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Abstract

We enhance the theory of asymptotic inference about predictive ability by con-
sidering the case when a set of variables used to construct predictions is sizable.
To this end, we consider an alternative asymptotic framework where the number of
predictors tends to infinity with the sample size, although more slowly. Depending
on the situation the asymptotic normal distribution of an average prediction crite-
rion either gains additional variance as in the few predictors case, or gains non-zero
bias which has no analogs in the few predictors case. By properly modifying con-
ventional test statistics it is possible to remove most size distortions when there are

many predictors, and improve test sizes even when there are few of them.
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1 Introduction

The theory of asymptotic inference about predictive ability (IPA) put forward in West
(1996), West and McCracken (1998, 2002), and other works, has proved to be useful in
asymptotically correct testing of various predictive qualities of models when forecasts are
regression-based and hence flawed by parameter estimation noise. In a nutshell, given that
the sizes of regression and prediction intervals asymptotically grow with the same rate,
this noise may (or may not) inflate the asymptotic variance of a t-test statistic based on
an average prediction criterion. The IPA theory, however, is developed for the case when
the dimensionality of regression parameters is asymptotically fixed in theory and small
in practice relative to the regression and prediction sample sizes. Sometimes, however,
researchers use large sets of predictors, each accompanied by an own unknown parameter.
In a recent survey, Stock and Watson (2006) mention macroeconomic studies that use
20, 30, 33, 43, 66, and even 135, 147, 215, or 447 predictors. As a result, the parameter
estimation noise may be less than that innocuous, and may asymptotically have a larger
impact on the asymptotic distribution of the statistic of interest than predicted by the
IPA theory.

In this paper, we take a close look at the situation when many predictors are used,
and determine how asymptotic distributions change and how test statistics have to be
modified. We develop an alternative “moderately many predictors” asymptotic frame-
work when the number of predictors is let go to infinity with the sample size, but more
slowly than proportionately. Indeed, as noted in Stock and Watson (2006, section 2),
equality of growth rates in the number of predictors and the sample size leads to fore-
casts being overwhelmed by estimation noise. Therefore, to keep testing meaningful, the
growth rate of number of predictors must be set at least smaller than the growth rate of
regression sample size, hence the qualifier “moderately many”.! We find the bounds for
the relative growth of number of predictors and regression and prediction sample sizes
when the asymptotic distribution does not change at all, or, alternatively, when testing

stays meaningful but the asymptotic distribution changes. In cases when the asymptotic

"'When there are “very many” predictors, dimension-reduction tools (e.g., Galbraith and Zinde-Walsh,

2006) seem more appropriate.



distribution does change, we compute the changes and provide the ways to suitably mod-
ify the test statistic so that it has correct asymptotic size. The asymptotic framework we
consider is similar to one used in the recent literature on estimation with many instru-
ments or many moment conditions considered by various authors, e.g., Bekker (1994),
Koenker and Machado (1999), Newey and Windmeijer (2005), Chao and Swanson (2005),
Stock and Yogo (2005), and others.

To have a quick preview of asymptotic results, let us denote by R the length of the
regression sample, by P the length of the prediction sample, by m the number of predic-
tors. Asymptotically, R, P and m all diverge to infinity, and the growth of m is restricted
by a condition such as m"/R — 0 for k equaling 2 or 3, reflecting the “moderately many
predictors” paradigm.? It turns out that the average prediction criterion exhibits qual-
itatively different asymptotic behavior depending on whether the expected derivative of
the tested criterion with respect to parameters (the “expected score”) is zero or non-zero.
As a result, this factor determines the direction in which asymptotic distributions change
and test statistics should be modified.

