment on: ”Treating regressors x in a linear mean regression y = 2’3 + e as random
variables rather than fixed numbers simplifies further analysis, since then the observations
(x4, ;) may be treated as IID across i”.

. A labor economist argues: "It is more plausible to think of my regressors as random rather

than fixed. Look at education, for example. A person chooses her level of education, thus it
is random. Age may be misreported, so it is random too. Even gender is random, because
one can get a sex change operation done.” Comment on this pearl.

. Let (z,y,2) be a random triple. For a given real constant v a researcher wants to estimate

E[y|E [z|z] = 7]. The researcher knows that E [z|z] and E [y|z] are strictly increasing and
continuous functions of z, and is given consistent estimates of these functions. Show how the
researcher can use them to obtain a consistent estimate of the quantity of interest.

REGRESSION IN GENERAL



4. Comment on: ”When one suspects heteroskedasticity, one should use White’s formula
-1 -1
Tx meeQ Qx:p

instead of conventional 02Q,}, since under heteroskedasticity the latter does not make sense,
because o is different for each observation”.

BRIEF AND EXHAUSTIVE 19



20

REGRESSION IN GENERAL



4. OLS AND GLS ESTIMATORS

4.1 Brief and exhaustive

Give brief but exhaustive answers to the following short questions.

1. Consider a linear mean regression y; = x5 + ¢;, E [e;|x;] = 0, where z;, instead of being IID
across i, depends on ¢ through an unknown function ¢ as x; = (i) + u;, where u; are IID
independent of e;. Show that the OLS estimator of 3 is still unbiased.

2. Consider a model y = (a+ fx)e, where y and x are scalar observables, e is unobservable. Let
Ele|z] = 1 and V [e|z] = 1. How would you estimate («, 3) by OLS? What standard errors
(conventional or White’s) would you construct?

4.2 Estimation of linear combination

Suppose one has an IID random sample of n observations from the linear regression model
Yi = a+ Bz + vz + e,
where e; has mean zero and variance o2 and is independent of (z;, 2;) .

1. What is the conditional variance of the best linear conditionally (on the z; and z; observations)
unbiased estimator 6 of

0 = a+ Beg + ez,
where ¢, and c, are some given constants?
2. Obtain the limiting distribution of
Jn (é - 9) .
Write your answer as a function of the means, variances and correlations of z;, z; and e; and
of the constants a, 3,7, ¢z, ¢,, assuming that all moments are finite.

3. For what value of the correlation coefficient between z; and z; is the asymptotic variance
minimized for given variances of e; and x;?

4. Discuss the relationship of the result of part 3 with the problem of multicollinearity.

4.3 Long and short regressions

Take the true model Y = X 15, + X203, + e, E[e| X1, X2] = 0. Suppose that [, is estimated only
by regressing Y on X only. Find the probability limit of this estimator. What are the conditions
when it is consistent for 3,7

OLS AND GLS ESTIMATORS 21



4.4 Ridge regression

In the standard linear mean regression model, one estimates k x 1 parameter J by
5= (X'X + ) XY,

where A > 0 is a fixed scalar, I is a k x k identity matrix, X is n x k and Y is n x 1 matrices of
data.

1. Find E [B | X } Is 3 conditionally unbiased? Is it unbiased?

2. Find plim B. Is 3 consistent?

n—oo
3. Find the asymptotic distribution of 3.

4. From your viewpoint, why may one want to use 7 instead of the OLS estimator 37 Give
conditions under which § is preferable to 8 according to your criterion, and vice versa.

4.5 Exponential heteroskedasticity

Let y be scalar and = be k x 1 vector random variables. Observations (y;, ;) are drawn at random
from the population of (y,z). You are told that E [y|z] = 2’3 and that V [y|z] = exp(2/ + «), with
(B, @) unknown. You are asked to estimate /3.

1. Propose an estimation method that is asymptotically equivalent to GLS that would be com-
putable were V [y|z] fully known.

2. In what sense is the feasible GLS estimator of Part 1 efficient? In which sense is it inefficient?

4.6 OLS and GLS are identical

Let Y = X (64 v)+u, where X isn x k, Y and v are n x 1, and 3 and v are k x 1. The parameter
of interest is 3. The properties of (Y, X,u,v) are: E[u|X] = E[v|X] = 0, E[u/|X] = 02I,,
E[v0'|X] =T, E[uv/|X] =0. Y and X are observable, while u and v are not.

1. What are E[Y|X] and V[Y|X]? Denote the latter by ¥. Is the environment homo- or
heteroskedastic?

2. Write out the OLS and GLS estimators B and 3 of 3. Prove that in this model they are
identical. Hint: First prove that X’é = 0, where é is the n x 1 vector of OLS residuals. Next
prove that X’Y~1é = 0. Then conclude. Alternatively, use formulae for the inverse of a sum
of two matrices. The first method is preferable, being more ”econometric”.

3. Discuss benefits of using both estimators in this model.
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4.7 OLS and GLS are equivalent

Let us have a regression written in a matrix form: ¥ = X3+ wu, where X isnx k, Y and u are n x 1,
and [ is k x 1. The parameter of interest is 3. The properties of u are: E [u|X] = 0, E [uu/|X] = X.
Let it be also known that XX = X©O for some k£ x k nonsingular matrix ©.

1. Prove that in this model the OLS and GLS estimators B and B of 0 have the same finite
sample conditional variance.

2. Apply this result to the following regression on a constant:
Yi = o+ Uy,

where the disturbances are equicorrelated, that is, E [u;] = 0, V [u;] = 02 and C [u;, u;] = po?
for i # j.

4.8 Equicorrelated observations

Suppose z; = 0 + u;, where E [u;] = 0 and

1 ifi=j
E ] =
P {7 if i # j
withi,7=1,---,n. Isz, = % (1 + -+ + x,) the best linear unbiased estimator of §7 Investigate

Ty, for consistency.
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5.

IV AND 25LS ESTIMATORS

5.1

1.

5.2

Instrumental variables in ARMA models

Consider an AR(1) model z; = pz—1 + e; with E [e;|;_1] = 0, E [¢}[;_1] = 02, and |p| < 1.
We can look at this as an instrumental variables regression that implies, among others, instru-
ments x;_1, Ty—o, ---. Find the asymptotic variance of the instrumental variables estimator
that uses instrument x;_;, where j = 1,2,---. What does your result suggest on what the
optimal instrument must be?

. Consider an ARM A(1,1) model y; = ay;—1 +e; —0Oe,—1 with |a| < 1, 16| < 1 and E [e;|[;—1] =

0. Suppose you want to estimate a by just-identifying IV. What instrument would you use
and why?

Inappropriate 2SLS

Consider the model

where (x;, u;, v;) are IID, E [u;|z;] = E [v;]z;] = 0 and V [(

1.

5.3

Yi = OéZiQ +u;, 2 =Tmx; 4+ v,
Uj .
>\x2} =¥, with ¥ unknown.

(2

Show that o, m and ¥ are identified. Suggest analog estimators for these parameters.

. Consider the following two stage estimation method. In the first stage, regress z; on z; and

define 2; = wx;, where 7 is the OLS estimator. In the second stage, regress y; in 222 to obtain
the least squares estimate of . Show that the resulting estimator of « is inconsistent.

. Suggest a method in the spirit of 2SLS for estimating « consistently.

Inconsistency under alternative

Suppose that

y=a+pBzr+u,

where u is distributed N(0,02) independently of z. The variable x is unobserved. Instead we
observe z = z +v, where v is distributed N (0, n?) independently of = and u. Given a sample of size
n, it is proposed to run the linear regression of y on z and use a conventional t-test to test the null
hypothesis § = 0. Critically evaluate this proposal.
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5.4 Trade and growth

In the paper "Does Trade Cause Growth?” (American Economic Review, June 1999), Jeffrey
Frankel and David Romer study the effect of trade on income. Their simple specification is

logV; = a+ BT +1W; + &, (5.1)

where Y; is per capita income, T; is international trade, W; is within-country trade, and ¢; reflects
other influences on income. Since the latter is likely to be correlated with the trade variables,
Frankel and Romer decide to use instrumental variables to estimate the coefficients in (5.1). As
instruments, they use a country’s proximity to other countries P; and its size .S;, so that

T =1+ ¢Pi+9; (5.2)

and
W; = 77+)\S¢+V2-, (5.3)

where 0; and v; are the best linear prediction errors.

1. As the key identifying assumption, Frankel and Romer use the fact that countries’ geographi-
cal characteristics P; and S; are uncorrelated with the error term in (5.1). Provide an economic
rationale for this assumption and a detailed explanation how to estimate (5.1) when one has
dataon Y, T, W, P and S for a list of countries.

2. Unfortunately, data on within-country trade are not available. Determine if it is possible to
estimate any of the coefficients in (5.1) without further assumptions. If it is, provide all the
details on how to do it.

3. In order to be able to estimate key coefficients in (5.1), Frankel and Romer add another
identifying assumption that P; is uncorrelated with the error term in (5.3). Provide a detailed
explanation how to estimate (5.1) when one has data on Y, T, P and S for a list of countries.

4. Frankel and Romer estimated an equation similar to (5.1) by OLS and IV and found out
that the IV estimates are greater than the OLS estimates. One explanation may be that the
discrepancy is due to a sampling error. Provide another, more econometric, explanation why
there is a discrepancy and what the reason is that the IV estimates are larger.
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6. EXTREMUM ESTIMATORS

6.1 Extremum estimators

Consider the following class of estimators called Fxtremum FEstimators. Let the true parameter 3
be the unique solution of the following optimization problem:

B =argmax E[f(z,b)], (6.1)
beB

where z € R! is a random vector on which the data are available, b € R¥ is a parameter, f is a
known function, B is a parameter space. The latter is assumed to be compact, so that there are no
problems with existence of the optimizer. The data z;, ¢ = 1, ..., n, are IID.

1. Construct the extremum estimator 3 of 3 by using the analogy principle applied to (6.1).
Assuming that consistency holds, derive the asymptotic distribution of 8. Explicitly state all
assumptions that you made to derive it.

2. Verify that your answer to part 1 reconciles with the results we obtained in class during the
last module for the NLLS and WNLLS estimators, by appropriately choosing the form of
function f.

6.2 Regression on constant

Apply the results of the previous problem to the following model:
yi:ﬁ+€i7 izla"'vna

where all variables are scalars. Assume that {e;} are IID with E[e;] = 0, E[e?] = 32, E[e}] = 0 and
E[e}] = k. Consider the following three estimators of 3:

(2
1 n
1= Ez}yh
1=

o

. 1 &
_ . 2 2
Ba —argbmln {logb + b2 ;:1 (yi —b) } ;

Derive the asymptotic distributions of these three estimators. Which of them would you prefer most
on the asymptotic basis? Bonus question: what was the idea behind each of the three estimators?
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6.3 Quadratic regression

Consider a nonlinear regression model
yi = (Bo + i) + uy,
where we assume:
(A) Parameter space is B = [—3,+3].
(B) {u;} are IID with E [u;] = 0, V [u;] = o3.

(C) {x;} are IID with uniform distribution over [1,2], distributed independently of {u;}. In

particular, this implies E [:U;l} =In2 and E[z]] = ﬁ(QTH — 1) for integer r # —1.

Define two estimators of 3:
. 2
1. (3 minimizes S, (3) = > .1, [yl —(B+ 561)2} over B.

2. (8 minimizes W,,(8) = S0, {(ﬂf—ZZ +In(B+ xZ)Q} over B.

x;)

For the case 3y = 0, obtain asymptotic distributions of B and . Which one of the two do you
prefer on the asymptotic basis?
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7. MAXIMUM LIKELIHOOD ESTIMATION

7.1 MLE for three distributions

1. A random variable X is said to have a Pareto distribution with parameter A, denoted X ~
Pareto(\), if it is continuously distributed with density

Ap~ (A1) if o> 1,
Fx(lA) = { 0, otherwise.
A random sample z1,-- -, z, from the Pareto()\) population is available.

(i) Derive the ML estimator X of \, prove its consistency and find its asymptotic distribution.

(ii) Derive the Wald, Likelihood Ratio and Lagrange Multiplier test statistics for testing the
null hypothesis Hy : A = \¢ against the alternative hypothesis H, : A # Ag. Do any of
these statistics coincide?

2. Let x1,- -, 2, be a random sample from N (1, u?). Derive the ML estimator ji of y and prove
its consistency.

3. Let x1,---,x, be a random sample from a population of = distributed uniformly on [0, 6].
Construct an asymptotic confidence interval for § with significance level 5% by employing a
maximum likelihood approach.

7.2 Comparison of ML tests

IBerndt and Savin in 1977 showed that W > LR > LM for the case of a multivariate regression
model with normal disturbances. Ullah and Zinde-Walsh in 1984 showed that this inequality is
not robust to non-normality of the disturbances. In the spirit of the latter article, this problem
considers simple examples from non-normal distributions and illustrates how this conflict among
criteria is affected.

1. Consider a random sample z1,---,x, from a Poisson distribution with parameter A. Show
that testing A = 3 versus A # 3 yields W > LM for Z < 3 and W < LM for Z > 3.

2. Consider a random sample x1,---,x, from an exponential distribution with parameter 6.
Show that testing 6 = 3 versus € # 3 yields W > LM for 0 < Z <3 and W < LM for T > 3.

3. Consider a random sample z1, - - -, 2, from a Bernoulli distribution with parameter 8. Show
that for testing # = % versus 6 # %, we always get W > LM. Show also that for testing 8 = %
versusG#%,wegetWS/LMfor%Sig%andWEEMforO<a’c§%or%§f§l.

!This problem closely follows Badi H. Baltagi (2000) Conflict Among Criteria for Testing Hypotheses: Examples
from Non-Normal Distributions. Econometric Theory 16, Problem 00.2.4.
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7.3 Individual effects

Suppose {(z;,y;)}i—, is a serially independent sample from a sequence of jointly normal distributions
with E[z;] = Elyi] = p;, Vixi = V]yi] = 02, and C[zy,y;] = 0 (i.e., z; and y; are independent
with common but varying means and a constant common variance). All parameters are unknown.
Derive the maximum likelihood estimate of 02 and show that it is inconsistent. Explain why. Find
an estimator of o2 which would be consistent.

7.4 Does the link matter?

2Consider a binary random variable y and a scalar random variable z such that
P{y =1|z} = F (a + fz),

where the link F'(-) is a continuous distribution function. Show that when z assumes only two
different values, the value of the log-likelihood function evaluated at the maximum likelihood esti-
mates of a and (3 is independent of the form of the link function. What are the maximum likelihood
estimates of a and 37

7.5 Nuisance parameter in density

Let z; = (y;, «,)' have a joint density of the form

f(Z1600) = fe(Y]X, 70, 00) fm(X]0),

where 0y = (¢, o), both v, and dg are scala{ parameters, and f. and f,, denote the conditional
and marginal distributions, respectively. Let 0. = (4., 0.) be the conditional ML estimators of
and &g, and d,, be the marginal ML estimator of §3. Now define

v = arg m3XZ In fc(yi|55ia e 3m)’
i

a two-step estimator of subparameter ~, which uses marginal ML to obtain a preliminary estimator
of the "nuisance parameter” dg. Find the asymptotic distribution of 4. How does it compare to
that for 4,7 You may assume all the needed regularity conditions for consistency and asymptotic
normality to hold.

Hint: You need to apply the Taylor’s expansion twice, i.e. for both stages of estimation.

7.6 MLE versus OLS

Consider the model where y; is regressed only on a constant:

yi=a+e, t=1...,n,

2This problem closely follows Joao M.C. Santos Silva (1999) Does the link matter? Econometric Theory 15,
Problem 99.5.3.
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where e; conditioned on x; is distributed as N (0, :1:1202); x;’s are drawn from a population of some
random variable z that is not present in the regression; o2 is unknown; y;’s and x;’s are observable,
e;’s are unobservable; the pairs (y;, z;) are IID.

1. Find the OLS estimator &org of a. Is it unbiased? Consistent? Obtain its asymptotic
distribution. Is &prg the best linear unbiased estimator for o7

2. Find the ML estimator &z, of a and derive its asymptotic distribution. Is &z, unbiased? Is
s asymptotically more efficient than &por,g? Does your conclusion contradicts your answer
to the last question of part 17 Why or why not?

7.7 MLE in heteroskedastic time series regression

Assume that data (y;, x;), t =1,2,---, T, are stationary and ergodic and generated by
Yt = o+ Bry + uy,

where ug|zy ~ N(0,0%), x; ~ N(0,v), E[ugus|zs, 5] = 0, t # s. Explain, without going into deep
math, how to find estimates and their standard errors for all parameters when:

1. The entire o7 as a function of z; is fully known.

2. The values of 02 at t = 1,2,---,T are known.
3. It is known that o? = (6 + d2;)?, but the parameters  and & are unknown.
4. Tt is known that o7 = 6 + du?_;, but the parameters f and § are unknown.

5. It is only known that o7 is stationary.

7.8 Maximum likelihood and binary variables

Suppose Z and Y are discrete random variables taking values 0 or 1. The distribution of Z and Y
is given by
e’

Z =0,1.
Here o and ~ are scalar parameters of interest.

1. Find the ML estimator of («, ) (giving an explicit formula whenever possible) and derive its
asymptotic distribution.

2. Suppose we want to test Hy : a = v using the asymptotic approach. Derive the ¢ test statistic
and describe in detail how you would perform the test.

3. Suppose we want to test Hy : o = % using the bootstrap approach. Derive the LR (likelihood
ratio) test statistic and describe in detail how you would perform the test.
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7.9 Maximum likelihood and binary dependent variable

Suppose y is a discrete random variable taking values 0 or 1 representing some choice of an indi-

vidual. The distribution of y given the individual’s characteristic x is
evr
]P) = ]_ = —
=1} = 1+

where « is the scalar parameter of interest. The data {y;,x;}, i = 1,...,n, are IID. When deriving
various estimators, try to make the formulas as explicit as possible.

1. Derive the ML estimator of « and its asymptotic distribution.

2. Find the (nonlinear) regression function by regressing y on x. Derive the NLLS estimator of
~ and its asymptotic distribution.

3. Show that the regression you obtained in Part 2 is heteroskedastic. Setting weights w(z) equal
to the variance of y conditional on x, derive the WNLLS estimator of v and its asymptotic
distribution.

4. Write out the systems of moment conditions implied by the ML, NLLS and WNLLS problems
of Parts 1-3.

5. Rank the three estimators in terms of asymptotic efficiency. Do any of your findings appear
unexpected? Give intuitive explanation for anything unusual.

7.10 Bootstrapping ML tests

1. For the likelihood ratio test of Hy : g(f) = 0, we use the statistic

LR =2 0n(q)— ‘0 .
(glgg{ (9) A (q))

Write out the formula (no need to describe the entire algorithm) for the bootstrap pseudo-
statistic LR™.