When the expected score is zero (which includes, in particular, an empirically interest-
ing case of mean squared prediction errors from a regression; e.g., Diebold and Mariano,
1995), the original IPA theory predicts no change in the asymptotic distribution, and
no correction of test statistics is required. In our asymptotic framework, with Pm?/R?
converging to a finite positive constant, the asymptotic normal distribution stays normal
with the same variance, but gains a deterministic bias. This phenomenon has no analogs
in the original IPA theory. It is easy to correct for the asymptotic bias by subtracting its
empirical analog to have asymptotically correct inference. In practice, this bias correction
removes an overwhelming portion of size distortions.

When the expected score is non-zero (which includes, in particular, the case of mean
squared prediction errors when regressors are endogenous), the original IPA theory pre-
dicts no change in asymptotics in case P/R — 0, and inflation of asymptotic variance in

case P and R grow at the same rate; in the latter case estimation of the inflated variance

2Koenker (1988) estimates that the number of predictors used in the (cross-sectional) wage determi-
nation literature is related to the sample size approximately as m ~ R/* which satisfies the requirement

of “moderately many predictors”.



constitutes the necessary adjustment. In our asymptotic framework, with Pm/R converg-
ing to a finite positive constant, there is an analogous phenomenon that the asymptotic
variance increases, although formally the asymptotics is different. Moreover, the variance
adjustment may be done in the same way that the original IPA theory prescribes, pro-
vided that a researcher exercises care in balancing the values of P and R in face of large
m. In a way, R is rescaled by division by m, and the rescaled regression sample size R/m
is balanced against P.

We illustrate our proposed framework with an application to determination of housing
starts in the US. We consider a variety of structural models with a sizable number of
predictors on the one hand, and a simple autoregression with a small number of lags
as predictors on the other hand. We test the hypotheses of forecast unbiasedness and
perform comparison of models on the basis of out-of-sample prediction errors using both
the original IPA theory and our many predictor modification. The results indicate that
sometimes the two theories yield different inference outcomes.

In order to concentrate on effects caused by numerosity of predictors, we assume that
the estimated model is linear and the hypothesis of interest contains one restriction, and
consider a “fixed scheme” of obtaining parameter estimates when the regression is run
once on the regression sample. Some remarks on notation used now follow. For any square
matrix B, denote by \; (B) its i*" eigenvalue, and by A (B) and A (B) its minimal and
maximal eigenvalues; |/_\ (B)} is understood as an absolute value of a maximal in absolute

value eigenvalue of B. For any matrix A define its minimal and maximal singular values

as o(A) = \/A(A'A) and G(A) = /A (A’A). Unless otherwise noted, we work with the
notion of spectral matrix norm ||A|| = 5(A) induced by the Euclidean vector norm.?
Next, tr (A) denoted the rank of A, and ¢, is an m-vector of ones. Finally, ¢ and C are
generic constants that do not depend on m and R. “MN” and “GV” are abbreviations

for Magnus and Neudecker (1988) and Golub and Van Loan (1996), respectively.

The paper is structured as follows. In section 2 the setup is presented, and assumptions

3We use the spectral norm in place of the more widely used Frobenius norm ||A[, = \/tr (A’A)
because it is more convenient to use in the context of asymptotically expanding matrices, and because it

is more directly linked to eigenvalues.



are discussed. In section 3 we tackle the case of zero expected score. In section 4, we
handle the case when some of elements of the expected score vector are not zeros. Section

5 contains an illustrative empirical application. We conclude in section 6.

2 Setup and asymptotic framework

Suppose we are interested in testing a null hypothesis about F[f;], where f; is some
criterion of prediction quality, depending on prediction errors w;, u;y1, -+ , Ugrr_1, Where
7 is the prediction horizon. Because the prediction errors are unobservable, they are

estimated from a parametric model. Let the estimated model be linear:

Y = T30 + uy,

where z; and 3 € B C R™ are m x 1. The wu; is an error which has mean zero conditional
on z;, the vector of instrumental variables (most often, z; = ;). For simplicity, we use
the fixed scheme is generating predictions, i.e. 3 is estimated once using the “regression
sample” t=1,--- | R.

Let the dimensionality of z; be m, which trivially holds when z; is exogenous and OLS
is used. When there is endogeneity, equality of dimensionality of x; and z; is a restriction
made for reducing algebra; the underlying motivating scenario is that for endogenous
right side variables (of which there may be many) a researcher (desperately) searches for

a minimally necessary number of extraneous instruments.* Hence, 3 is estimated as

) R -1 R
p= (Z Ztl";) Z ZtYt-
t=1 =1

This estimate is used in making estimates of prediction errors u; = y; — :L';B for the
“prediction sample” t = R+ 1,--- , R+ P, which are converted into values of a forecast
criterion of interest ft, t=R+1,---,R+ P (the total number of observations is larger

than R+ P because 7 > 0 and z; and/or z; may include lags of y;). These values are then

4The case of overidentification and 2SLS estimation does not provide new insights. The instrument

E 2,2 E[22)] " 2 implied by 2SLS replaces the original overidentifying instrument z.



collected into the average criterion

— q BP
f= J2) Z ft.
t=R+1

This average is used to test the hypothesis about the value of E f by constructing a t test
statistic from the difference ?— Ef. Note that for simplicity we treat the case of a scalar
criterion; vector criteria may well be allowed at the expense of more complicated proofs
with no new insights.

We consider the asymptotic framework where both P and R tend to infinity, possibly
with different rates, and simultaneously m — oo, with a smaller rate than R — oo, i.e.
m = o(R), which we name the “moderately many predictors” framework. The relative
growth rates will be discussed later more precisely. In practical applications, it is hoped
that the modified tests will be advantageous even when m is rather small.

We make the following assumptions about properties of the data.
Assumption 1 For some v > 1,

(i) the sequence {(xy, z,us)} is strictly stationary and strongly mixing with mizing co-

efficients «; satisfying > i, iag_l/y < C,
(ZZ) E [U?V] < C, maxlSiSmE [Ztg’lzj] < O, maxlSiSmE [ZE;{Z] < C,
(m) E [Ut‘zt; Ut—1y Z¢—1, Ug—2, " * ] =0.
While assumptions 1(i,ii) are pretty standard, the martingale difference structure im-
posed in assumption 1(iii) seems necessary in the framework with growing m.’> Assump-
tion 1(iii) concerns the serial correlation properties of the error term in the predictive

regression, and not those of the prediction criterion f; which may well be serially corre-

lated. Introduce the familiar quantities

sz = E[Ztl‘:f]a

Vi = wvar |z,

5We conjecture that if the prediction error is serially corelated of finite order, the results in the paper

are valid after obvious corrections, particularly in the definition of V., below.



assuming that these objects exist and are finite, and
S = Qu Vel

Note that we do not impose conditional homoskedasticity. In conditional homoskedasticity

does take place, moment assumptions in 1(ii) may be relaxed.

Assumption 2 For some ¢ and C,

(i) ¢ < 0 (Q.r) and 7 (Q.y) < C,
(i) A(Vo) < C.

The first condition of assumption 2(i) says that all incoming instruments are relevant
for incoming predictors so that the inverse of the matrix of their cross-products is uni-
formly separated from zero.® The second condition precludes trends in predictors and/or
instruments as m grows; if instruments are the same as predictors, this is equivalent to the
condition \ (E [z;2}]) < C. Assumption 2(ii) imposes a similar restriction on the variance

of zyuy.

Assumption 3 The criterion f; is a Borel measurable function of b, x; and y; for all
b € B and continuously differentiable in b as many times as needed for all b € B and for

all x; and y; in their support.

Assumptions on moments of various derivatives of f; will be imposed later. Now define

the “expected score”

Qof =FE [%] :

9B

and also introduce

Oy — E{ 0% f ],

0B03
1 R+P 400
Vi = 1 = = y Jt—k]| >

6This precludes use of weak instruments in the sense of asymptotically zero correlation between some
of instruments and some of predictors. However, this has nothing to do with the strength of predictors

which is allowed to be weak in the sense that the R? of the predictive regression may be small.



assuming that these objects exist and are finite. Note that the latter two are symmetric
by construction.