2. For the Lagrange Multiplier test of Hy : g(6) = 0, we use the statistic

LM = %ZS (Z“@AR/]L)/JAA ZS (zi,éﬁL) .

K3 2

Write out the formula (no need to describe the entire algorithm) for the bootstrap pseudo-
statistic LM™.

7.11 Trivial parameter space

Consider a parametric model with density f(X|0p), known up to a parameter 6y, but with © = {6},
i.e. the parameter space is reduced to only one element. What is an ML estimator of 0y, and what
are its asymptotic properties?
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8. GENERALIZED METHOD OF MOMENTS

8.1 GMM and chi-squared

Let z be distributed as x2(1). Then the moment function

_ 4
m(Z7Q) - 22_q2_2q

has mean zero for ¢ = 1. Describe efficient GMM estimation of § = 1 in details.

8.2 Improved GMM

Consider GMM estimation with the use of the moment function

meaa = (7,1,

)

Determine under what conditions the second restriction helps in reducing the asymptotic variance

of the GMM estimator of 6.

8.3 Nonlinear simultaneous equations

Let
Yi = Br; + g, w¢=7y§+vi, 1=1,...,n,

where z;’s and y;’s are observable, but u;’s and v;’s are not. The data are IID across 1.

1. Suppose we know that E [u;] = E[v;] = 0. When are 5 and ~ identified? Propose analog

estimators for these parameters.

2. Let also be known that E [u;v;] = 0.

(a) Propose a method to estimate 3 and v as efficiently as possible given the above informa-
tion. Your estimator should be fully implementable given the data {x;,y;} ;. What is the

asymptotic distribution of your estimator?

(b) Describe in detail how to test Hy : § = v = 0 using the bootstrap approach and the Wald

test statistic.

(c) Describe in detail how to test Hy : E[w;] = E[v;] = E[u;v;] = 0 using the asymptotic

approach.

GENERALIZED METHOD OF MOMENTS
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8.4 Trinity for GMM

Derive the three classical tests (W, LR, LM) for the composite null
Hy:0€00={0:h(0) =0},

where h : RF — RY, for the efficient GMM case. The analog for the Likelihood Ratio test will be
called the Distance Difference test. Hint: treat the GMM objective function as the ”normalized
loglikelihood”, and its derivative as the ”sample score”.

8.5 Testing moment conditions

In the linear model

Yyi = 30+
under random sampling and the unconditional moment restriction E [z;u;] = 0, suppose you wanted
to test the additional moment restriction E [xluf] = 0, which might be implied by conditional

symmetry of the error terms u;.

A natural way to test for the validity of this extra moment condition would be to efficiently
estimate the parameter vector 5 both with and without the additional restriction, and then to check
whether the corresponding estimates differ significantly. Devise such a test and give step-by-step
instructions for carrying it out.

8.6 Interest rates and future inflation

Frederic Mishkin in early 90’s investigated whether the term structure of current nominal interest
rates can give information about future path of inflation. He specified the following econometric
model:

T =T = QB (6 — i)+, B[] =0, (8.1)
where 7¥ is k-periods-into-the-future inflation rate, if is the current nominal interest rate for k-
periods-ahead maturity, and n;"" is the prediction error.

1. Show how (8.1) can be obtained from the conventional econometric model that tests the
hypothesis of conditional unbiasedness of interest rates as predictors of inflation. What re-
striction on the parameters in (8.1) implies that the term structure provides no information
about future shifts in inflation? Determine the autocorrelation structure of 7;"".

2. Describe in detail how you would test the hypothesis that the term structure provides no
information about future shifts in inflation, by using overidentifying GMM and asymptotic
theory. Make sure that you discuss such issues as selection of instruments, construction of
the optimal weighting matrix, construction of the GMM objective function, estimation of
asymptotic variance, etc.

3. Describe in detail how you would test for overidentifying restrictions that arose from your set
of instruments, using the nonoverlapping blocks bootstrap approach.
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4. Mishkin obtained the following results (standard errors in parentheses):

m, n Qmn Brnn t-test of  t-test of
(months) Binn =0 Bpn=1
3,1 0.1421  -0.3127  —-0.70 2.92
(0.1851) (0.4498)

6,3 0.0379  0.1813 0.33 1.49
(0.1427)  (0.5499)

9,6 0.0826  0.0014 0.01 3.71

(0.0647)  (0.2695)

Discuss and interpret the estimates and results of hypotheses tests.

8.7 Spot and forward exchange rates

Consider a simple problem of prediction of spot exchange rates by forward rates:
sir1— st =a+B(fr —st) +errr, Eilerpn] =0, Eilef] =0,

where s; is the spot rate at t, f; is the forward rate for one-month forwards at ¢, and [E; denotes
expectation conditional on time t information. The current spot rate is subtracted to achieve
stationarity. Suppose the researcher decides to use ordinary least squares to estimate o and (.
Recall that the moment conditions used by the OLS estimator are

Elert1] =0, E[(fi — s¢) e141] = 0. (8:2)
1. Beside (8.2), there are other moment conditions that can be used in estimation:

E[(fi—r — st—) €et+1] = 0,

because f;_j — s¢;_j belongs to information at time ¢ for any & > 1. Consider the case k =1
and show that such moment condition is redundant.

2. Beside (8.2), there is another moment condition that can be used in estimation:

E[(ft — s¢) (fix1 — ft)] = 0,

because information at time ¢ should be unable to predict future movements in forward rates.
Although this moment condition does not involve « or (3, its use may improve efficiency
of estimation. Under what condition is the efficient GMM estimator using both moment
conditions as efficient as the OLS estimator? Is this condition likely to be satisfied in practice?

8.8 Brief and exhaustive

Give concise but exhaustive answers to the following unrelated questions.
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1. Let it be known that the scalar random variable w has mean p and that its fourth central mo-
ment equals three times its squared variance (like for a normal random variable). Formulate
a system of moment conditions for GMM estimation of u.

2. Suppose an econometrician estimates parameters of a time series regression by GMM after
having chosen an overidentifying vector of instrumental variables. He performs the overiden-
tification test and claims: ” A big value of the J-statistic is an evidence against validity of the
chosen instruments”. Comment on this claim.

3. We know that one should use recentering when bootstrapping a GMM estimator. We also
know that the OLS estimator is one of GMM estimators. However, when we bootstrap the
OLS estimator, we calculate B* = (X¥X*)"LX*Y* at each bootstrap repetition, and do not
recenter. Resolve the contradiction.

8.9 Efficiency of MLE in GMM class

We proved that the ML estimator of a parameter is efficient in the class of extremum estimators
of the same parameter. Prove that it is also efficient in the class of GMM estimators of the same
parameter.
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9. PANEL DATA

9.1 Alternating individual effects

Suppose that the unobservable individual effects in a one-way error component model are different
across odd and even periods:

yir = pf + a8+ vy for odd t, "
yit = pF + 2l 8+ vy for even t,

where t = 1,2,---,2T, i = 1,---n. Note that there are 2T observations for each individual. We
will call (9.1) "alternating effects” specification. As usual, we assume that vy are II1D(0,02)
independent of z’s.

1. There are two ways to arrange the observations: (a) in the usual way, first by individual, then
by time for each individual; (b) first all "odd” observations in the usual order, then all ”even”
observations, so it is as though there are 2N ”individuals” each having T" observations. Find
out the ()-matrices that wipe out individual effects for both arrangements and explain how
they transform the original equations. For the rest of the problem, choose the @Q-matrix to
your liking.

2. Treating individual effects as fixed, describe the Within estimator and its properties. Develop
an F-test for individual effects, allowing heterogeneity across odd and even periods.

3. Treating individual effects as random and assuming their independence of x’s, v’s and each

other, propose a feasible GLS procedure. Consider two cases: (a) when the variance of

?alternating effects” is the same: V [M?] =V [MZE] = ai, (b) when the variance of ”alternating

effects” is different: V [,u?] = a?), \% [MZE] =02, a?) # 0%,

9.2 Time invariant regressors

Consider a panel data model
yit:x;tﬁ+zi’y+ui+v’itv i:1,27"'an7 t:1525'”7T7
where n is large and T is small. One wants to estimate 3 and ~.

1. Explain how to efficiently estimate § and v under (a) fixed effects, (b) random effects, when-
ever it is possible. State clearly all assumptions that you will need.

2. Consider the following proposal to estimate . At the first step, estimate the model y;; =
x,,3+m; +v; by the least squares dummy variables approach. At the second step, take these
estimates 7; and estimate the coefficient of the regression of 7; on z;. Investigate the resulting
estimator of v for consistency. Can you suggest a better estimator of ?
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9.3 First differencing transformation

In a one-way error component model with fixed effects, instead of using individual dummies, one
can alternatively eliminate individual effects by taking the first differencing (FD) transformation.
After this procedure one has n(T — 1) equations without individual effects, so the vector 3 of
structural parameters can be estimated by OLS. Evaluate this proposal.
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10. NONPARAMETRIC ESTIMATION

10.1 Nonparametric regression with discrete regressor

Let (x;,v;), ¢ = 1,---,n be an IID sample from the population of (x,y), where z has a discrete
distribution with the support a(y), - - -, a@), where a(y < --- < a(;). Having written the conditional
expectation E [y|ac = a%)] in the form that allows to apply the analogy principle, propose an analog

estimator §; of g; = E |y|lz = a(j)] and derive its asymptotic distribution.

10.2 Nonparametric density estimation

Suppose we have an IID sample {x;}!" | and let

n

1
F(z) = EZH[@ < 1]
=1
denote the empirical distribution function if x;, where I(-) is an indicator function. Consider two
density estimators:

o one-sided estimator: . R
. Flx+h)— F(x
fi(w) = ( f)L (@)

o two-sided estimator: . N
. Flx+h/2)— F(x—h/2
iy = Pt b= Fa=b

Show that:
(a) F(z) is an unbiased estimator of F(z). Hint: recall that F(z) = P{x; < 2} = E[I[z; < z]].

(b) The bias of fi(z) is O (h%). Find the value of a. Hint: take a second-order Taylor series
expansion of F'(x + h) around z.

(¢) The bias of fo(z) is O (R?). Find the value of b. Hint: take a second-order Taylor series
expansion of F’ (ac + %) and F' (x + %) around z.

Now suppose that we want to estimate the density at the sample mean Z,,, the sample minimum
7(1) and the sample maximum x(,). Given the results in (b) and (c), what can we expect from the
estimates at these points?

10.3 First difference transformation and nonparametric regression

This problem illustrates the use of a difference operator in nonparametric estimation with IID data.
Suppose that there is a scalar variable z that takes values on a bounded support. For simplicity,
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let z be deterministic and compose a uniform grid on the unit interval [0,1]. The other variables
are IID. Assume that for the function g (-) below the following Lipschitz condition is satisfied:

l9(u) = g(v)| < Glu — |

for some constant G.

40

1. Consider a nonparametric regression of y on z:

yi=9g(zi) e, i=1,---,n, (10.1)

where E [e;|z;] = 0. Let the data {(z;,v:)}"; be ordered so that the z’s are in increasing
order. A first difference transformation results in the following set of equations:

Yi — Yi—1 = g(Zi) — g(ZZ‘,l) +e —€-1, 1=2,---,n. (102)
The target is to estimate o2 = [e?] . Propose its consistent estimator based on the FD-
transformed regression (2). Prove consistency of your estimator.

. Consider the following partially linear regression of y on x and z:

where E [e;|z;, 2;] = 0. Let the data {(z;, 2, y;) }i_; be ordered so that the z’s are in increasing
order. The target is to nonparametrically estimate g. Propose its consistent estimator based
on the FD-transformation of (3). [Hint: on the first step, consistently estimate 3 from the
FD-transformed regression.] Prove consistency of your estimator.
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11. CONDITIONAL MOMENT RESTRICTIONS

11.1 Usefulness of skedastic function

Suppose that for the following linear regression model
yi =8 +ei, Elefa;] =0
the form of a skedastic function is
E [¢f|z:] = h(i, 8,7),

where h(-) is a known smooth function, and 7 is an additional parameter vector. Compare asymp-
totic variances of optimal GMM estimators of § when only the first restriction or both restrictions
are employed. Under what conditions does including the second restriction into a set of moment
restrictions reduce asymptotic variance? Try to answer these questions in the general case, then
specialize to the following cases:

1. the function A(-) does not depend on [3;

2. the function h(-) does not depend on  and the distribution of e; conditional on z; is sym-
metric.

11.2 Symmetric regression error

Suppose that it is known that the equation
y=oax+e

is a regression of y on x, i.e. that E[e|z] = 0. All variables are scalars. The random sample
{yi, z;i};_, is available.

1. The investigator also suspects that y, conditional on x, is distributed symmetrically around
the conditional mean. Devise a Hausman specification test for this symmetry. Be specific
and give all details at all stages when constructing the test.

2. Suppose that even though the Hausman test rejects symmetry, the investigator uses the
assumption that e|x ~ N(0,02). Derive the asymptotic properties of the QML estimator of
Q.

11.3 Optimal instrument in AR-ARCH model

Consider an AR(1) — ARCH(1) model: z; = pz;—1 + &, where the distribution of ¢; conditional
on ;1 is symmetric around 0 with E [5,52|It_1] = (1 — a) + ag?_, where 0 < p,a < 1 and
It = {’rtu'rt—la T } .
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1. Let the space of admissible instruments for estimation of the AR(1) part be

00 oo
Zt = {Z gf)i:ﬁt,i, s.t. Z¢12 < OO} .
=1 =1

Using the optimality condition, find the optimal instrument as a function of the model pa-
rameters p and «. Outline how to construct its feasible version.

2. Use your intuition to speculate on relative efficiency of the optimal instrument you found in
Part 1 versus the optimal instrument based on the conditional moment restriction E [e,][;_1] =
0.

11.4 Modified Poisson regression and PML estimators

ILet the observable random variable y be distributed, conditionally on observable z and unobserv-
able € as Poisson with the parameter \(z) = exp(z’3+¢), where E[expe|z] = 1 and V]expe|z] = o2.

Suppose that vector x is distributed as multivariate standard normal.

1. Find the regression and skedastic functions, where the conditional information involves only
x.

2. Find the asymptotic variances of the Nonlinear Least Squares (NLLS) and Weighted Nonlinear
Least Squares (WNLLS) estimators of 3.

3. Find the asymptotic variances of the Pseudo-Maximum Likelihood (PML) estimators of (3
based on

(a) the normal distribution;
(b) the Poisson distribution;

(c) the Gamma distribution.

4. Rank the five estimators in terms of asymptotic efficiency.

11.5 Optimal instrument and regression on constant

Consider the following model:
Yy =a+e, 1=1,...,n,

where unobservable e; conditionally on x; is distributed symmetrically with mean zero and variance

r?0? with unknown o2. The data (y;,z;) are IID.

1. Construct a pair of conditional moment restrictions from the information about the condi-
tional mean and conditional variance. Derive the optimal unconditional moment restrictions,
corresponding to (a) the conditional restriction associated with the conditional mean; (b) the
conditional restrictions associated with both the conditional mean and conditional variance.

!The idea of this problem is borrowed from Gourieroux, C. and Monfort, A. ”Statistics and Econometric Models”,
Cambridge University Press, 1995.
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2. Describe in detail the GMM estimators that correspond to the two optimal sets of uncondi-
tional moment restrictions of part 1. Note that in part 1(a) the parameter o2 is not identified,
therefore propose your own estimator of o2 that differs from the one implied by part 1(b). All
estimators that you construct should be fully feasible. If you use nonparametric estimation,
give all the details. Your description should also contain estimation of asymptotic variances.

3. Compare the asymptotic properties of the GMM estimators that you designed.

4. Derive the Pseudo-Maximum Likelihood estimator of o and o2 of order 2 (PML2) that is
based on the normal distribution. Derive its asymptotic properties. How does this estimator
relate to the GMM estimators you obtained in part 27
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12. EMPIRICAL LIKELIHOOD

12.1 Common mean

Suppose we have the following moment restrictions: E [z] = E [y] = 6.

1. Find the system of equations that yield the maximum empirical likelihood (MEL) estimator
0 of 0, the associated Lagrange multipliers A and the implied probabilities p;. Derive the
asymptotic variances of 6 and \ and show how to estimate them.

2. Reduce the number of parameters by eliminating the redundant ones. Then linearize the
system of equations with respect to the Lagrange multipliers that are left, around their
population counterparts of zero. This will help to find an approximate, but explicit solution
for 6, \ and p;. Derive that solution and interpret it.

3. Instead of defining the objective function

1 n
—E log p;
n -

=1

as in the EL approach, let the objective function be

1 n
—— E p; log p;.
n <
=1

This gives rise to the exponential tilting (ET) estimator of #. Find the system of equations
that yields the ET estimator of 9 the associated Lagrange multipliers X and the implied
probabilities p;. Derive the asymptotic variances of 0 and )\ and show how to estimate them.

12.2 Kullback—Leibler Information Criterion

The Kullback-Leibler Information Criterion (KLIC) measures the distance between distributions,
say ¢g(z) and h(z):

KLIC(g:h)=E, [log %] )

where E, [] denotes mathematical expectation according to g(z).
Suppose we have the following moment condition:

E[m< eoﬂ —0. >k
kx1 Ix1

and an IID sample z1, - -+, z, with no elements equal to each other. Denote by e the empirical
distribution function (EDF), i.e. the one that assigns probability % to each sample point. Denote
by 7 a discrete distribution that assigns probability m; to the sample point z;, ¢ =1,---,n.
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. Show that minimization of KLIC(e : m) subject to Y ;" ;7 = 1 and Y ;' mim(z,0) =

0 yields the Maximum Empirical Likelihood (MEL) value of # and corresponding implied
probabilities.

. Now we switch the roles of e and 7 and consider minimization of K LIC(w : e) subject to

the same constraints. What familiar estimator emerges as the solution to this optimization
problem?

. Now suppose that we have a priori knowledge about the distribution of the data. So, instead

of using the EDF, we use the distribution p that assigns known probability p; to the sample
point z;, i = 1,---,n (of course, Y ;" p; = 1). Analyze how the solutions to the optimization
problems in parts 1 and 2 change.

. Now suppose that we have postulated a family of densities f(z,#) which is compatible with

the moment condition. Interpret the value of 6 that minimizes K LIC (e : f).

EMPIRICAL LIKELIHOOD
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1. ASYMPTOTIC THEORY

1.1 Asymptotics of t-ratios

The solution is straightforward, once we determine to what vector to apply LLN and CLT.

(a) When g = 0, we have: X 2 0, v/nX -5 N(0,02), and 62 2 o2, therefore

Vi, = Y2 4 L r0,0%) = wi0.1)

o

(b) Consider the vector

Wn = <f> - %Z <<Xfm2) B ((XL)?)'

Due to the LLN, the last term goes in probability to the zero vector, and the first term, and
thus the whole W,,, converges in probability to

: _ ([ n
= ()
Moreover, since /n (X — 1) 4, N(0,0?), we have \/n (X — p)
Next, let W; = (X; (X; — p)?)". Then v/n (Wn— plim Wn> 4 N(0,V), where V = V [Wj].

2 d
— 0.

n—oo

Let us calculate V. First, V[X;] = 02 and V [(X; — p)?] = E[((X; — pn)? — 0?)?] =7 — o*.
Second, C [X;, (X; — p)?] = E [(X; — p)((X; — p)? — 02)| = 0. Therefore,

() (2.7 )

Now use the Delta-Method with function
g<t1>_t_1:g/(t1>zi L
t2 ) Vi t2 Vi TS

20— 4
\/E<Tn— plim Tn> iN(o,HM).

n—o0 40’6

to get

Indeed, the answer reduces to N (0,1) when p = 0.
(c) Similarly we solve this part. Consider the vector
(X 1<~/( X;
= () =2 (%)

i=1 ¢
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Due to the LLN, W,,, converges in probability to

: [
lim W,, = .
s ( p? +o? )

Next, \/_< — plim W, > 4 N(0,V), where V = V[Wi], W; = (Xi Xf)/. Let us calcu-

late V. First, V[X;] = ¢ and V [XZ] E [(X2 —0?)?] = 7+ 4p20? — o*. Second,
C[Xi, X?] =E [(X; — p)(X? — p* — 0?)] = 2p0?. Therefore

. d 0 o? 2u0?
) (3 (e 2 0)

t
Now use the Delta-Method with g ( iz ) = L to get

t2 \/tg
2 2 4 6
: d poT — prot 4+ 40°)
vn (Rn— }L)Eg Rn> —>./\/(0, EETE >

The answer reduces to that of Part (b) iff ¢ = 0. Under this condition, 7;, and R,, are
asymptotically equivalent.

1.2 Asymptotics with shrinking regressor

The formulae for the OLS estimators are

1 1
LS i — 55 S . 1
w2V i L Loa=g-fz, == é° (1.1)

D) Y )
12 ( > %i) L
Let us talk about /3 first. From (1.1) it follows that
12 a"‘ﬁwz‘i‘uzxz 2Z(a+ﬁxz+uzzxz
1 Ez z (n Z xl)Z

. 14+n 1
5+%Z¢Plui_ﬁziuiz;ipz_ﬂ+ ZPUZ 41;;{) )(ﬁzim)

15 20 1 2 _ 2(n+1) _ o (nF1Y) ) 2

2P =202 0") p?(1=p? )_l(p(l P ))

B =

1—p? n 1—p

which converges to

B+ phm Z P,
n—oo (7]
if ¢ =plim), piul exists and is a well-defined random variable. It has E[{] = [52] = 2p2
and E [{ ] 1
~ da 1— p2
B—5— 2 3 (1.2)

Now let us look at &. Again, from (1.1) we see that
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where we used (1.2) and the LLN for u;. Next,

R _ 1+n
\/ﬁ(a—a)zi(ﬁ—ﬁ)p(l%’;H%Zui:Uﬁvﬂ.

Because of (1.2), U, 2 0. From the CLT it follows that V;, <, N(0,0?). Together,
Vnla —a) % N(0,02).

Lastly, let us look at 62:

1 1 . 2

52 — = 52 — _A _ , .

6=~ Z é; Z ((a &)+ (6 — Bz + ul> . (1.3)
Using the facts that: (1) (a —&)? %0, (2) (3-B)%/n 20, (3) 23, u2 B o? (4) L3 u 2o,
(5) ﬁ > plug 2,0, we can derive that

2 2

~2 P
o — 0.

The rest of this solution is optional and is usually not meant when the asymptotics of 62 is
concerned. Before proceeding to deriving its asymptotic distribution, we would like to mark out

that (8 — 3)/n® % 0 and (>, plug)/n® 2,0 for any § > 0. Using the same algebra as before we
have

. a1
Vi - A LS o)
i
since the other terms converge in probability to zero. Using the CLT, we get
V(6 = o%) 5 N(0,ma),

where my = E [uﬂ — 0%, provided that it is finite.

1.3 Creeping bug on simplex

Since xp and y; are perfectly correlated, it suffices to consider either one, say, xx. Note that at
each step zj increases by % with probability p, or stays the same. That is, x; = 1 + %{ x> Where

&, is IID Bernoulli(p). This means that xp = % Zle &; which by the LLN converges in probability
to E[§;] = p as k — oco. Therefore, plim(zg, yx) = (p, 1 — p). Next, due to the CLT,

\/ﬁ(xk — pliml‘k) i) N(O,p(l _p)) :

Therefore, the rate of convergence is y/n, as usual, and
i o w \ d 0 p(l—p) —p(l-p) >>
n — plim —N , )
f(( ?/k) P (yk )) ((0> (—p(l—p) p(1—p)
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1.4 Asymptotics of rotated logarithms

Use the Delta-Method for
Un Hy, d 0
— — by
\/ﬁ<<vn> (l‘v)) N<(0>’ )
z Inx —Iny
and g = . We have
Y Inx+1Iny

250 (1 3. s ()-(i 30)

SO
InU, —1InV, Inp, —Inu, d 0 ,
(e mee) = e ) 2 (() o).
where
Wy 2wy Wy W Wy
2 2 2T T2
I M, Hoay oy ey oy My
GZG o ﬂ _ w’U'U wuu QWU'U w'U’U
wyoomg [ D A '
It follows that InU,, —InV,, and InU,, 4+ InV,, are asymptotically independent when w—L;u = w_v;
My Hy
1.5 Trended vs. differenced regression
1. The OLS estimator B in that case is
T
B:thl( TZL‘ 1 ye)( TZt 13/t
(- + 2 )
Then
T
B—B= 1 _ 77 2 t [T%’)Z;;:lftt]
2 2 1 :
EXle- (HYLt) AXe-(HXi) ) L raes
Now,
1 T T
Y S P T
ST t2_<LZT t)Q’ 15T t2_<LZT t>2 T= | &
T3 2at=1 T2 2at=1 T3 2at=1 T2 2at=1 =
Since

T

d +1)(2T +1)
e e
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(a)

(b)

()

it is easy to see that the first vector converges to (12, —6). Assuming that all conditions for the
CLT for heterogenous martingale difference sequences (e.g., Potscher and Prucha, Theorem
4.12; Hamilton, Proposition 7.8) hold, we find that

—_
3
-~
[™]=
o
A/~
|
KR
&
~__
l=
A/
/~
o o
N2
Q
[\&]
A/
DO | 00—
= D=
~__
~__

since
1
lim ZV |:—€t:| = O'QHHI—Z ( )
t=1
1 X
lim T ZV ed] = 02,
t=1
lim — Z(C { 5t,€t] = o2 lim — Z— ==
Consequently,

T32(3 — B) — (12,-6) - N ((8)02 <

B[ =L
= N

>> = N(0,125%).

. Clearly, that for regression y; — y—1 = 8 + € — €¢—1 OLS estimator is

T
< 1 ET — €
B=— tz_; ytl /3+TU

So, T(f — B) = e — 0 ~ D(0,2052).

. When T is sufficiently large, ﬂ N (ﬂ, 12" ), and 8 ~ D ([3, 21%2> . It is easy to see that for

large T, the (approximate) variance of the first estimator is less than that of the second.

Second-order Delta-Method

From CLT, \/nS, 4N (0,1). Using the Mann-Wald theorem for g(x) = 22, we have
nS2 4 \2(1).

The Taylor expansion around cos(0) = 1 yields cos(S,) = 1 — 1 cos(S;)S2, where S} €
[0, 5,]. From LLN and the Mann-Wald theorem, cos(S*) 2 1, and from the Slutsky theorem,
2n(1 — cos(Sy)) < 2(1).

Let z, — z = const and /n(z, — 2) 4N (0,0?) . Let g be twice continuously differentiable
atzvvlthg( ) =0 and ¢"(z) # 0. Then

2ng(zn) —9(2) d o
gt
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1.7

1.8

. The long-run variance is V. =

Proof. Indeed, as ¢'(z) = 0, from the second-order Taylor expansion,

L) (e — 2,

9(zn) = 9(2) + 3

and, since ¢”(z*) & ¢(z) and Ynln = 2) <, N (0,1), we have

g

sl 0E) _ [/ =)

o2 g//(z) o

QED

Brief and exhaustive

. Observe that z; = pry—1 + e, e; = 4 + 041 is an ARMA(1,1) process. Since C [x;_1,€;] =

902 # 0, the OLS estimator is inconsistent:

p Zﬂftlﬁt 1 ZetiEt 1 p p+E[€t$t—1] ;ép
OLS — -
th 1 th 1 E[l’tz_ﬂ

Note an interesting thing. We do not consider explosive processes where |p| > 1, but the case
p = 1 deserves attention. From the above it may seem that then pyrg L, p, since E [33?71}
has 1 — p? in the denominator. There is a fallacy in this argument, since the usual asymptotic

fails when p = 1. However, the unit root asymptotics says that we do have ppyrg RN p in that
case even though the error term is correlated with the regressor.

. The long-run variance is just a two-sided infinite sum of all covariances, i.e. 3+2-2+2-1=09.

;r:ioo C [zet, 2¢—jer—j| . Since e; and z; are scalars, indepen-

dent and E[e;] = 0, we have C [zes, 2i—je;—j] = E[z124—;] E [ese,—;] . Let for simplicity z; also
have zero mean. Then E [zz_;] = pl (1 — pg)fl o? and E [ese;—j] = pl (1 — pg)fl o2, where
Pz 02, pe, 02 are AR(1) parameters. To sum up,

2

L+p.p 2 2
Ve = plpl = = ° olos..
U 1-p2 Z (1= pope) (1 —p2) (1 —p2) ¢

]_—OO

To estimate V., find the OLS estimates p,, 62, p,, 62 of the AR(1) regressions and plug them
in. The resulting V., will be consistent by the Continuous Mapping Theorem.

Asymptotics of averages of AR(1) and MA(1)

Note that y; can be rewritten as y; = Ejzog pj:ct_j

o4

1.

(i) v is not an MDS relative to own past {y;—1,¥¢—2, ...}, because it is correlated with older
ye’s; (ii) z; is an MDS relative to {2, 23, ...}, but is not an MDS relative to own past
{zt-1, zt—2, ...}, because z; and z;_; are correlated through x;_;.
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2. (i) By the CLT for the general stationary and ergodic case, NaxT 4N (0, gyy), where
2

Qyy = j:ioo Clyt, yt—;] - It can be shown that for an AR(1) process, vq = &, v =
— p
i
0'2 : 400 02 ..
Yo = —2p7 Therefore, gy, = eV = W (ii) By the CLT for the general

stationary and ergodic case, VT Zr <, N (0,q..), where q,, = vo + 27, + 22;05 Y1 =
—~—

(14 6%)0% +200% = o2(1 + ).

3. If we have consistent estimates 62, p, 0 of a2, p, 0, we can estimate and ¢, consistently by
P P Ayy

6'2

(1—p)?
Alternatively, we could use robust estimators, like the Newey—West nonparametric estimator,
ignoring additional information that we have. But under the circumstances this seems to be
less efficient.

and 6%(1 + 9)2, respectively. Note that these are positive numbers by construction.

4. For vectors, (i) VT 4N (0, Qyy), where Qyy = j;’ioo Clyt,yi—j] . But Ty = Z;;Og PI¥PI
.
J
[j = Pilyif j > 0, and I'; = I ; = ToP'Ulif j < 0. Hence Qyy = o+ >/ PIT +
Z;':OT IoP7 =Ty + (I —P)"'PTy + T\P'(I — P~ Y (ii) VTzr LN N(0,Q..), where Q,, =
Do+ +T_, =2+0%0 +0X+3%0 = (I+0)%(I+0). As for estimation of asymptotic
variances, it is evidently possible to construct a consistent estimator of ()., that is positive
definite by construction, but it is not clear if @)y, is positive definite after appropriate es-
timates of Ty and P are plugged in (constructing a consistent estimator of even Iy is not
straightforward). In the latter case it may be better to use the Newey—West estimator.
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2. BOOTSTRAP

2.1 Brief and exhaustive

1. The mentioned difference indeed exists, but it is not the principal one. The two methods have
some common features like computer simulations, sampling, etc., but they serve completely
different goals. The bootstrap is an alternative to analytical asymptotic theory for making
inferences, while Monte-Carlo is used for studying small-sample properties of the estimators.

2. After some point raising B does not help since the bootstrap distribution is intrinsically
discrete, and raising B cannot smooth things out. Even more than that if we’re interested
in quantiles, and we usually are: the quantile for a discrete distribution is a whole interval,
and the uncertainty about which point to choose to be a quantile doesn’t disappear when we
raise B.

3. There is no such thing as a "bootstrap estimator”. Bootstrapping is a method of inference,
not of estimation. The same goes for an ”asymptotic estimator”.

4. (a) Cp = [q;(2.5%), 4;(97.5%)] = [.75,1.3]. (b) Cy = [0 — qz=_4(97.5%),0 — qz=_;(2.5%)] =
[

20 — g5 (97.5%), 20 — ¢;,(2.5%)] = [1.1,1.65].
(c) We cannot compute this from the given information, since we need the quantiles of the
t-statistic, which are unavailable.

2.2 Bootstrapping t-ratio

The Hall percentile interval is ClIg = [9 -5, /2,9 -q /2], where ¢, is the bootstrap a-quantile

A% ~

Sk A P 0n 0 —0
of # —0,ie. a =P —6 < ¢} But then 9o s the a-quantile of —— = T, since
s(0) s(0
é* — é q;é . : * * ~x ha
P @) < o) = «. But by construction, the a-quantile of T, is ¢}, hence ¢ = s(6)qp.
s s

Substituting this into C Iy, we get the CI as in the problem.

2.3 Bootstrap correcting mean and its square

The bootstrap version z} of Z, has mean Z, with respect to the EDF: E* [z}] = Z,. Thus the

bootstrap version of the bias (which is itself zero) is Bias*(z,) = E* [z}] — Z,, = 0. Therefore, the
bootstrap bias corrected estimator of y is #, — Bias*(#,) = Z,,. Now consider the bias of z2:

Bias(z2) = E [72] — p®> =V [72] = EV [z] .

n
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Thus the bootstrap version of the bias is the sample analog of this quantity:

Blas(x):—V* = (Zx—_2>

. Therefore, the bootstrap bias corrected estimator of ;2 is

1
a‘ci—Bias*(a‘cQ)—n—i_ 2 — Zx

2.4 Bootstrapping conditional mean

We are interested in g(z) = E[2/8 + e|z] = 2/, and as the point estimate we take g(z) = 2/,
where ( is the OLS estimator for 3. To pivotize g(x), we observe that

(3 —p) < N0,z (E [l‘zl‘;])_l E [e?wlm;] (E [:Ell‘;])_l 2,

so the appropriate statistic to bootstrap is

where s (g(z)) = \/x O wixh)™ (Ze zixh) (3 @ixh) ™ L4/, The bootstrap version is

where s (¢§*(x)) = \/ O arxl)” (Z erzrzy) (30 a¥x) 2/, The rest is standard, and the con-
fidence interval is

Cli = |28~ gi_s s (9(2)) 2’8 — g5 (3(2))] .

where ¢a and gj_o are appropriate bootstrap quantiles for ¢;.
2 2

2.5 Bootstrap adjustment for endogeneity?

When we bootstrap an inconsistent estimator, its bootstrap analogs are concentrated more and
more around the probability limit of the estimator, and thus the estimate of the bias becomes
smaller and smaller as the sample size grows. That is, bootstrapping is able to correct the bias
caused by finite sample nonsymmetry of the distribution, but not the asymptotic bias (difference
between the probability limit of the estimator and the true parameter value). Rigorously, assume

for simplicity that x and § are scalars. Then 3 RS B + a, where

o —plim >iciiei _ Elzies]
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Denote g(:f) = [+ 3, and let i1 be the vector of the first derivatives of g, and G2 be the matrix

RS o
of its second derivatives. Also let us define: T = < "1%51 "’ZS’ ) and p = ( IIEE[:{;:%] > . Then
n Zui=1"i i

~

B—(B+a)=GCGi(p)(T—p)+ %(57 — 1)'G1(p) (@ — p) + Ry,

and so

E[B-5]=a+ %E (@ — 1)/ Gr(w)(@ — )] + O <%> .
Thus we see that B is biased from 3 by
B, =a+ %E [(z— p)/Gi(p)(@—p)] +0 (n?).

For the bootstrap analogs,

and

so the bootstrap bias is

Bf =E* [(z* —2)G1(2)(z* —z)] + O (n7?).

n

Moreover, a + E[B}] = B, + O(n™2). We see that E [ﬁ - B} =a+0(n') and E [3 — B;“L} =

B+ B, —E[B;]=8+a+ O(n~?), which means that by adjusting the estimator 3 by changing it
to B — B}, we get rid of the bias due to finiteness of sample, but do not put away the asymptotic
bias a.
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3. REGRESSION IN GENERAL

3.1 Property of conditional distribution

By definition,

CIY, £(X)]
Y,
N RIS
Now,
CIY, F(X)) = [E[Y —E[Y]) (f(X) —E[f(X)])] = E[E[Y - E[Y]|X] (f(X) — E[f(X)])]
= [E[E[Y|X]-E[Y]) (f(X) ~E[f(X)])]]
< E|E[YIX] - E[Y)) (F(X) - E[f(X)])
< JE (E[Y]X] - E[Y]?]|/E [(#(X) - E[F(0)?] = VVENIXTVVIFO)
therefore
V[E[Y]X]]

lp(Y; f(X))] < W

Note that this bound does not depend on f(X). We will now see that a + bE(Y|X) attains this
bound, and therefore is a maximizer. Indeed,

CVa+EYIX]] _  [b[[C[YE[V]X]]|
VVIYTVie+E[Y[X] /V[Y]V/RVE[Y[X]]
E{Y -EN]) EN]X] - E[Y])]

VVIY]VVIE[Y|X]]
E(EN]X]-EY]) EN]X]-E[]]

p(Y,a+BE[Y|X])| =

VVYTVVE[Y[X]
VEMX]  _ JVIE[NX]
VVIVIVVIEY]X]] VY]

3.2 Unobservables among regressors

By the Law of Iterated Expectations, E [y|z,z] = a4+ Bz + vz. Thus we know that in the linear
prediction y = a + Bz + vz + ey, the prediction error e, is uncorrelated with the predictors, i.e.
Cley,z] = Cley, 2] = 0. Consider the linear prediction of z by x: z = ( + dx + e, Cle,,z] = 0.
But since C [z, z] = 0, we know that 6 = 0. Now, if we linearly predict y only by x, we will have
y=a+pr+v((+e;)+e =a+ v+ pxr+ ve, + e, Here the composite error ve, + e, is
uncorrelated with x and thus is the best linear prediction error. As a result, the OLS estimator of
(3 is consistent.