Given the fixed scheme, the original IPA theory concludes that the additional error
resulting from the estimation step asymptotically leads or does not lead to an increase of

asymptotic variance:
VP(f = Ef) % N (0,V; +7Q%;55Qor) » (1)

where 7 = limpr_.oc P/R. The phenomenon of “asymptotic irrelevance” (West, 1996)
occurs when the additional variance equals zero, which is possible either when © = 0,
or Qo = 0. The former case means that the researcher sets the prediction interval to
be a negligible part of the whole sample, although still to a large number (as formally
P — o0). The latter condition is a property of the problem at hand. Below, when we take
m to grow asymptotically, whether this condition is satisfied or not will result in different
asymptotic distributions both differing from N (0, V). In the original IPA framework,
when there is no asymptotic irrelevance, a t-statistic for testing the null can be properly
constructed as _
VP (f-Ef)
O \/Vf + (P/R) Q'afiﬁéaf7

where Qaf and ZA]g are consistent (e.g., analog) estimators of (Qg; and ¥g. The t-statistic

t

to is asymptotically N (0,1) under the null.
Within our “moderately many predictors” asymptotic framework, the asymptotics

will be markedly different depending on whether Qs = 0 or Qa5 # 0.

3 Problem with zero expected score

In this section we consider such problems where the expected score is zero:

Qaf =0.

The leading example is the mean squared prediction error (MSPE) criterion f; = u?
when right side variables are exogenous. In this case Qg = —2F [uzzy] = 0. Arguably

the most interesting application of this criterion is testing for equal forecasting accuracy



in the style of Diebold and Mariano (1995). The latter test will be considered at some
length in empirical section 5. Using the mean quartic prediction error criterion f; = u}
with exogenous right side variables and conditionally symmetric errors so that Qs =
—4F [ulx;] = 0 also fits this framework.

Define the matrix

R+P +o00
. 1 Of: |:8ft aft—k:|
Vor = lim var | — E —| = E cov | =, ,
B [fP aﬂ] k 95" 08

Assumption 4 In addition to Qpy = 0, the derivatives of f, satisfy:

=—00

(1) Qozs is such that ||Qezs|| < C,

(ii) for some stationary series d; with finite E [d2], ||0? f; /0308  — 0% f;/0B803'|| < /md;
x ||8* = B|| for all 5" € B,

(iii) HQ32 = Qoey ‘ is O, (m/ﬁ) L where Qpep = PSSR 92,1980,

(iv) maxi<i<m F [(th/@ﬁi)zu} < C for v of assumption 1,
(1)) A (Vaf) <C.

The importance of assumption 4(i) will be discussed shortly. This requirement usually
(as in the examples above) reduces to an analogous condition placed on the variance of z,
xuy, or the like, and essentially restricts predictors to be uniformly bounded in variance.

The conditions in assumptions 4(ii, iii, iv, v) are technical.

Define

t Y

o) = lim r Qo)
m—0o0 m
assuming that the limit exists. Note that
tr (QozsEp)l 12050 Ai (Qo2rEs))

m m

< M (Qo2rEs)|

< [ M(Qazp)| A () < o0,

because the trace of a square matrix equals a sum of its eigenvalues (MN, thm.17, p.19),
and by assumption 4(i) and Lemma 2(c). Therefore, the expression under the limit sign

in 1, is uniformly bounded.



We start from the following important observation that sets the relative rate of diver-

gence of P, R and m. This result follows from the proof of Theorem 1 below.