REGRESSION IN GENERAL 61



Checking the properties of the second option is more involved. Notice that the OLS coefficients
in the linear prediction of y by  and w converge in probability to

- -1 1
()= (7 ) ()= ) (o)
w Ozw O-%u Twy Ozw 0120 BOzw + V0w '

so we can see that

~ O 2wl wz
plimg = 3 + 5 3
20w ~ Ozw

Thus in general the second option gives an inconsistent estimator.

3.3 Consistency of OLS in presence of lagged dependent variable and
serially correlated errors

1. Indeed,

Elu] = Ely; — Byi—1] = Elye] — BE[ys—1] =0—-3-0=10

and
Clut, ye—1] = Clyr — Bye—1,y1—1) = Clys, ye—1]) — BV [yi—1] = 0.

(i) Now let us show that [ is consistent. Since E[y,] = 0, it immediately follows that

1 T
D 1
3= T D=2 YUt — 3+

17T 2
TZt:Qyt—l

1 T
T 2i=p U1 p

E lutyi—1
1T 2 _)ﬁ+¥
TZt:Qyt—l

B[]

(iii) To show that u; is serially correlated, consider

Clug, ur—1] = Clyr — Byt—1,Ye—1 — Byi—2] = B (BC [ys, ye—1] — Clys, ye—2])

C _
which is generally not zero unless § = 0 or § = (C{yt’iyt? As an example of a serially
Yts Yt—1
correlated uy take the AR(2) process
Yt = QY2 + &1,

where ¢; are IID. Then 8 = 0 and thus u; = ¥, serially correlated.

(iv) The OLS estimator is inconsistent if the error term is correlated with the right-hand-side
variables. This latter is not necessarily the same as serial correlatedness of the error term.

3.4 Incomplete regression

1. Note that
yi = i+ 2y + ;.
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We know that E [n;|z;] = 0, so E[z;n;] = 0. However, E[z;n;] # 0 unless v = 0, because
0 = Elzie;] = Elz; (2jy +n;)] = E[z;2]] v + E[zn,], and we know that E [z;z]] # 0. The
regression of y; on z; and z; yields the OLS estimates with the probability limit

()= () r e (57)

o= (et )

)

where

We can see that the estimators B and 4 are in general inconsistent. To be more precise, the
inconsistency of both 3 and 4 is proportional to E [x;7,] , so that unless v = 0 (or, more subtly,
unless v lies in the null space of E [z;z]]), the estimators are inconsistent.

2. The first step yields a consistent OLS estimate B of B because of the OLS estimator is
consistent in a linear mean regression. At the second step, we get the OLS estimate

= (Sel) Tt (L) (- Sl (5-9)) -
=+ (3T (S i (5-)).

Since 23" 2z & E[2:2]], £ 3 2wy & B [zi2]], 237 zim; = E[ziny] = 0, 3 — 8 % 0, we have
that 4 is consistent for ~.

Therefore, from the point of view of consistency of 3 and 4, we recommend the second method.
The limiting distribution of /n (4 — 7) can be deduced by using the Delta-Method. Observe that

Vn(§—1v) = (% Z ZiZ§>71 (ﬁ Z 5~ Z %ic; (% Z xz‘ﬂ?Q)il ﬁ Zévzez)

w2 () (o) Ceieen i)

Having applied the Delta-Method and the Continuous Mapping Theorems, we get

V(=) SN (0, (L) 'V (Elziz]) ).
where

V = Elazn?) + 0?Elza]] (Blzial]) ™ Elxiz)]
~Elziz]] (Elwia}]) ™ Elziziniel] — Elziajne] (Blziaf)) ™ Elziz).

(2

3.5 Brief and exhaustive

1. It simplifies a lot. First, we can use simpler versions of LLNs and CLTs; second, we do not
need additional conditions beside existence of some moments. For example, for consistency
of the OLS estimator in the linear mean regression model y; = x;5 + e;, E [e;|x;] = 0, only
existence of moments is needed, while in the case of fixed regressors we (1) have to use the
LLN for heterogeneous sequences, (2) have to add the condition £ Y7 | 2 — M.

n—oo
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2. The economist is probably right about treating the regressors as random if he has a random
sampling experiment. But his reasoning is completely ridiculous. For a sampled individual,
his/her characteristics (whether true or false) are fixed; randomness arises from the fact that
this individual is randomly selected.

3. E[z|z] = g(2) is a strictly increasing and continuous function, therefore g~'(-) exists and
E [2]2] = v is equivalent to z = g~ (v). If E[y|2] = f(2), then E[y[E [z]2] =] = f(g7' (7).

4. Yes, one should use White’s formula, but not because 02@Q;,;} does not make sense. It does

make sense, but is irrelevant to calculation of the asymptotic variance of the OLS estimator,
which in general takes the ”sandwich” form. It is not true that o2 varies from observation to
observation, if by o2 we mean unconditional variance of the error term.
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4

OLS AND GLS ESTIMATORS

4.1

4.2

Brief and exhaustive

The OLS estimator is unbiased conditional on all x;-variables, irrespective of how x;’s are
generated. The conditional unbiasedness property implied unbiasedness.

. Observe that E [y|z] = a + Bz, V [y|z] = (o + Bx)?. Consequently, we can use the usual OLS

estimator and White’s standard error. By the way, the model y = (« + (z)e can be viewed
as y = a + Bz + u, where u = (a + Bz)(e — 1), E[u|z] = 0, V [u|z] = (a + Bz).

Estimation of linear combination

. Consider the class of linear estimators, i.e. one having the form 6 = AY, where A de-

pends only on data X = ((1,z1,21)"---(1,2,,2,)") . The conditional unbiasedness require-
ment yields the condition AX = (1,¢g,¢,), where § = (o, 8,7)". The best linear unbiased
estimator is 6 = (1, cq, cy)S , Where § is the OLS estimator. Indeed, this estimator belongs to
the class considered, since 6 = (1, ¢, ¢,) (X'X) "' X'Y = A*Y for A* = (1,¢4,¢,) (x'x) tar
and A*X = (1, ¢z, ¢y). Besides,

v [éw] = 02(1,cay0) (X'X) 7 (1,0, 0)

and is minimal in the class because the key relationship (A —.A*).A* = 0 holds.

. Observe that /7 (9 — 9) = (1, cay )/ (8 - 5) 4 N (0,V;), where

2 2
_ 2 bz + ¢ — 2p9,0.
Vo=o0 <1+ 1= 2 ,

Py = Elz] —c, ¢, = E[z]_cz, and p is the correlation coefficient between x and z.

VVil Vv VI

. Minimization of Vj; with respect to p yields

= if |[== <1,
) 0. o
% if%zl.

Multicollinearity between z and z means that p = 1 and § and 6 are unidentified. An
implication is that the asymptotic variance of @ is infinite.
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4.3 Long and short regressions

Let us denote this estimator by (3,. We have

By = (XX) XY = (X1X0) X (X8 + XofBy +e) =
1, \'/1, 1, \'/1,
= b+ | -X1X —X1Xo | B+ | = X1 X1 —Xie .
n n n n

Since E [e;z1;] = 0, we have that 2X{e = 0 by the LLN. Also, by the LLN, 1X{X; & E [21;27,]
and 1 X! X, 5 E [z1;2%;] . Therefore,

B 5 By + (E [xlimlli})il E [21:2%;] Ba.

So, in general, (3, is inconsistent. It will be consistent if 35 lies in the null space of E [z152%;] . Two
special cases of this are: (1) when , = 0, i.e. when the true model is Y = X3, + e; (2) when
E [331@13/21] =0.

4.4 Ridge regression

1. There is conditional bias: E [B\X} = (X'X+\) ' X'E[Y|X] = B— (X' X +A,)~'A\3, unless

B =0. Next E {B] =0-—E [(X'X + )\Ik)*l] AB # (8 unless 8 = 0. Therefore, estimator is in
general biased.

2. Observe that

B = (X'X+ M) ' X'XB+ (X'X + M) ' X e
-1 -1
1 A 1 1 A 1
(2 (2 (2

Since 1 S wiat B Elwixl], L wie; B Elweg] = 0, 2 5 0, we have:

JERE (E [xzx;])fl E [z2}] B+ (E [mzm;])fl 0 =2,
that is, 8 is consistent.

3. The math is straightforward:

~ 1 —A 1 A 1
\/ﬁ(ﬁ_ﬁ) = (ﬁz.’ﬁzfﬂz‘f' _Ik> % ﬁ‘|‘ <EZ$1.’E1+ EIk) %ZIL‘@&EZ
! ~— !
1 ! 1r 1
Elza) O Elza])™ N (0.E [ziae?])

g N (07 Q:;:le;m‘eQ Q;ml) :

66 OLS AND GLS ESTIMATORS



4.

4.5

4.6

- 2
The conditional mean squared error criterion E [(ﬁ — ﬁ) |X} can be used. For the OLS
estimator,
o 2 A
E [(5 - ﬂ) X] —v [5} — (X'X)" XX (X' X)L
For the ridge estimator,

E {(5 - 5)2 |X] — (X'X + ML) 7 (X'QX + A288) (X'X +AL,)

By the first order approximation, if A is small, (X'X + M)~ ~ (X'X) 71 (I, — M(X'X)71).
Hence,

E [(5 - 6)2 IX} ~ (X'X)THI - MX'X)TH(X'QX) (T - M(X'X)"H(x'X) ™!

A~

~ E[(f-0)? - MX'X) XX (X' X))+ (X' X)TIXox)(X' X)L

. 2 . 2
That is E [(ﬁ - ﬁ) |X} ) [(ﬂ — ﬂ) \X] = A, where A is likely to be positive definite.

Thus for small \, 3 may be a preferable estimator to 3 according to the mean squared error
criterion, despite its biasedness.

Exponential heteroskedasticity

. At the first step, estimate consistently a and 3. This can be done using the relationship

E [yQIx] = (2/8)? + exp(2/B + a),
by using NLLS on this nonlinear mean regression, to get B Then construct [712 = exp(mgﬁ)

for all i (we don’t need exp(«) since it is just a multiplicative scalar that eventually cancels
out) and use these weights at the second step to construct a feasible GLS estimator of (3:

-1
~ 1 . 1 .
8= (n E f; 293@2) - g 672wy,
% %

. The feasible GLS estimator is asymptotically efficient, since it is asymptotically equivalent to

GLS. It is finite-sample inefficient, since we changed the weights from what GLS presumes.

OLS and GLS are identical

. Evidently, E[Y|X] = X3 and & = V[YV|X] = XTX’ + ¢%I,,. Since the latter depends on X,

we are in the heteroskedastic environment.

. The OLS estimator is

1

3= (X'X)" X,
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4.8

and the GLS estimator is 3 .
B=(X'S7'X) X's7Y.

First, X'é = X’ (Y ~X (X’X)_lX’Y> = X'V - X'X(X'X)"'X'Y = X'Y - X'Y = 0.
Premultiply this by XI': XI'X’é = 0. Add o%¢ to both sides and combine the terms on the
left-hand side: (XI'X' + 021,) é = Xé = o%¢. Now predividing by matrix ¥ gives é = o235~ !e.
Premultiply once gain by X’ to get 0 = X'é = o2 X'S1e, or just X'v"'¢ = 0. Recall now
what & is: X’S71Y = X’S71X (X'X) " X'Y which implies 3 = 8.

The fact that the two estimators are identical implies that all the statistics based on the two
will be identical and thus have the same distribution.

. Evidently, in this model the coincidence of the two estimators gives unambiguous superiority

of the OLS estimator. In spite of heteroskedasticity, it is efficient in the class of linear unbiased
estimators, since it coincides with GLS. The GLS estimator is worse since its feasible version
requires estimation of ¥, while the OLS estimator does not. Additional estimation of ¥ adds
noise which may spoil finite sample performance of the GLS estimator. But all this is not
typical for ranking OLS and GLS estimators and is a result of a special form of matrix 3.

OLS and GLS are equivalent

. When ¥X = X0, we have X’YX = X’X0O and 71X = XO~!, so that

v [B1x] = (0x) T mx (0T = 0 (xx)

and

v [BIx] = (x37x) T = (vxe ) T = e (x'x)

. In this example,

L p p
220-2 p 1 ... p
p p DY 1

and XX = o%(1 + p(n —1))-(1,1,---,1) = XO, where
0 = o*(1+ p(n — 1)).

Thus one does not need to use GLS but instead do OLS to achieve the same finite-sample
efficiency.

Equicorrelated observations

This is essentially a repetition of the second part of the previous problem, from which it follows
that under the circumstances Z,, the best linear conditionally (on a constant which is the same as
unconditionally) unbiased estimator of # because of coincidence of its variance with that of the GLS
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estimator. Appealing to the case when |y| > 1 (which is tempting because then the variance of z,,
is larger than that of, say, z1) is invalid, because it is ruled out by the Cauchy-Schwartz inequality.
One cannot appeal to the usual LLNs because z is non-ergodic. The variance of z,, is V [z, ] =
% 14 "T_l -y — 7y as n — 00, so the estimator Z, is in general inconsistent (except in the case
when v = 0). For an example of inconsistent z,, assume that v > 0 and consider the following
construct: u; = € +¢;, where ¢; ~ II1D(0,1—+) and € ~ (0,) independent of ¢; for all i. Then the
correlation structure is exactly as in the problem, and % >y EN €, a random nonzero limit.
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5.

IV AND 25LS ESTIMATORS

5.1

Instrumental variables in ARMA models

Give brief but exhaustive answers to the following short questions.

1.

5.2

The instrument x;_; is scalar, the parameter is scalar, so there is exact identification. The
instrument is obviously valid. The asymptotic variance of the just identifying IV estimator of
a scalar parameter under homoskedasticity is Vz, ; = 02Q,2Q)... Let us calculate all pieces:

Que =E [a2;| = Vo) = 0> (1= ) 3 Quz = Eloazi] = C o, miy) = 97V [] =

o?pi—1 (1 — ,02)_1. Thus, V,_;, = p>=% (1 — p2) . It is monotonically declining in j, so this
suggests that the optimal instrument must be x;_1. Although this is not a proof of the fact,
the optimal instrument is indeed z;_1.. The result makes sense, since the last observation is
most informative and embeds all information in all the other instruments.

. It is possible to use as instruments lags of y; starting from y;_o back to the past. The regressor

yt—1 will not do as it is correlated with the error term through e; 1. Among y;_o, y:—3, - - - the
first one deserves more attention, since, intuitively, it contains more information than older
values of y;.

Inappropriate 2SLS

Since E[u] = 0, we have E[y] = o [2?], so « is identified as long as z is not deterministic
zero. The analog estimator is

-1
= (5z4) LT
3 (2

Since E[v] = 0, we have E[z] = 7E[z], so 7 is identified as long as x is not centered around
zero. The analog estimator is

-1
7 i

)

Since ¥ does not depend on z;, we have > =V < ZZ ), so Y is identified since both u and v

are identified. The analog estimator is

R 1 oy o \
E:_ A’L A’L ,

N = s — 22 b = 2 — s
where 4; = y; — &z and 0; = z; — 7;.
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2. The estimator satisfies

-1
& = (%Zz4> %szyi = (#%Zﬁ)
1

%

1 4P 4] 1 2, _ 21 4 1 3. 1 2,2
We know that + 3.z = E [2], 1 3, 22y, = an?l Y af + 2am2 3, 2dv; + a2 3, 2?07 +
% > xiug L an?E [:1:4] + o [1'2’1)2], and # 2 7. Therefore,

a E [220?

—2[74] 7 o

w2 E[x?]

3. Evidently, we should fit the estimate of the square of z;, instead of the square of the estimate.
To do this, note that the second equation and properties of the model imply

E [22|z;] = E [(72; + v;)?|7;] = 727 + 2E [r2vi|zi] + E [v?|2;] = 7°2F + o7

That is, we have a linear mean regression of z? on 22 and a constant. Therefore, in the

2 on 22 and a constant and construct zf = 7r2xf + 02, and in

first stage we should regress z 2,

the second stage, we should regress y; on ZAZ-Q. Consistency of this estimator follows from the
theory of 2SLS, when we treat z? as a right hand side variable, not z.

5.3 Inconsistency under alternative

We are interesting in the question whether the t¢-statistics can be used to check Hg : 8 = 0. In
order to answer this question we have to investigate the asymptotic properties of . First of all,
=0+ (X, 21-2)_1 >oiy zig; —P 0, since under the null,

> ziei B E (@ +0)(u— )] = —Bn* =0.

=1

It is straightforward to show that under the null the conventional standard error correctly estimates
(i.e. if correctly normalized, is consistent for) the asymptotic variance of 8 . That is, under the

null, tg LY, (0,1), which means that we can use the conventional t-statistics for testing H.

5.4 Trade and growth

1. The economic rationale for uncorrelatedness is that the variables P; and .S; are exogenous
and are unaffected by what’s going on in the economy, and on the other hand, hardly can
they affect the income in other ways than through the trade. To estimate (5.1), we can use
just-identifying IV estimation, where the vector of right-hand-side variables is = (1,7, W)’
and the instrument vector is z = (1, P, S)’. (Note: the full answer should include the details
of performing the estimation up to getting the standard errors).

2. When data on within-country trade are not available, none of the coefficients in (5.1) is
identifiable without further assumptions. In general, neither of the available variables can
serve as instruments for 7" in (5.1) where the composite error term is yW; + ¢;.
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3. We can exploit the assumption that P; is uncorrelated with the error term in (5.3). Substitute
(5.3) into (5.1) to get

logY; = (a +n) + BT; +YAS; + (yvi + &) .

Now we see that S; and P; are uncorrelated with the composite error term ~v; 4+ €; due to
their exogeneity and due to their uncorrelatedness with v; which follows from the additional
assumption and v; being the best linear prediction error in (5.3). (Note: again, the full answer
should include the details of performing the estimation up to getting the standard errors, at
least). As for the coefficients of (5.1), only 3 will be consistently estimated, but not a or .

4. In general, for this model the OLS is inconsistent, and the IV method is consistent. Thus, the
discrepancy may be due to the different probability limits of the two estimators. The fact that
the IV estimates are larger says that probably Let 071 2,60 and 015 2> 0+ a, a < 0. Then
for large samples, 07y ~ 6 and 0pr5 ~ 6 + a. The difference is a which is (E [z2']) " E[ze].
Since (E [z2/])"" is positive definite, a < 0 means that the regressors tend to be negatively
correlated with the error term. In the present context this means that the trade variables are
negatively correlated with other influences on income.
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6. EXTREMUM ESTIMATORS

6.1 Extremum estimators

Part 1. The analog estimator is

3 ar%ergax - Zf Zi, b (6.1)
Assume that:
L 35 B;
2. 3 is an interior point of the compact set B (i. e. (3 is contained in B with its open neighbor-
hood);

3. f(z,b) is a twice continuously differentiable function of b for almost all z;

4. the derivatives of gz .b) and 9 ajl:gfb,b) satisfy the ULLN condition in B;

5. Vb € B there exist and are finite the moments E [|f(z, b)|] [H 8f(z b) m and E H 82@%@’,@ ];
6. there exists finite E[fyf}] = [df(z A) dféz,ﬁ) , and matrix E[fy] = E [825;(5(;/6)} is non-

degenerate.

Then B is asymptotically normal with asymptotic variance given below in (6.3). To see this
write the FOC for an interior solution of problem (6.1) and expand the first derivative around

b=0:

0 (1 ; 0 (1
= _b (E?}f(%aﬁ)) = % (E;f(%,ﬁ)) abab/ ( Zf Z“ ) ﬁ /8) (6.2)

where 5% € [, Bs] and % may be different in different equations of (6.2). In particular, 8* 2 3.
From here,

. R N o A R T )
oo (1) 2 e
n; Obob \/ﬁ; b

By the ULLN condition for 82612((921)’})) one has

*

62 ZZ) p
By the CLT, applicable to independent random variables,

\/— Z oA Z“ N (0,E[fofy]) -
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The last equality uses the FOC for the extremum problem for 3: E [W} = 0. Thus,

V(B -8 SN (0, (EL) " E[fi] Elfu)) 1) : (6:3)

Part 2. Let E [y|z] = g(z, 8), 0%(z) = E [(y — g(a, ﬁ))ﬂ . The NLLS and WNLLS estimators
are extremum estimators with

fi(z,y,b) = —% (y — g(:c,b))2 for NLLS,

and

1 (y - g(l‘,b))2 _ fl(xvyvb)

fa(2,y,b) = —5 o B Tou for WNLLS.

It was shown in class that
~ d _ _ ~ d
Vn(Byrrs —6) = N (O» QgngggeQQggl) o VBwyrrs —0) =N (0,@3_3) ’
where

Qgg = E [gb('rvﬂ)gb(x?B)/} )
Qgg62 = E [gb($7 )gb(m,ﬁ)/(y - g(x, ﬁ))Q] )
Qg = E [gv(z, B)gs(z, B)' [o*(2)] .

This coincides with (6.3) since

W = (y — 9(x.8))g(x, B)

and
anl ('Ia /ﬁ)

oy = W9, 0)gw(@, 0) ~ gz, B)ge(x, B),

and E [(y - g(x, ﬁ))gbb(xa ﬁ)] =E [E [y - g($7 ﬂ)|3§'] gbb(x7 ﬁ)] = 0. In fact, we have E [flbf{b] = Qgge2a
—E [f1p] = Qgg: E [fonf3] = —E [ fas] = Qg

It is worth noting that under the ID-condition for NLLS/WNLLS estimators the solution of
corresponding extremum problem in population is unique and equals (.

6.2 Regression on constant

For the first estimator use standard LLN and CLT:

. 1 :
By = = Z; yi 2 Ely;] = B (consistency),
1=

Vn(B, = B8) = % Z e %5 N (0,V[e;]) =N (0,4%) (asymptotic normality).
i=1
Consider

nb? <
=1

. 1 &
[y =arg min {log Y+ — ) (yi— 5)2} . (6.4)
b
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n n
Denote § = % Z y2 = % >~ y2. The FOC for this problem gives after rearrangement:
i=1 i=1

o — . g, VIt

a2 = __J
Baby-P=0ep=—0x—

The two values Bi correspond to the two different solutions of local minimization problem in
population:

Ely? +4E[y?] _ 5, 3l9] 3!6\

+
2 2

(6.5)

E |logb? + b% (y—b)?*| — mﬁin &by = —Egy]
Note that ﬂ+ 2, by and B_ B b-.If B> 0, then b+ = (3 and the consistent estimate is 62 B+.
If, on the contrary, 8 < 0, then b- = 3 and 52 ﬂ_ is a consistent estimate of 3. Alternatively,
one can easily prove that the unique global solution of (6.5) is always (. It follows from general
theory that the global solution 3, of (6.4) (which is 3 4 or B_ depending on the sign of 7) is
then a consistent estimator of 3. The asymptotics of BQ can be found by formula (6.3). For

fy.b) =logb? + 5 (y — b)*,

Of(y,b) 2 2(y—0)?* 2(y—b)

Of (. A)\°| _ 4n
= - E | 2222 -
b b b3 2o ( ab 3
2 _p)2 — 2
PFy.b) _6y-b® S-b) _ [P _ 6
b2 b & b2 e
Consequently,
. K
Vin(By = B) 5 N (0, 25).
94
Consider now 35 = sargming Y f(yi,b), where f(y,b) = (¥ — 1)2. Note that
i=1
Of(y,b) _ 2y* 2y  f(y,b) _ 6y 4y
0b b3 b2’ ob? b* b3
n — N - — P
The FOC i) 2% — 0 & b= % and the estimate is Jy = § = 12 — 1 WL = 5. To find the

i=1
asymptotic variance calculate

. (af<y,2ﬂ>>2 _n=p E[eﬁf(y,zm]_ 1
ob 1688 Ob2 C4p%

The derivatives are taken at point b = 23 because 23, and not 3, is the solution of the extremum
problem E[f(y,b)] — miny, which we discussed in part 1. As follows from our discussion,

\/ﬁ(é—m)i/\/< Bﬁ4)@f( - )ﬂ/\/(o,%).

A safer way to obtain this asymptotics is probably to change variable in the minimization problem

n
from the beginning;: B3 = argminy » (2% — 1)2, and proceed as above.

No one of these estimators is al plm'om' asymptotically better than the others. The idea behind
these estimators is: 31 is just the usual OLS estimator, 32 is the ML estimator for conditional
distribution y|z ~ N(3, 5%). The third estimator may be thought of as the WNLLS estimator for
conditional variance function o(z,b) = b?, though it is not completely that (we should divide by
o?(x,3) in the WNLLS).
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6.3 Quadratic regression

Note that we have conditional homoskedasticity. The regression function is g(x,3) = (8 + z)2.

. 2
Estimator § is NLLS, with %ﬁ’ﬁ) = 2(6+ x). Then Q. = E [(%@’0)) ] = %. Therefore,

VI 5 N(0, £03).

Estimator 3 is an extremum one, with

HaY.5) =~ (B + )

First we check the ID condition. Indeed,

Oh(z,Y,3) 2y 2

98 (B+zP pB+a

so the FOC to the population problem is E [%ﬁ’ﬁ)} = —20E [(gi—i’%] , which equals zero iff 8 = 0.
As can be checked, the Hessian is negative on all B, therefore we have a global maximum. Note
that the ID condition would not be satisfied if the true parameter was different from zero. Thus,
3 works only for 3, = 0.

Next,
P h(x,Y,3)  6Y N 2
o7 (Bra)t (B+a)
Then X =E [(2 - 2)°] = 503 and @ = E [-8F + 3] = 2. Therefore, v/nj3 > N(0, $503).

We can see that /3 asymptotically dominates 3. In fact, this follows from asymptotic efficiency
of NLLS estimator under homoskedasticity (see your homework problem on extremum estimators).
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7. MAXIMUM LIKELIHOOD ESTIMATION

7.1 MLE for three distributions

1. For the Pareto distribution with parameter A the density is

(s]\) = Ap~ (A1) if o> 1,
10, otherwise.

Therefore the likelihood function is L = X" [[I"; ; ~ and the loglikelihood is ¢, = nln A —
A+1)> " Inx;

(i) The ML estimator ) of \ is the solution of 00, /0N = 0. That is, AL = 1/Inz,
which is consistent for A, since 1/lnz 2 1/E[lnz] = X. The asymptotic distribution
is \/n (XML - )\) <, N (0,I71), where the information matrix is I = —E[9s/0)] =
—E[-1/X*] =1/X?

(ii) The Wald test for a simple hypothesis is

W=nA=NTANA-N) = nw <21

The Likelihood Ratio test statistic for a simple hypothesis is

LR = 2[ta(3) — £a(N0)]

= 2|nlni— (5\+1)ZIH%’— (nlnAo— (A0+1)Zlnxi>]

i=1

~

= 2 nlni— )\ o) Zlnl‘z]—>X 1).

The Lagrange Multiplier test statistic for a simple hypothesis is

n

n - 2
LM = %ZS(%)\O)/I()‘O)_I 2 s(wisdo) = % [Z <)‘i - 1113%’)] g
=1

i=1 i=1 70

\ _ 2
A

W and LM are numerically equal.

2. Since 21, -,y are from N(u, 4?), the loglikelihood function is

n

1 1 n n
£y, = const —nln |u| — o7 (a:»—,u)Q:const—nln\,u\—ﬁ (Zx?—Quin—&—an).
i=1 i=1 i=1
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7.2

80

The equation for the ML estimator is p2 + Zu — 22 = 0. The equation has two solutions
py >0, pg < 0:

1 / — 1 / )
M1:§(—x+ x2+4x2>, M2=§<—x— x2+4m2>.

Note that £, is a symmetric function of p except for the term i >, ;. This term determines
the solution. If Z > 0 then the global maximum of ¢,, will be in p;, otherwise in py. That is,

the ML estimator is
1 / —
[:LML = 5 (—x+sgn(w) .’i‘Q +4.’1§'2> .

It is consistent because, if y # 0, sgn(z) 2 sgn(u) and

p 1

1
i 2 5 (~Ex -+ sgn(Br) /(Ex)? +4Ea?) = 5 (—p+ sgn(u) v/ +84) = .

. We derived in class that the maximum likelihood estimator of 6 is

O = T(p) = max{Ty, -, Tn}
and its asymptotic distribution is exponential:
F o op—e) () — exp(t/6) - [t < 0] + L[t > 0].
The most elegant way to proceed is by pivotizing this distribution first:

Fn(éMLfG)/Q(t) — exp(t) - It < 0]+ 1I[t > 0].

The left 5%-quantile for the limiting distribution is log(.05). Thus, with probability 95%,
log(.05) < n(Oyr, — 0)/0 < 0, so the confidence interval for 6 is

[I(n) , m(n)/(l + log(.05)/n)] .

Comparison of ML tests

. Recall that for the ML estimator A and the simple hypothesis Hy : A = A,

W =n(h =) TN = Ag),

LM =237 5w, 20)T00) 1S 520, Mo).

n - -
7 7

. The density of a Poisson distribution with parameter A is

T

f(xlp‘) - '6_)‘,

xX;:

so Az = Z, I(\) = 1/A. For the simple hypothesis with Ag = 3 the test statistics are

W= 771(3;;3)2, LM = % (in/3—n)23: 771(:6;3)2,

and W > LM for z <3 and W < LM for z > 3.
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3. The density of an exponential distribution with parameter 6 is

1 =

f(x) = 56_77

0 Oy = 7, I(6) = 1/6?. For the simple hypothesis with 6y = 3 the test statistics are

2
_ n(z - 3)? 1 T, n s n(T—3)?
R

zz 32 9

and W>LMilor0<z<3and W< LM for z > 3.

4. The density of a Bernoulli distribution with parameter 6 is
Flag) = 0%(1=0)'
ﬁ. For the simple hypothesis with 8y = % the test statistics are

-1 2 2
T — 5) 1w n=3w) 11 1
"zi-z) EM_n( 1 I 22 "\*72) >

2 2

SO éML =1z, 1(9) =

W=

{sg|/—\

and W > LM (since Z(1—z) < 1/4). For the simple hypothesis with 6y = 2 the test statistics

are
z— 2) DTi M=y 21 9 2\
v 3/ v _ 1t _ - »_ =
Wena—a EM_n( I 33 2"(96 3)’

—~

8

3 3

therefore W < LM when 2/9 < z(1 — z) and W > LM when 2/9 > z(1 — z). Equivalently,
V\/<,C./\/lf0r—<:(:<3 and W>LMfor0<z < 3or—§i§1.

7.3 Individual effects

The loglikelihood is

C (f1, s p, 0°) = const — nlog(o 2022{ + (yi — )?} -

FOC give

N T + Yi 1 N N
HivrL = 22 -, U?\/[L:%Z{(xi_NiML)2+(yi_ﬂiML)2}a

so that

. ~ 2
Since 63,7 = 4 Sy {(@i = 1) + (Wi — p)? = 20w — ) (i — )} B G+ G —0=%, the ML

estimator is inconsistent. Why? The Maximum Likelihood method (and all others that we are
studying) presumes a parameter vector of fixed dimension. In our case the dimension instead
increases with an increase in the number of observations. Information from new observations goes
to estimation of new parameters instead of increasing precision of the old ones. To construct a
consistent estimator, just multiply 6%4 1, by 2. There are also other possibilities.
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7.4 Does the link matter?

Let the x variable assume two different values z¥ and 2!, u® = a+£x% and ny, = #{x; = 2%, y; = b},
for a,b = 0,1 (i.e., ngp is the number of observations for which x; = %, y; = b). The log-likelihood
function is

U1, T, Y1, s Yns @, B) = log [[T1 ) F(a + Bx;)¥ (1 — Fa+ Ba;)) v =

(7.1)
= no1 log F(uo) + ngo log(1 — F(uo)) + n11 log F(ul) + nyp log(1 — F(ul))

The FOC for the problem of maximization of I(...;a, ) w.r.t. « and (3 are:

F’ AO F! aO F! al m
{”m ((m) ”001_;(7:20>]+[”“ (u) "o (T
0
)

F/( F/(’ao) N 1 F/ ,al
— N =< xr n — N0
F(@) 1 F@ao) Bt

330 |:’rl01

As 29 #£ 2!, one obtains for a = 0, 1

Nl N0 — 0o F(ﬁa) o Mgl

R R ~ _ Nal
. =Nl o= o _p-1(__Tal 79
Fae)  1- F(a9) e T T =at b ( ) (7:2)

N1 + Nao

under the assumption that (i) # 0. Comparing (7.1) and (7.2) one sees that [(..., &, 3) does not
depend on the form of the link function F'(-). The estimates & and # can be found from (7.2):

1p-1(_no1 \_ ,0p—-1(_mn11 -1 nii _ -1 n01
&= v <n01+noo) vk <n11+mo) B = " ("11"‘”10) E (”01+"00>
21 _ 40 ’ zl — 20 '

7.5 Nuisance parameter in density

The FOC for the second stage of estimation is
1< .
E Z Sc(yiv Ty, ’7? 5m) = 07
i=1

dlog fe(ylz,v,0)
vy

the y-argument around ~, yields

1< y%axla aém)
_Zsc yzaxlay(]a EZ (’y /70) O

where s.(y,z,7,0) = is the conditional score. Taylor’s expansion with respect to

where v* lies between 4 and 7y, componentwise.
Now Taylor-expand the first term around dg:

n n

z : 1 z : 1 z :asc Yiy Ly Y 75* <
- Se yzaxl7’}/07 ) SC(nyZuVDa 50) + n ( 85/ 0 )(5m - 50)7
=1 =1

where 6* lies between Sm and dg componentwise.
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Combining the two pieces, we get:

V(=) = _<ﬁzasc(yz,xz,v O )

=1

1 = 95e(yi, Tiy Y, 0 A
X ( ZSC yl7x1770760 _Z y 86,70 )\/ﬁ((sm—&))) .

n
=1

Now let n — oo. Under ULLN for the second derivative of the log of the conditional density,
0% 1lo 1
gfc(y|x)707 0) _ There
oyoy'
are two terms inside the brackets that have nontrivial distributions. We will compute asymptotic
variance of each and asymptotic covariance between them. The first term behaves as follows:

the first factor converges in probability to —(I27) ™!, where I]” = —E [

\/—ZSC yla‘rlu’YOvéo) _)N(O Iﬁ}m{)

due to the CLT (recall that the score has zero expectation and the information matrix equal-

a ) Y Y 5
ity). Turn to the second term. Under the ULLN, Z selyis 2ir 70, 9°) converges to —I7° =

n ;=1 8(51
2 log f. 0 -
E [8 og fa(ya’? Yo 0)] . Next, we know from the MLE theory that /n(d,, —do) 4N (0, (I8)~1),
g

80 — 82 log fm(x|50)
where I = —E 9595
"marginal” /” conditional” relationship between the two terms, the Law of Iterated Expectations
and zero expected score.
Collecting the pieces, we find:

] . Finally, the asymptotic covariance term is zero because of the

V(T = 0) 5 N (0, (1 + 2 ) () 7).

It is easy to see that the asymptotic variance is larger (in matrix sense) than (Icw)_1 that
would be the asymptotic variance if we new the nuisance parameter dg. But it is impossible to
compare to the asymptotic variance for 4., which is not (I77)~

7.6 MLE versus OLS

1. &dors = %Z?Zl yi, Elaors] = %Z?ZIE[y] = «, s0 (o is unbiased. Next, %Z?:l yi >
Ely] = «, so dors is consistent. Yes, as we know from the theory, dors is the best lin-
ear unbiased estimator. Note that the members of this class are allowed to be of the form
{AY, AX = I}, where A is a constant matrix, since there are no regressors beside the con-
stant. There is no heteroskedasticity, since there are no regressors to condition on (more
precisely, we should condition on a constant, i.e. the trivial o-field, which gives just an un-
conditional variance which is constant by the IID assumption). The asymptotic distribution
is

Vn(aors — a) = \/,ZezHN OO'E[ D

since the variance of ¢; is E [¢?] = E [E [e?|z]] = ¢°E [2?] .
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2. The conditional likelihood function is

2 - 1 (yi — @)
L(Y1, s Yny, T1yeeey Ty, 0, 0°) = Hiexp —= .

2 2
i=1 \/2n 302 2zjo

n

2 .
Lo (Y1y ooy Yy T1y ooy Ty @, 07 ) = const — g
=1

The conditional loglikelihood is

2

; — 1

M — ~logo? —max .
22702 2 o,02

ot "Ly —a
From the first order condition 8—" = Z %2—2 = 0, the ML estimator is
Q@ rio

Z:‘L:1 yz/x?

Gpp = ST
ME= S 1a?

Note: it as equal to the OLS estimator in

The asymptotic distribution is

1 5 ] 2 -1 -1
n(ayr—a) = 44— E|— N0, 0c°E || | =N [0, E|— .
Vi(aa—a) LS 1/ - x? i P 7 x2
Note that &psz, is unbiased and more efficient than G&org since

e[a]) "<

but it is not in the class of linear unbiased estimators, since the weights in A7 depend on
extraneous x;’s. The g, is efficient in a much larger class. Thus there is no contradiction.