Proposition 1 Suppose that P — oo, R — oo, m — oo, and ¢, # 0. (a) If Pm*/R* —
00, then in \/ﬁ(? — Ef) the estimation error noise asymptotically dominates the signal
from P(f — Ef). (b) If Pm?/R? — 0, then \/ﬁ(? — Ef) has the same distribution as

if there is no estimation error noise.

Thus, for an emerging test to be asymptotically meaningful and non-trivial and the
asymptotic results to provide a better approximation, Pm?/R? has to converge to a non-

zero constant. Hence, we make the following assumption.

Assumption 5 As P — 0o, R — o0 and m — oo, we have

Pm?
R

— >0

and

m2
— — 0.

R

Because of the second condition in Assumption 5, P has to grow faster than R,
which means that the prediction sample should be significantly bigger than the regression
sample, and the number of predictors, albeit large, should be small relative to the these
sizes. For example, we may have P oc R'™ and m? oc R'~? for some 0 < § < 1 so that

asymptotically Pm?/R? = const # 0.

Theorem 1 Under the asymptotics of assumption 5 and conditions of assumptions 2, 3
and 4,
7 d VI
VP(f — Ef) ﬁN( wl,vf)

2
As follows from this result, the presence of many predictors induces bias provided that

1, # 0. This asymptotic bias appears from the second order term in the Taylor expansion

of the average prediction criterion around the true value of the parameter (recall that the

10



original IPA theory utilizes the first order Taylor expansion), while the first order term is

asymptotically negligible:

Forr o+ S )+ L-n) 5N 2 (5-)

= P ik 050
—— \ ~ N - py
relevant estimation noise estimation noise
uncertainty negligible term leading term
(contributes V) (contributes nothing) (contributes /{111, /2)

In the original IPA theory, the second order term would yield a second-order bias which
is bound to be a higher order asymptotic phenomenon. In our asymptotic framework,
thanks to multiplicity of predictors, this term is of the same order as the zeroth order,
“relevant noise”, term.

Note that the asymptotic bias is necessarily positive or negative if f; is convex or
concave in parameters’ (as in the case of MSPE), and zero if f; is linear in parameters.

Technically, this is because (using a Choleski decomposition of the positive definite ¥3)

m

tr (Qo2pNs) = tr (Qo2pAN) = tr (N QpepA) = ) ejA'QpepAe; 2 0.

=1

Remark. Note that v, and thus the asymptotic bias, may be zero even when Qg2 # 0

(of course, it is zero when Qg2 = 0). This may happen if the rank of Qs2; grows slowlier

than m, so that

lim 1200 A (QazsEs)]

|7»/11| - ot m
_ k by
< [(Quys)| Jim S
1k (Qoz)

< A (Qazp)| A (B5) lim

m—oo m

= 0,

where it is used that the number of non-zero eigenvalues does not exceed the rank (MN,

thm.18, p.19), and that rk (AB) = rk (A) if B is square of full rank (MN, eqn.5, p.8).

"This is often the case because the criterion f; is used not only for prediction evaluation, but also for

parameter estimation in the same problem, and is concave or convex for the latter reason.

11



Remark. Note that it is important to have eigenvalues of Q52 uniformly bounded from
above. If this was not the case, contrary to assumption 4(i), the additional bias might be
stochastic. For instance, if Qg2 = ), With A (Qgzs) = m, we will have asymptotically

the stochastic bias having the same mean:

My EDY lm
X%l)_\/z lim —m=Bm

m— oo m

(cf. Lemma 8(a)). This scenario is, however, unrealistic; in examples at the beginning
of this section Q2 is proportional to the (positive definite) mean squared error matrix
of some variable like x; or x;u;, in which case assumption 4(i) amounts to the require-
ment that the latter matrix have uniformly bounded eigenvalues (which may be already

guaranteed by assumption 2 if z; = x).

The asymptotic result of Theorem 1 suggests that the test statistic can be constructed
by proper recentering and scaling the usual criterion. Let Vf and 1;1 be usual analog
estimators for V; and {bl, then one may use the t statistic

—= m -~
VP (- Bf = S5ih)
t = 2R

~

Vi

Theorem 2 Under the asymptotics of assumption 5,
d
t, — N (O, ].) .