7.7 MLE in heteroskedastic time series regression

Since the parameter v is never involved in the conditional distribution |z, it can be efficiently
estimated from the marginal distribution of z;, which yields

1 Z
S 2
0= ;1 xy.

If z; is serially uncorrelated, then z; is IID due to normality, so © is a ML estimator. If z; is
serially correlated, a ML estimator is unavailable due to lack of information, but v still consistently
estimates v. The standard error may be constructed via

V:

if o; is serially uncorrelated, and via a corresponding Newey-West estimator if z; is serially corre-
lated.
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1. If the entire function o? = o%(z) is fully known, the conditional ML estimator of o and (3 is

the same as the GLS estimator:

T -7
A~ = E —_— E —_— yt'
<ﬁ>ML (t—l of < o} > t=1 of \ T

The standard errors may be constructed via

1 /1 -
A Tt
ha=r (35 (0 %))
t=1 1 t

2. If the values of 07 at t = 1,2,---,T are known, we can use the same procedure as in Part 1,
since it does not use values of 0'2(30,5) other than those at x1,x9, -, z7.

3. If it is known that o7 = (6 + dx¢)?, we have in addition parameters 6 and § to be estimated
jointly from the conditional distribution

yilze ~ N (o + By, (0 + 6x4)?).
The loglikelihood function is

Z(yt—a—ﬁxt) ’

n
0y (o, 3,0,0) = const > og(0 + dx) 0+ o2.)2

1 T
2 =

t=1

~ ~ ~\/
and (a 30 5) —arg max £y, (a, 3,0,0). Note that
ML (0,8,0,0)

R -1
(), (Sarss (L 2)) Sasa(l).

i. e. the ML estimator of o and ( is a feasible GLS estimator that uses (9 5)
preliminary estimator. The standard errors may be constructed via
v ot (,5,0,8) 06, (a,5,0.6)
d(,3,0,6)  0(a.,0,0)

!
as the
ML

-1

VML =T
t=1

4. Similarly to Part 1, if it is known that o7 = 6 + du_,, we have in addition parameters ¢ and
0 to be estimated jointly from the conditional distribution

Yelze -1, w1 ~ N (a4 By, 0+ 5(ye—1 — o — Bri—1)?) .

5. If it is only known that o? is stationary, conditional maximum likelihood function is unavail-
able, so we have to use subefficient methods, for example, OLS estimation

& 4 1 =z oz 1
t
A prd 2 yt'
</8>OLS <; < Ty Ty >> ; ( Tt >
The standard errors may be constructed via
d 1 =z o 1 =z d 1 =z -
Vira =T t _ t >é2_ < t ) 7

where é; = ¥ — dors — BO 5%t Alternatively, one may use a feasible GLS estimator after
having assumed a form of the skedastic function o?(x;) and standard errors robust to its
misspecification.
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7.8 Maximum likelihood and binary variables

86

1. Since the parameters in the conditional and marginal densities do not overlap, we can separate

the problem. The conditional likelihood function is

n ) ; ) 1—y;
ez Yi eVzi Yi
£z ) = (i) (i)
and the conditional loglikelihood —

n

gn(yla vy Yny 21, "'aznay) = Z [?/ﬂzz - ln(]- + 6’72’1’)]

i=1
The first order condition "
ol, z;eV%
i=1
gives the solution 4 = log Z—ié, where n11 = #{z; = 1,y; = 1}, n1o = #{z; = 1,y; = 0}.

The marginal likelihood function is
n
L(z1, .., 2n, ) = Hazi(l — )t
i=1

and the marginal loglikelihood —

n

Cn(21y ey 20, @) = Z [zilna+ (1 — z;) In(1 — «)]
i=1

The first order condition

Oln _ diiq%i _ > i1 (1— =)

T -0
oo «o 11—«

gives the solution & = % > it 2. From the asymptotic theory for ML,

() () (o5 e

oe”

. The test statistic is

a—49 d
t=— < — N(Oa 1)
s(&—7)
. . . (14¢€%)? .
where s(d—4) =/a(l — &) + ~——— s the standard error. The rest is standard (you are
Qe

supposed to describe this standard procedure).

. For Hy: o = %, the LR test statistic is

LR =2 (En(zl, ooy Zny @) — L (21 vy 2, %)) )
Therefore,
* * * 1 n * * * A
LR* =2 <€n (zl, ey Zns Zi:l zi) — U (27, ...,zn,a)) ,

where the marginal (or, equivalently, joint) loglikelihood is used, should be calculated at
each bootstrap repetition. The rest is standard (you are supposed to describe this standard
procedure).
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7.9 Maximum likelihood and binary dependent variable

1. The conditional ML estimator is

n CxTs
2 e~ 1
ML = argmcaxz; {yz log 1+ ecti + (1 — ;) log 1+ ecwi }
1=

n
= arg m?xz {cyix; — log (1 4 “**)}.

=1

The score is

0 - e
S(y,x,v)za—v(wx—log(ﬁre ) =\{y— z,

and the information matrix is

8S(y7 x, ’Y):| |: e’yx 2:|
=g |8V gl
s ey’ ]

so the asymptotic distribution of 4,,; is N (0, J *1).

Yy

2. The regression is E[y|z] =1-P{y = 1|z} + 0 - P{y = 0|z} = The NLLS estimator is

1+ere’

n eCTi 2
INLLs = arg min z; (yz T1x ecri> '
1=

The asymptotic distribution of 4 5y 1g is N (0, Qg_gl Q gge2 Qg_gl) . Now, since E [62 |£L'] =V[y|z] =

e
——, we have
(1+e77)
2vx 2vx vz
Qgg =E [674552} » Qgger =E [6—4372E [eﬂx]} =E [6—6372] :
(1+e) 1+ o) 1+ o)
v
3. We know that V [y|z] = (16—%’0)2’ which is a function of . The WNLLS estimator of ~ is
+e

n

. B ' (1 + e’YIi)Q eCTi 2
TWNLLs = arg min ZZ} o Yi — 1 rewi)

Note that there should be the true v in the weighting function (or its consistent estimate
in a feasible version), but not the parameter of choice ¢! The asymptotic distribution is

N (O,Q_1 ) , where

g9/0?
1 62'yz e
Daoo* [V[y!:r] (1+ )t (1+ ev2)?

4. For the ML problem, the moment condition is ”zero expected score”
e
E — =0.
Ky T+ ew> 3“"]
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For the NLLS problem, the moment condition is the FOC (or "no correlation between the
error and the pseudoregressor” )

YT YT
E|lly— c c x| =0.
14+e1 ) (14 er)?

For the WNLLS problem, the moment condition is similar:

ert
E[(y—l_i_ew):r] 0,

which is magically the same as for the ML problem. No wonder that the two estimators are
asymptotically equivalent (see Part 5).

5. Of course, from the general theory we have Vyrp < Viwnrcrs < Vvrrs. We see a strict
inequality Vivnrrs < VarLs, except maybe for special cases of the distribution of x, and this
is not surprising. Surprising may seem the fact that Va;r g = Vivnrrs. It may be surprising
because usually the MLE uses distributional assumptions, and the NLLSE does not, so usually
we have Vi < ViwniLrs. In this problem, however, the distributional information is used by
all estimators, that is, it is not an additional assumption made exclusively for ML estimation.

7.10 Bootstrapping ML tests

1. In the bootstrap world, the constraint is g(q) = g(@n1), so

LR* =2 | max £ (q)— max 0 (q) |,
q€0 q€0,9(q)=g(0nr)

where £ is the loglikelihood calculated on the bootstrap pseudosample.
2. In the bootstrap world, the constraint is g(q) = g(@ML), SO

EM*-n(%iS(ZfaéLRL)>( ) < Z ZwHML)

=1 =1

~%R o N

where 0,7 is the restricted (subject to g(q) = g(fnrz)) ML pseudoestimate and J* is the
pseudoestimate of the information matrix, both calculated on the bootstrap pseudosample.
No additional recentering is needed, since the ZES rule is exactly satisfied at the sample.

7.11 Trivial parameter space

Since the parameter space contains only one point, the latter is the optimizer. If 61 = 6, then the
estimator 0,7, = 67 is consistent for 6y and has infinite rate of convergence. If 61 # 6, then the
ML estimator is inconsistent.
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8. GENERALIZED METHOD OF MOMENTS

8.1 GMM and chi-squared

The feasible GMM estimation procedure for the moment function

_ =4
m(Z7Q) - 22_q2_2q

is the following:

1. Construct a consistent estimator 6. For example, set 6 = z which is a GMM estimator
calculated from only the first moment restriction. Calculate a consistent estimator for Q..
as, for example,

. 1 & . .
=1
2. Find a feasible efficient GMM estimate from the following optimization problem

. 1 n . 1 n
0 =arg min — m(zi,q) - QL . = m(z;,

The asymptotic distribution of the solution is v/7(8carar—6) 4N (0,2), where the asymptotic
variance is calculated as

= (Qhn Qrmn Qom) ™

Ocmm

with
" a0 (D) siement - (4 )

A consistent estimator of the asymptotic variance can be calculated as

= (Qom QrmQ@om) ™",

Oamm

where

. 1 — 8m(2i79GMM) A 1 @ 5 . ,
Qom = — ; B and Qmm = — ;m(% Ocnn)m(zi, Ocnm)

are corresponding analog estimators.
We can also run the J-test to verify the validity of the model:

1 ; NN ) d
J = n Zm(zia‘gGMM)/ Qo - Zm(ziaeGMM) =)
i=1 =1
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8.2 Improved GMM

The first moment restriction gives GMM estimator § = & with asymptotic variance AV () = V [z].
The GMM estimation of the full set of moment conditions gives estimator Ogasas with asymptotic

variance AV (0gnrar) = (Q},, Qi Qom) !, where

e[ ()

dq 0
and
Qmm = E [m(z,y,0)m(z,y,0)'] = ( Xg,)y) gg;y) ) '
Hence,
AV(errn) =V [z] - %

and thus efficient GMM estimation reduces the asymptotic variance when

Clz,y] #0.
8.3 Nonlinear simultaneous equations

1. Since E[u;] = Elv;] = 0, m(w,0) = <y—ﬁa;’2>’ where w = <m>’ 0 = (ﬁ>, can be used
=Y Y ¥

as a moment function. The true § and 7 solve E[m(w, )] = 0, therefore E[y] = SE[z] and

E[z] = vE [y?], and they are identified as long as E[z] # 0 and E [y?] # 0. The analog of the

population mean is the sample mean, so the analog estimators are

e L3yl

2. (a) If we add E [u;v;] = 0, the moment function is
y — Bz
m(w,0) = | = —~y?
(y — Bz)(x —vy?)
and GMM can be used. The feasible efficient GMM estimator is

/
R . 1 n - 1 n
GGMM =arg min (E ;m(wla(J)) Qmm <E ;m(wMQ)) )

qeO

where Qum = LS m(w;, 0)m(w;,0) and @ is consistent estimator of @ (it can be calcu-
lated, from part 1). The asymptotic distribution of this estimator is

VaBanin — 0) —5 N0, Vo),

where Vaun = (Q1,QL Qm)~t. The complete answer presumes expressing this matrix in
terms of moments of observable variables.
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(b) For Hy : B8 = v = 0, the Wald test statistic is W = é/GMMVG?\ZMéGMM~ In order to
build the bootstrap distribution of this statistic, one should perform the standard bootstrap
algorithm, where pseudo-estimators should be constructed as

!/
e . Ak —
Ocyy = argmin ( Zm wy, q) Zm wzaeGMM)> Qromn X

qeO i—1

< Zm w;, q) Zm wueGMM))

=1

and Wald pseudo statistic is calculated as (@*GMM - éGMM)/VSX/}M(éZMM — Ognrnn)-

(c) Ho is E[m(w,0)] = 0, so the test of overidentifying restriction should be performed:

J=n (% Zm(wz’aéGMM>> Qrm ( Zm wz,HGMM)>

i=1 i=1

where J has asymptotic distribution x?. So, Hy is rejected if J > qo.o5.

8.4 Trinity for GMM

The Wald test is the same up to a change in the variance matrix:
. . A . -1 d
W =nh(Bar) [HOcn)( @S0 Hborn) | hOarnr) %2,

where @GMM is the unrestricted GMM estimator, Q) and ¥ are consistent estimators of { and >,

oh(6
relatively, and H(0) = (, )
00
PQn
The Distance Difference test is similar to the LR test, but without factor 2, since 20 8;’ =

20/%-10:
~R ~ d 2
DD =n [Qn(eGMM) - Qn(GGMMﬁ — Xg-

The LM test is a little bit harder, since the analog of the average score is
/
1 Gom(z,0)\ o[ 1w
i=1 =1
It is straightforward to find that

NN ~R d
LM = — (QGMM) (Q/E 19) 1/\(HG’MM) - xZ-

In the middle one may use either restricted or unrestricted estimators of 2 and X.
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8.5 Testing moment conditions

Consider the unrestricted (8,) and restricted (3,) estimates of parameter 3 € R¥. The first is the
CMM estimate (i. e. a GMM estimate for the case of just identification):

1< e
i=1 i=1

The second is a feasible efficient GMM estimate:

. 1 n . 1 n
— in = ) QL o (b 8.1
B argmgnn;m() Crom n;mu, (8.1)
xzu,(b) _ =1 ; :
where m;(b) = (b ) ui(b) = y; — x;b, u; = ui(B), and Q,,,, is an efficient estimator of
riwiu?  xixtud
Q=& mimi@] =2 | 250 T )

Denote also Qs = E [ angb(,ﬂ) } =E [( 3;&3 2 )] . Writing out the FOC for (8.1) and

expanding ml(ﬁr) around (3 gives after rearrangement

V(B = B) 2 — (Qhn Qb Qom) " Qo Qe f Zmz

Here 2 means that we substitute the probability limits for their sample analogues. The last equation
holds under the null hypothesis Hy : E [x Uu; ] = 0.
Note that the unrestricted estimate can be rewritten as

VB, = B) 2 E i) " (I Ox) % 2 mi(0)

Therefore,

VB, =8,) 2 [(E[al]) " (e O ) + (QnQuinQom) ' Qo Qi % > mi(B) 4 N(O,V),
i=1

where (after some algebra)

-1

V= (E [2:2)]) " E [ziafu2] (B [2:2]]) " = (Qhm Qi Qom)

Note that V' is k x k. matrix. It can be shown that this matrix is non-degenerate (and thus has a
full rank k). Let V' be a consistent estimate of V. By Slutsky and Wald-Mann Theorems

TS d
W =n(B, =B,V (B = By) = Xi-
The test may be implemented as follows. First find the (consistent) estimate 3, given z; and
yi- Then compute Qppm = % oy mi(B,)mi(3,), use it to carry out feasible GMM and obtain f3,..
Use Bu or Br to find V (the sample analog of V). Finally, compute the Wald statistic W, compare it

with 95% quantile of x?(k) distribution gg.95, and reject the null hypothesis if W > qq.¢5, or accept
otherwise.
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3.6

3.7

Interest rates and future inflation

. The conventional econometric model that tests the hypothesis of conditional unbiasedness of

interest rates as predictors of inflation, is
k ko, k k
= o+ By g, By [m} = 0.

Under the null, o = 0, 8, = 1. Setting £ = m in one case, k¥ = n in the other case, and
subtracting one equation from another, we can get

T == o = o+ Bty = By g =y B[ — "] = 0.

Under the null oo, = 0y, = 0, 5,, = 5,, = 1, this specification coincides with Mishkin’s
under the null a, , =0, B, , = 1. The restriction 3, ,, = 0 implies that the term structure
provides no information about future shifts in inflation. The prediction error n;"" is serially
correlated of the order that is the farthest prediction horizon, i.e., max(m,n).

. Selection of instruments: there is a variety of choices, for instance,

/
(17 ool 12 T %2 Ty_max(mon) Wt—max(m,n)> J
or
/
moonoomon m n
(1’ bty 15 —15 T—max(m,n)’ Wt—max(m,n)) ’

etc. Construction of the optimal weighting matrix demands Newey-West (or similar robust)
procedure, and so does estimation of asymptotic variance. The rest is more or less standard.

. This is more or less standard. There are two subtle points: recentering when getting a

pseudoestimator, and recentering when getting a pseudo-J-statistic.

. Most interesting are the results of the test 3, , = 0 which tell us that there is no information

in the term structure about future path of inflation. Testing £3,, ,, = 1 then seems excessive.
This hypothesis would correspond to the conditional bias containing only a systematic com-
ponent (i.e. a constant unpredictable by the term structure). It also looks like there is no
systematic component in inflation (o, , = 0 is accepted).

Spot and forward exchange rates

. This is not the only way to proceed, but it is straightforward. The OLS estimator uses

the instrument 209 = (1 2;)", where 2; = f; — s;. The additional moment condition adds

fi—1—s¢—1 to the list of instruments: z; = (1 x¢ xt_l)' . Let us look at the optimal instrument.
If it is proportional to z°%°, then the instrument z; 1, and hence the additional moment
condition, is redundant. The optimal instrument takes the form ¢, = @}, Q% 2. But

1 E[{L‘t] 1 E[.Tt] E[xt_l]
Qom =— | Elzy] E[z?] , Qum=0"| E[z] Elz7]  Elziwe ]
Elzi-1] Elziwe ] Elzi-1] Elzwei] Elz74]
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3.8
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It is easy to see that
100
-1 -2

which can verified by postmultiplying this equation by Qm. Hence, (; = 0_22? LS But the
most elegant way to solve this problem goes as follows. Under conditional homoskedasticity,
the GMM estimator is asymptotically equivalent to the 2SLS estimator, if both use the same
vector of instruments. But if the instrumental vector includes the regressors (z; does include
205 the 2SLS estimator is identical to the OLS estimator (for an example, see Problem
#2 in Assignment #5). In total, GMM is asymptotically equivalent to OLS and thus the
additional moment condition is redundant.

. This problem is similar to Problem #1(2) of Assignment #3, so we can expect asymptotic

equivalence of the OLS and efficient GMM estimators when the additional moment function
is uncorrelated with the main moment function. Indeed, let us compare the 2 x 2 northwest
block of Vayrar = (Q’amQ;L}nQam)_l with asymptotic variance of the OLS estimator

vous =ty 511 )

Denote A fy11 = fir1 — fi. For the full set of moment conditions,

1 Elzy] o? o°E[z;] Eletr1A feq1]
Qom = — | Elz] E[x%] y Qmm = O'QE[xt] O-QE[x?] E[zter 1A fiia]
0 0 Elerr1Afiv1] Elzerp1Afir] Elefy(Afirn)?]

It is easy to see that when Ele;11A fi+1] = Elzier1Afir1] = 0, Qumm is block-diagonal and
the 2 x 2 northwest block of Vs is the same as Vorg. A sufficient condition for these two
equalities is Ele;11A fi+1]l¢] = 0, i. e. that conditionally on the past, unexpected movements
in spot rates are uncorrelated with and unexpected movements in forward rates. This is
hardly to be satisfied in practice.

Brief and exhaustive

2
We know that E [w] = p and E [(w - ,u)4] =3 (]E [(w - ,u)Q]) . It is trivial to take care of
the former. To take care of the latter, introduce a constant 02 = [(w - u)ﬂ , then we have

E [(w - u)ﬂ =3 (02)2 . Together, the system of moment conditions is

w—p
E (w—p)? — o2 :301.
(w—p)* =3 (0%’ ’

The argument would be fine if the model for the conditional mean was known to be correctly
specified. Then one could blame instruments for a high value of the J-statistic. But in our
time series regression of the type E; [yy11] = g(z;), if this regression was correctly specified,
then the variables from time ¢ information set must be valid instruments! The failure of
the model may be associated with incorrect functional form of g(-), or with specification of
conditional information. Lastly, asymptotic theory may give a poor approximation to exact
distribution of the J-statistic.
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3. Indeed, we are supposed to recenter, but only when there is overidentification. When the
parameter is just identified, as in the case of the OLS estimator, the moment conditions hold

exactly in the sample, so the ”center” is zero anyway.

8.9 Efficiency of MLE in GMM class

The theorem we proved in class began with the following. The true parameter 6 solves the maxi-

mization problem
0 = argmaxE [h(z, q)]
qeO

with a first order condition

Consider the GMM minimization problem

0 = argmin E [m(z, )] WE m(z, )

with FOC

2E [aiq/m(z,e)} WE [m(z,0)] :kgl,

or, equivalently,

oo [2nte] W] <.

Now treat the vector E [gm(z, 9)’} Wm(z,q) as gh(z, q) in the given proof, and we are done.
q

dq

EFFICIENCY OF MLE IN GMM CLASS
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9. PANEL DATA

9.1 Alternating individual effects

It is convenient to use three indices instead of two in indexing the data. Namely, let
t=2(s—1)+gq, where g € {1,2}, se{1,---,T}.

Then ¢ = 1 corresponds to odd periods, while ¢ = 2 corresponds to even periods. The dummy
variables will have the form of the Kronecker product of three matrices, which is defined recursively
as A BRC=A® (BaC).

Part 1. (a) In this case we rearrange the data column as follows:

4 Yi1 Y1
Yisl
Yisq = Yit; Yis = ( ‘ ); Yi = Y= SR I
2 YiT Yn
p= (p@ pf - uQ pF). The regressors and errors are rearranged in the same manner as y’s.
Then the regression can be rewritten as
y=Dp+ X3+, (9.1)

where D = I, ® i ® I, and ip = (1 --- 1)’ (T x 1 vector). Clearly,
D'D = I, ® ilj’it QI =T 1,759,
1 1
D(D'D)™'D' = 7l ® ipiy @ I = T ®Jr ® Iy,

where Jr = irif. In other words, D(D'D)~'D’ is block-diagonal with n 27 x 2T-blocks of the
form:

7 0 7 0
1 1
0 7 0 7
7 0 7 0
1 1
0 7 0 7

The @-matrix is then Q = I, 7.0 — %In ® Jr ® I5. Note that @ is an orthogonal projection and
QD = 0. Thus we have from (9.1)

Qy = QXS + Qu. 9.2)

Note that %JT is the operator of taking the mean over the s-index (i.e. over odd or even periods
depending on the value of ¢q). Therefore, the transformed regression is:

Yisq — giq = (xisq - Eiq)/ﬁ + ’U*, (93>

where g;, = 23:1 Yisq-
(b) This time the data are rearranged in the following manner:

Yi1 Yql i
Yqis = Yits Ygqi = } Yg = ;Y = ( >;

Yir Ygn 2
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p=pl - pQ pf - pF). In matrix form the regression is again (9.1) with D = I, ® I,, ® i,

and
1 1
D(D'D)'D’ = 7@ L@ iriy = 72 ® e Jr.

This matrix consists of 2/NV blocks on the main diagonal, each of them being %JT. The @-matrix is
Q= Iyr — %IQn ® Jr. The rest is as in Part 1(b) with the transformed regression

Yqis — Yqi = (xqis - fqi)lﬁ + 1)*, (9'4>

with g4 = ZST:1 Yqis, Which is essentially the same as (9.3).
Part 2. Take the Q-matrix as in Part 1(b). The Within estimator is the OLS estimator in
(9.4),ie. = (X'QX)"1X'QY, or

-1

B =D (wgis = Zgi) (@gis — Tgi) | D (%gis — Tai) (Ygis — Yai)-

q727s q71/7s

Clearly, IE[B] = 3, B LR G and B is asymptotically normal as n — oo, T fixed. For normally
distributed errors vy;s the standard F-test for hypothesis

Ho:pf =ps = .. = and pi’ = py = ... = ply
is
(RSST — RSSY)/(2n — 2) Ho

F=
RSSY/(2nT — 2n — k)

F(2n —2,2nT —2n — k)

(we have 2n — 2 restrictions in the hypothesis), where RSSY = > isqgWais — Ygi — (Tgis — Zqi) B)?,
and RSS® is the sum of squared residuals in the restricted regression.
Part 3. Here we start with

Yqis = l‘;lsﬁ + Ugis, Ugis ‘= Hgi + Vgis, (95)
where py; = p¢ and py; = uF; Elpg) = 0. Let 07 = 03, 03 = 07, We have
E [ugisuqirs] = E [(ttg; + Vgis) (trir + vgrirs)] = 0abaqdiir s + 050qqiir st
where 04 = {1 if a=d', and 0 if a # d'}, 1534 = 1 for all s, s’. Consequently,

2
o1 0

Q = E[uu’]z(o o2

10
) ® In ® Jp + oolony = (To} + 0}) <

1
0 O>®In®fJT+

0 0

+(T0’% —1—012]) ( 0 1

1 1
@1, ® =Jr + 02L& I, ® (It — =Jr).
T T
The last expression is the spectral decomposition of € since all operators in it are idempotent
symmetric matrices (orthogonal projections), which are orthogonal to each other and give identity
in sum. Therefore,

10
0 0

0 0

—1/2 _ 2, 2\-1/2
Q (Toi + 07) < 01

1 1
>®In®fJT+<Ta%+ai)‘”2< >®1n®fJT+
1
+o, ' Lo, ® (It — 7J1)-
The GLS estimator of 3 is R
f=(X'Q ' x) ' x'oy.
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To put it differently, 3 is the OLS estimator in the transformed regression
UUQ_l/Qy = UUQ_I/QXQ + u*.
The latter may be rewritten as

Yqis — (1- \/%)gqi = (xqis —(1— \/%)fqi),ﬂ +u’,

where 0, = U%A/(U% +To?).
To make 3 feasible, we should consistently estimate parameter 6,. In the case 0?2 = 02 we may

apply the result obtained in class (we have 2n different objects and T" observations for each of them
— see Part 1(b)):

2n — k ' Qu
2n(T —1) —k+ 14/ Pa’
where @ are OLS-residuals for (9.4), and Q = I,.7 — %Izn ® Jr, P = Is,7 — Q. Suppose now that
02 # 03. Using equations

0 =

2 ].

E [ugis]) = o2+ oy Elus] = ?012) + 02

q7
and repeating what was done in class, we have

n—=k W' Qqt
(T —1)—k+1aPa’

0, =

. 1 0 0 0 10
with Ql = < 0 0 >®In®(IT_%JT)7Q2 = ( 01 )@In@)(IT—%JT),Pl = ( 00 )@In@)%JTa

0 0 .
P2:<O 1>®In®TJT-

9.2 Time invariant regressors

1. (a) Under fixed effects, the z; variable is collinear with the dummy for p;. Thus, 7 is uniden-
tifiable.. The Within transformation wipes out the term z;y together with individual effects
i, so the transformed equation looks exactly like it looks if no term z;y is present in the
model. Under usual assumptions about independence of v;; and X, the Within estimator of
0 is efficient.

(b) Under random effects and mutual independence of p; and v;;, as well as their independence
of X and Z, the GLS estimator is efficient, and the feasible GLS estimator is asymptotically
efficient as n — oo.

2. Recall that the first-step B is consistent but 7;’s are inconsistent as 71" stays fixed and n — oo.
However, the estimator of « so constructed is consistent under assumptions of random effects
(see Part 1(b)). Observe that 71; = §; — Z,3. If we regress 7; on z;, we get the OLS coefficient

D T SV (ﬂz‘ - 5%) i1 7 (9525 + 27 + g + Vi = fﬁ)
"}/ = = =
> i Zi2 > e Zi2 D1 Zi2
% E?:l Zilbi % Z?:l 2iU; % Z?:l 2T} P
T5w 7zt * p=h).
n =1 "1

=7+ 1~ .2 1~ 2
n doie1 2 n Y i1 %
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Now, as n — 00,

1 1 «
~> A BE[] A0~z 5 Elain] = E[u]E[u] =0,
i=1 i=1
1o - P -1 _ —1 _ 1 ¢ =1 P =/ n P
= "zt HE 2] =E[z]E[0] =0, = zz D E[5;], 8-550.
n 4 n “
i=1 =1
In total, ¥ LN ~. However, so constructed estimator of 7y is asymptotically inefficient. A better
estimator is the feasible GLS estimator of Part 1(b).

9.3 First differencing transformation

OLS on FD-transformed equations is unbiased and consistent as n — oo since the differenced
error has mean zero conditional on the matrix of differenced regressors under the standard FE
assumptions. However, OLS is inefficient as the conditional variance matrix is not diagonal. The
efficient estimator of structural parameters is the LSDV estimator, which is an OLS estimator on
Within-transformed equations.
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10. NONPARAMETRIC ESTIMATION

10.1 Nonparametric regression with discrete regressor

Fix ag;), j=1,..., k. Observe that

E(yill[zi = a(;))
E(I[z; = a(j)])

glagy) = Elyilwi = ag] =

because of the following equalities:

E [H [Jﬁ‘, = a(])“ = 1- P{l’i = a(]—)} + 0- P{xi 7& a(j)} = }P’{mi = a(]—)},

Elyl[zi=ap))] = Elyl|z =a@p] v = ag] - Pl = agy} = E [yilzi = ag] - P{z = ag}-

According to the analogy principle we can construct g(a(;)) as

>ici yill [2i = ag)]
Y Lzi = ag)]

Now let us find its properties. First, according to the LLN,

_ Xiayllzi=ap)] p Elyillzi = ag)l]

(agj)) = S 1 [ = ag] E [Ifz; = a;)]

glagyy) =

= g(a(j))-
Second,
2ic1 (9 — B lyilei = a)]) Lz = ag)]

Vi (glagy) — glagy)) = vn Sy Iz = agj]

According to the CLT,

1 d
7 > (i — E [wilwi = ag)]) T [ai = agy] 5 N (0,0),
=1
where
2
w = V(g —E[plei = ag)) L[z = a]] =E [(5: — E [wilzi = ay))° |2 = ay| PLai = ap)}
=V [yz!:rz = a(j)] P{xi = a(j)}.
Thus

V \yilzi = a(;
Vn (g(a(j)) - g(a(j))) SN (0’ H) '

10.2 Nonparametric density estimation

(a) Use the hint that E [I[z; < z]] = F(z) to prove the unbiasedness of estimator:
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(b) Use the Taylor expansion F(z + h) = F(z) + hf(z) + $h>f'(z) + o(h?) to see that the bias
of fi(x) is

E[Ai(@)| = f@) =7 (F(e + h) = F@)) - f(a)
= (P () + hf(@) + 5hF (@) +olh?) — F(a)) — f(2)
1 !
Therefore, a = 1.

(c) Use the Taylor expansions F (z + %) = F(z) + 2 f(2) + 3 (%)2 fl(@)+ % (%)3 f"(x) + o(h?)
and F (z— %) = F(z) — 2f(z) + 3 (%)2 fl(z)— 3 (%)3 f"(x) + o(h?) to see that the bias of
fg(:c) is

B [fo(@)] — Fla) = ™ (F(e 4+ h/2) — Fla— h/2)) — f(x) = 212" () + ofh?).
Therefore, b = 2.

Let us compare the two methods. We can find the optimal rate of convergence when the bias
and variance are balanced: variance o bias?. The ”variance” is of order nh for both methods, but
the "bias” is of different order (see parts (b) and (c)). For fi, the optimal rate is n oc h=1/3, for f;
— the optimal rate is n o< h~/5. Therefore, for the same h, with the second method we need more
points to estimate f with the same accuracy.

Let us compare the performance of each method at border points like z(1) or z(,), and at
a median point like Z,. To estimate f(x) with approximately the same variance we need an
approximately same number of points in the window [z,z + h| for the first method and [z —
h/2,x+ h/2] for the second. Since concentration of points in the window at a border is much lower
than in the median window, we need a much bigger sample to estimate the density at border points
with the same accuracy as at median points. On the other hand, when the sample size is fixed, we
need greater h for border points to meet the accuracy of estimation with that for in median points.
When & increases, the bias increases with the same rate in the first method and with the double
rate in the second method. Consequently, fl is preferable for estimation at border points.

10.3 First difference transformation and nonparametric regression

1. Let us consider the following average that can be decomposed into three terms:

n n

LS ) = e S (9 — gl )+ e D (e~ i)’
=2 =2 i—2

n

> (9(zi) = g(zi-1))(ei — ei1).

1=2

2

n—1

+

Since z; compose a uniform grid and are increasing in order, i.e. z; —2z;_1 = ﬁ, we can find
the limit of the first term using the Lipschitz condition:

n

: > (g(zi) = 9(zi-1))%| < < Z(zi—zi_l)QzGi — 0

n—14 ,
1=2 =2
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Using the Lipschitz condition again we can find the probability limit of the third term:

n n

S (9(z) — g(zi1)) (i — i) “;2§jwr—@1\
(n

1=2

2
n—1

n
n—ln—lz‘ezH_‘eZ i) ooO
=2

since-2< =0 and —L- 3 (leg| + |ei—1]) H%OO 2E |e;] < oo. The second term has the
following probability limit:

n n

1 1
— Z(ei —ei1)?= — Z (€7 — 2ejei—1 + €7 4) n%oo 2E [e?] =202
=2 =2

Thus the estimator for o2 whose consistency is proved by previous manipulations is

n

11
~2 . 2
R D

=2

2. At the first step estimate 3 from the FD-regression. The FD-transformed regression is

Yi — Yio1 = (x; — %71),5 +9(2) —g(zi—1) + e — e,

which can be rewritten as

Ay; = AxlB+ Ag(z) + Ae;.

The consistency of the following estimator for

n -1 n
= (Z A:J;iAa:;> (Z AJ;szZ)
i=2 i=2

can be proved in the standard way:

n -1 n
) 1 , 1
p—p= (n — ;:2 AMA%) (m ;:2 Azi(Ag(z;) + Aei))

Here —< > , Az; Az has some non-zero probability limit, —= 1 Yoo Az Ae; £> 0 since
n—

n— 1

Elei|z;, z;] = 0, and

mziZQAxiAg(zi)’ < %n —1 D> i | Ayl £> 0. Now we can use

standard nonparametric tools for the ”regression”

_:Eﬁ_g(zl)—i_ €

where ef = e; + z}(0 — 3). Consider the following estimator (we use the uniform kernel for
algebraic simplicity): A
0G) = 2 iz (yi — 2P|z — 2| < B}
iz Hlzi — 2| < 7]

It can be decomposed into three terms:

S (o) + B = B) +e) Ll — 2l < ]
9= S PRy
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The first term gives g(z) in the limit. To show this, use Lipschitz condition:

>ic1(g(zi) — g(2)I ]2 — 2| <A
Z:‘L:I []z; — 2| < A

and introduce the asymptotics for the smoothing parameter: h — 0. Then

Dima 9z)llz — 2l < h] _ 3(9(2) +9(2i) — 9(2)L[1zi — 2| < A
>oimy Ilzi — 2| < A >y Ilzi — 2| < A

< Gh,

2i=1(9(z:) — g(2)) |2 — 2| < 7]
=9+ N e < e I

The second and the third terms have zero probability limit if the condition nh — oo is satisfied

Y wlllei —2 < h, s »
S (s =2 < A] Lo
lp

1P
E [2]] 0

)

and "
> i eil[|zi — 2| < h P,
>oicy Lz — 2| < ] n—oo

—

Therefore, g(z) is consistent when n — oo, nh — oo, h — 0.
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11. CONDITIONAL MOMENT RESTRICTIONS

11.1 Usefulness of skedastic function

Denote 0 = (ﬁ) and e = y — 2/3. The moment function is

miy.z.0) = (Z) = ((y gy /hﬁ(x,ﬂm))

The general theory for the conditional moment restriction E [m(w,0)|x] = 0 gives the optimal
0
restriction E [D(z)'Q(z) 'm(w,0)] = 0, where D(z) = E [—Z,L]a:} and Q(z) = E[mm/|z]. The

variance of the optimal estimator is V =

(E
el al(srn £ (3 1)

p e? e(e? —h) B e? e3
Qz) = E[mm'[z] = E |:( 6(62 —h) (62 _ h) ) |$:| =E |:< e3 (62 _ h)Q ) |17:| )
since Elex|z] = 0 and Eleh|z] = 0.
Let A(z) = det Q(x) = E[e?|z]E[(e? — h)?|z] — (E[e3|z])2. The inverse of € is

= age|( AT )]

and the asymptotic variance of the efficient GMM estimator is

[D( ) ID(x )])_1 . For the problem at hand,

V™ =E [D(2)Qz) ' D(x)] = (2 g)

where
4 - E (€2 — h)?za’ — 63(azh’ﬁ + hga') + eghgh’ﬁ
A(z) ’
—e3hya' + e2h.h 25 K
B = Bl g |Elale]
A(z) A(x)

Using the formula for inversion of the partitioned matrices, find that

v < (A-BC7'B)7! « >

* *

where * denote submatrices which are not of interest.

1
To answer the problem we need to compare Vi3 = (A — B'C~'B)~! with V; = <E {%]) ,

the variance of the optimal GMM estimator constructed with the use of m; only. We need to show
that Vi1 < V), or, alternatively, Vﬁl > 1/(;1. Note that

Vit-Vyt=A-BC'B,
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where A = A — V(f1 can be simplified to

1 (:)::):’ (E [eglac])Z

A — _ .3 / / 2 /
A=E Al) Ee2la] e’(zhy + hga') +e hﬁhﬁ>] .

Next, we can use the following representation:
A— B'C7'B = E[ww/],

where
o Bl B[Rl o E]
E [e?|x]\/A(x) A(r)

This representation concludes that Vﬁl > Vb_l and gives the condition under which V;; = V4. This
condition is w(z) = 0 almost surely. It can be written as

MIL‘ = hg — B'C~'h, almost surely.
E [e?|z]
Consider the special cases.

1. hg = 0. Then the condition modifies to

E [¢?|z]
E [e?|z]

-1
] h, almost surely.

r— _F {e3hﬂ:p’} [e2hﬂh;

A(z) A(x)

2. hg = 0 and the distribution of e; conditional on z; is symmetric. The previous condition is
satisfied automatically since E [e®|z] = 0.

11.2 Symmetric regression error

Part 1. The maintained hypothesis is E [e|z] = 0. We can use the null hypothesis Hy : E [¢®|z] =0
to test for the conditional symmetry. We could in addition use more conditional moment restrictions
(e.g., involving higher odd powers) to increase the power of the test, but in finite samples that would
probably lead to more distorted test sizes. The alternative hypothesis is H; : E [63]33] #0.

An estimator that is consistent under both Hy and H; is, for example, the OLS estimator
é&ors- The estimator that is consistent and asymptotically efficient (in the same class where &ors
belongs) under Hy and (hopefully) inconsistent under H; is the instrumental variables (GMM)
estimator &osy that uses the optimal instrument for the system E [e|z] = 0, E [e3|z] = 0. We
derived in class that the optimal unconditional moment restriction is

E [al(az) (y — ax) + az(z) (y — ax)?’} =0,

where

(al(w)> _ x <M6(:v) - 3u2($)u4(x)>
a2(r) ) pa(w)pe () — pg(x)? \ 3pa(2)? — py(x)

and p,(x) = E[(y — ax)" |z], r = 2,4,6. To construct a feasible &ory, one needs to first estimate
w,(z) at the points z; of the sample. This may be done nonparametrically using nearest neighbor,
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series expansion or other approaches. Denote the resulting estimates by fi,.(z;), i = 1,---,n,
r =2,4,6 and compute a;1(z;) and as(z;), i = 1,---,n. Then dory is a solution of the equation

1/, . . .
- > (al(wi) (yi — Gorva:) + az(zi) (yi — aorvai)3> =0,
i=1

which can be turned into an optimization problem, if convenient.
The Hausman test statistic is then

N ~ 2
H:n(aOLS aorv) gX2(1)7

Vors — Vorv

where Vorg = n (Z?:l xf)_2 S a? (yi — @OLS%')Q and Vpyy is a consistent estimate of the
efficiency bound

(o (2 (g (i) — Gpg (i) g (20)) + 93 (2a)) ]\
VOW‘@[ o (@0 (2) — 20 D |

Note that the constructed Hausman test will not work if &org is also asymptotically efficient,
which may happen if the third-moment restriction is redundant and the error is conditionally
homoskedastic so that the optimal instrument reduces to the one implied by OLS. Also, the test
may be inconsistent (i.e., asymptotically have power less than 1) if &or happens to be consistent
under conditional non-symmetry too.

Part 2. Under the assumption that e|z ~ N(0,02), irrespective of whether o2 is known or
not, the QML estimator égasr, coincides with the OLS estimator and thus has the same asymptotic
distribution

Vvn(Gomr — @) 4N o,

11.3 Optimal instrument in AR-ARCH model

Let us for convenience view a typical element of Z; as Z;’il w;et_;, and let the optimal instrument
be ¢, = 22021 a;er—;. The optimality condition is

Elvzi—1] =E [vtCtsf] for all vy € Z;.

Since it should hold for any v; € Z;, let us make it hold for vy = ¢;_;, 7 = 1,2,---. Then we get a
system of equations of the type

Elei—jxi—1] =E [Q,j (Zzl aiet,i) Ctef} .

The left-hand side is just p/~! because z;_1 = > io; p' le;; and because E[e7] = 1. In the right-

hand side, all terms are zeros due to conditional symmetry of 4, except a;E [5?7 jsﬂ . Therefore,

pi=1

YT T (k1)
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where k = E [¢}] . This follows from the ARCH (1) structure:
E [e7 jef] =B [e7 E[ef 1] =E[ef; (1 — ) + ag; )] = (1 — a) + oF [}, 1€7] »
so that we can recursively obtain
E [5?_]-5?] =1-a + k.

Thus the optimal instrument is

“ o Ez:l—koﬂn—lgt*":
= SR (ap)i »
B 1+a(fs—1)+( A );(1+ai(m—1))(1+ai—1(ﬁ_1)) t—i-

(2

To construct a feasible estimator, set p to be the OLS estimator of p, & to be the OLS estimator
of a in the model &2 — 1 = a(é2_; — 1) + vy, and compute & = T~ 3/, &}

The optimal instrument based on Ele¢|I;_1] = 0 uses a large set of allowable instruments,
relative to which our Z; is extremely thin. Therefore, we can expect big losses in efficiency in
comparison with what we could get. In fact, calculations for empirically relevant sets of parameter
values reveal that this intuition is correct. Weighting by the skedastic function is much more pow-
erful than trying to capture heteroskedasticity by using an infinite history of the basic instrument
in a linear fashion.

11.4 Modified Poisson regression and PML estimators

Part 1. The mean regression function is E[y|z] = E[E[y|z, €]|x] = Elexp(2'8 + ¢)|z] = exp(z'3).
The skedastic function is V[y|z] = E[(y — E[y|z])?|z] = E[y?|z] — E[y|z]?. Since
(

E[y’lz] = EI[E[y?|2,¢]|z] =E [exp(22'8 + 2¢) + exp(2/8 + ¢)|7]
= exp(22/B)E [(expe)?|z] + exp(2'B) = (0 + 1) exp(22'B) + exp(z’3),
we have V [y|x] = o2 exp(22'3) + exp(z'3).
Part 2. Use the formula for asymptotic variance of NLLS estimator:

—1 —1
VNLLS = Qgg QggeQQgg )

where Q4 = E [%ﬂcﬁ’ﬁ) %235)] and Qg2 = E {%’%ﬂ)%ﬁ,ﬁ)(y —g(z, ﬁ))ﬂ . In our problem g(z, 3) =
exp(2’f3) and Qgq = E [z’ exp(22/5)],
Qugez = E [xx’ exp(22'6)(y — exp(a:’ﬂ))z] =F [a:a;' exp(2x'ﬂ)V[y\mH

= E [z2" exp(22/3)(0” exp(22/3) + exp(z'B))] = E [v2’ exp(32/6)] + 0°E [z2’ exp(4a’B)] .
To find the expectations we use the formula E[zz’ exp(nz’()] = exp(";ﬂ’ﬁ)(l +n2Bp3'). Now, we

have Qg9 = exp(26'8)(I + 468") and Qg2 = exp(56'8)(I + 985') + o? exp(84'B)(I + 1683').
Finally,

Viviss = (1+450)™ (exp(G00)(1 +958) + 0% exp(4B)(1 + 1605 ) (T+495)
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The formula for asymptotic variance of WNLLS estimator is

-1
ViwnLLs = Qg )2,

0, 0 .
where Qg /52 = E [ géﬂgﬂ) gé;’,ﬂ) V[;m]} . In this problem

Qqg/o2 = E [m;' exp (22’ 3) (02 exp(22'3) + exp(a;’ﬂ))*l] ,

which can be rearranged as

xz! -
V ey 2 I - E '
WNLLS = O ( [1 102 exp(iv’ﬁ)}>

Part 3. We use the formula for asymptotic variance of PML estimator:

Veur = J 2T,

where
_ i oc 8m(a:,ﬂ0) 8m(x7180)
Jo=F % m(z,B8q) 66 8ﬁ/ ] ’
B 2
_ 8_0 2 om(z, By) Om(z, By)
7 = E <am m@}ﬁ(})) o (J")QO) 8,6 aﬂl ] .

In this problem m(z, 3) = exp(2’() and o2(z, ) = o2 exp(22'3) + exp(2'3).
(a) For the normal distribution C(m) = m, therefore g—g =1and Vpyr = VNLLS-

(b) For the Poisson distribution C'(m) = logm, therefore g—g =1

T = Elesp(—aB)ee’ exp(20'5)) = expl(3 8 9)(1 + 7).
T = Elexp(—22'8)(c% exp(22'B) + exp(z'f))zx’ exp(22'3)]
= (AP + 58 + o exp(28 H)(T + 455,

Finally,
Versis = (149" (exp(=g BT + 05 + 0% expld 5)(1 +405) ) (T + 55) "

(c) For the Gamma distribution C'(m) = — =, therefore g—g =%

m2?

J = Elaexp(—22'3)xz’ exp(22'6)] = al,
T = o’Elexp(—42'8)(0? exp(22'3) + exp(z'f))zz’ exp(22'3)]

= o?0’I 4 a? exp(%ﬁ'ﬂ)([ + B3").

Finally,
1
Vapur = o1 + eXP(gﬂlﬁ)(I + B6).
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Part 4. We have the following variances:

Viis = (I+488)7" <exp(%ﬁ’ﬁ)(l+9ﬂﬂ’)+aQeXp(4ﬁ’ﬁ)(I+l6ﬁﬁ’)> (1 +488) 7",

xx' -1
Vi = ¢2(I-E
s o ( 1+026xp(w’ﬁ)> |
Vpvr = Vnirs,

Veras = (14+ 0007 (exp(- 30000 + 50) + > expld )T +459) ) (14 ),

Vepnr = oI+ exp(% B3)(I + BB).

From the theory we know that Viynyrrs < Vnrrs. Next, we know that in the class of PML

estimators the efficiency bound is achieved when — is proportional to , then the

om m(z,80) o*(z, By)
o [3m(x,ﬂ) Om(xz,8) 1 }
a8 9f  Vlyla]
which is equal to VWNLLS in our case. SO, we have VWNLLS < VppML and VWNLLS < VGPML' The

comparison of other variances is not straightforward. Consider the one-dimensional case. Then we
have

bound is

P /2(1 4+ 98%) + 024 (1 + 163?)

V — )
NLLS (114792
2 z? -
Vi = 1-F——mMMM
WNLLS 7 ( 1+02 exp(a:ﬂ)) ’
Vpvr = Vniwrs,
. PR+ B2) 4 02 (14457
PPML = 11 7 ;
Vapmr = 02+€ﬂ2/2(1+62).

We can calculate these (except Viynrrs) for various parameter sets. For example, for o? = 0.01
and 52 = 04 Vnrrs < Vppyur < Vapmi, for 02 = 0.01 and ﬂQ = 0.1 Vppyur < Vrrs <
VGPML; for 02 = 1 and 52 =04 VG’PML < Vepur < VNLLS; for 02 = 0.5 and ﬂ2 =04
Vepmr < Vapmr < Vnrrs. However, it appears impossible to make Vyrrs < Vapmr < Vepumr
or Vapmr < Vnrros < Vppumr-

11.5 Optimal instrument and regression on constant

Part 1. We have the following moment function: m(z,y,0) = (y — «, (y — a)? — o22?)" with
9 = (). The optimal unconditional moment restriction is E[A*(z;)m(z, y,0)] = 0, where A*(z;) =
D/(xi)ﬂ(xi)ia D(xl) =E [8m(m, Y, 9)/89/’1‘@] ’ Q(wl) = E[m($7 Y, H)m(.TU, Y, 0)/‘$1]

(a) For the first moment restriction my(z,y,0) = y — @ we have D(z;) = —1 and Q(x;) =
E [(y — a)?|z;] = o2z, therefore the optimal moment restriction is
E [y - O‘] —0.
L
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(b) For the moment function m(z,y, ) we have

-1 0 JQ:E? 0
)= (3 %) o= (75 e )

where p4(z) = E [(y — a)*|z] . The optimal weighting matrix is

0
A*(x;) = 02%2 2
i
R P g v
The optimal moment restriction is
Yi — @
E 7} = 0.

(yi — 04)2 - 02%2 2
KA

x
pug(;) — xjot

Part 2. (a) The GMM estimator is the solution of
I I ED W YOI
(2 (2 (2
The estimator for 02 can be drawn from the sample analog of the condition E [(y — a)Q] =o’E [932] :

5% = Z(yl —d)Q/Zx?.

(b) The GMM estimator is the solution of

Yi —
> X ~0
p (yi — @) — ‘323722 22
u(ws) —afo”

We have the same estimator for a:

&2 is the solution of

A2 52,2
St =0,
(@) —
where fiy(z;) is non-parametric estimator for py(z;) = E [(y — a)*|z;], for example, a nearest

neighbor or a series estimator.
Part 3. The general formula for the variance of the optimal estimator is

V= (B [D/(@)0) D))
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(a) Va=0%(E [:L'~_2])_1 . Use standard asymptotic techniques to find

El-o)]

~ )= — — (J

T EE)

1 -1 1
—2
py 0 o (B [2;7]) 0
Viaory = | B Z o = 7 -
7 0 — 0 E | 4
() — xtot py(zi) — x50

When we use the optimal instrument, our estimator is more efficient, therefore V;2 > V2.
Estimators of asymptotic variance can be found through sample analogs:

-1 -1

. 1 1 (y; — &)* 4

Vd:a-Q _Z_Q ’ V&QZTLM—&ZL, V&an ZAII;—@ML .
nee (X527) T (i) - z}6

Part 4. The normal distribution PML2 estimator is the solution of the following problem:

o n 1 (yi — a)?
= arg max { const — — log g2 — — — 5.
<U2) prza D ool { 2% o ZZ: 2x7

Solving gives

A2
N 4 Zyi Zl 52 12(%—&)
Z' .T% i 1’?7 PML2 n 1,2

3 (2

. . . _o1y—1
Since we have the same estimator for «, we have the same variance V; = o2 (E [a: 2]) . It can be

shown that
Ve =E [M(l‘i)} — ot

Z
€,
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12. EMPIRICAL LIKELIHOOD

12.1 Common mean

Part 1. We have the following moment function: m(z,y,0) = (y 9) The MEL estimator is the
solution of the following optimization problem.

Z log p; —max

pi,0

subject to

> pim(wi, i, 0) =0, sz—l
%

Let A be a Lagrange multiplier for the restriction ), pym(x;,v;,60) = 0, then the solution of the
problem satisfies

1 1

nl+ XNm(x;,y;,0)

0 = _ZlJr)\m(xz,yl, ) (:L‘iayiae)?

_ 1 am('rlvyhg) /
0 = Ezi:l—l—)\'m(x“yl, )( 06’ > A

In our case, A = (ﬁ;) and the system is
o 1
b= 1+)\1( i —0)+ Xa(y; — 0)’
1 -0
0 = —
Zl—!—)q( i —0) + Xa(ys —9)( 9>
—A1 — A9
0 = — .
214—)\1 —(9)—0—)\2(%—0)
The asymptotic distribution of the estimators is
5 d A1) 4
Jilba — 0) & N, V), ws(A ) 4 (o, 0),
2
where V = (Q’amQ;Z}nQam)_l, U=Qq.k Qmeavaam . In our case Qy,, = (j) and
2
mm = ( Tz U;”y ) , therefore
Ozy Oy

_ Ugaz—aiy U — 1 <1 —1>
054—03—209@’ 02 +02 =204 \ —1 1 '

Estimators for V and U based on consistent estimators for o2, 032/ and o,y can be constructed from

sample moments.
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Part 2. The last equation of the system gives A\ = —Ao = A, so we have

1 1 1 {L‘Z'—Q
P T N — ) Oﬁzl"‘/\(xi_yi)(yi_e).

%

The MEL estimator is

- o ZT; 1 - Yi 1
HMEL—Zm/Em—Zm/Em’

i i
where ) is the solution of
Z Tq — Yi -0
— 1+ X — ui)

Linearization with respect to A around 0 gives

pi=1—XNwzi—y), 0= %Z(l —)\(xi—yi))<zz:z>,

i
and helps to find an approximate but explicit solution

2ili—y) g 2= M i)z (L= AMw = i)y
> — i) i (1= A@i —wi)) 21— —w))

Observe that A is a normalized distance between the sample means of z’s and y’s, 0. is a weighted
sample mean. The weights are such that the weighted mean of z’s equals the weighted mean of
y’s. So, the moment restriction is satisfied in the sample. Moreover, the weight of observation ¢
depends on the distance between z; and y; and on how the signs of z; — y; and T — ¥ relate to
each other. If they have the same sign, then such observation says against the hypothesis that the
means are equal, thus the weight corresponding to this observation is relatively small. If they have
the opposite signs, such observation supports the hypothesis that means are equal, thus the weight
corresponding to this observation is relatively large.

A=

Part 3. The technique is the same as in the MEL problem. The Lagrangian is

L==> pilogpi+p (sz’ - 1) + XY pim(wi, i, 6).

The first-order conditions are

1 om(x;, yi, 0)
—Z(logp; + 1 Nm(zi,yi,0) =0, NS pZRE0YLT)
~(logpi +1) + 1+ X'm(xi, yi, 0) dr— oy

(2
The first equation together with the condition ), p; = 1 gives
X' m(zi,yi,0)

P S N miwid)

Also, we have
om Z;, ive '

The system for § and X that gives the ET estimator is

'mi(z;.y; Tz s 8m x“yl70 !/
0= ZeA @t (s, i, 0), 0 = ;e)\ (1.9:.0) (%) N

)
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In our simple case, this system is

| o (Ti—0 Oy
0= 3 PNl (f; - 0>’ 0= 30 MR (4 2

Here we have Ay = —Ay = A again. The ET estimator is

Do Zl xieA(xi_yi) _ EZ yieA(Ii_yi)
et > eMTi—yi) > eMzi—yi)

where A is the solution of

Z(xl _ yi)ek(fﬂi—yz‘) =0.

i

Note, that linearization of this system gives the same result as in MEL case.

Since ET estimators are asymptotically equivalent to MEL estimators (the proof of this fact is

trivial: the first-order Taylor expansion of the ET system gives the same result as that of the M
system), there is no need to calculate the asymptotic variances, they are the same as in part 1.

12.2 Kullback—Leibler Information Criterion

1. Minimization of )

nm;

KLIC(e:m) =E, [log %} = Z%log

7

is equivalent to maximization of ), logm; which gives the MEL estimator.

2. Minimization of

L T ' e
KLIC(m:e) =E, [log g} = % 7 log n
gives the ET estimator.

3. The knowledge of probabilities p; gives the following modification of MEL problem:
zi:pi 10g§—i —>I71rlll7§1 s.t. Zm =1, me(ziﬁ) = 0.

The solution of this problem satisfies the following system:
_ Pi
14+ Nm(xi,y:,0)

— Pi s
0= Z 1+ Xm(xi,yi,ﬁ)m(ajl’y“ )

T

i

Di om(zi,yi,0)\'
= A
0= 2 T N yi 6] ( o0

i

The knowledge of probabilities p; gives the following modification of ET problem

Uy .
;m log p_: —>E1il7(r91 s.t. Zm =1, me(zi,e) =0.
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The solution of this problem satisfies the following system

Nm(z;,y:,0)

= pie
i = N 0 0)
E:jpje m(z;,y;,0)

0= Zpie)\/m(xi’yiﬂ)m(xi) Yis 0)7
i

/m €Ti : 8m xi? 179 !
0= Zpie)‘ (w3,y1,0) <7(aely )> .

4. The problem

1 1/ .
KLIC(e: f) =E, [log ;} = ZZ: - log f(z:9) —min

is equivalent to

> log f(z;,0) —max,

which gives the Maximum Likelihood estimator.
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