Note that if @Z}l is constructed using sample analogs Qaz 5 and 25 of Qa2¢ and Xg, the
numerator of ¢; can be rewritten as v/P (? — Ef) , Where f = f—tr (Qasz]5> /2R is the
original estimated criterion adjusted for the bias caused by estimation of a large number
of parameters.

Next we look at an example where we can observe actual distributions, and rejection
frequencies in particular, of original and modified test statistics. In this and subsequent
examples we set some of unknown population quantities at their actual values rather
than estimate from a sample, in order to isolate size distortions associated with a large
number of predictors. Thus, in a full sense these are not Monte—Carlo experiments. The

computations are performed from 100,000 simulations.

12



Example. Consider the MSPE criterion f; = u? from the linear regression y; = x}3+ u;

2

Let for simplicity z; ~ N (0,1,). Then Qo = 0, Vy = 200, Qoep = 21, X5 = 021,

’l/Jl = 20’1217 S0

with conditionally homoskedastic normal disturbance having variance o7, so z; = ;.

— 204
A2_1,f‘, m 2 U
U N(RU”’P)7

and

tlz R

The additional bias term induced by multiplicity of predictors is able to seriously
distort inference. For example, when the square of the t-statistic is used for two-sided
testing, neglecting multiplicity of predictors by using standard normal instead of the
biased asymptotic distribution leads to a shift in the concentration point from the value
1 by A = Pm?/(2R?) — su,.

We set 3 = ot,,, where o is set so that R? = 50% (identical figures result for other
values of R2. This indicates that the theory does not depend of whether the predictors are
weak or strong). The following table presents actual rejection rates based on the nominal
rate of 5%. We in addition report py, m?/R, and the concentration point shift A. The
accompanying graph presents the distributions of ¢y and t; for the case R = P = 200 and
m = 16. The positive bias in t; is apparent from the figure, as well as its absence in t;

and approximately normal shapes of the distributions.

13



m o, m:R Al A S S 7 t7
R=P =200

2 002 002 001 545 529 3.67 466 697 5.81

4 008 008 004 635 570 297 482 871 6.22

8 032 032 016 874 655 1.99 519 1259 6.89

16 1.28 128 0.64 1696 836 080 584 24.03 872

32 512 512 256 46.80 13.83 0.11 570 56.47 15.33
R =300, P =100

8 007 021 004 618 559 275 456 866 6.44

16 028 085 0.14 846 6.50 1.86 5.00 12.32 7.05

32 1.14 341 057 1646 840 0.74 544 2316 9.25
R =100, P = 300

4 048 016 024 1063 749 1.86 563 1513 7.65

8 1.92 064 096 2282 1079 0.70 6.79 30.52 10.60

16 7.68 256 3.84 57.84 19.18 0.08 7.46 66.31 19.35

0.00 0.04 0.08 0.12 0.16 0.20 0.24 0.28 0.32 0.36
T T T T T T T T T T T T T T T T T

Figure 1: Densities of unadjusted and adjusted t-statistics

From the first panel of the table one can see that the unadjusted test statistic exhibits

14



large size distortions, especially for one-sided tests,® most of which can be removed by
removing the asymptotic bias. The asymptotic theory gives good approximations when
m? /R is small, say for m = 16 and smaller when P = R = 200, and worse approximations
when m?/ R is big as in the case m = 16 when R = 100 and P = 300, although it is this case
when adjusting for the bias gives the maximal improvement in actual rejection frequencies
as A is largest. The other two panels of the table present some evidence when P differs
from R significantly. Some tendencies are similar, while the quality of approximations
is better when R > P than when R < P, which may seem in contradiction with the
asymptotic presumption that P grows faster than R. The explanation is that one should
in fact compare lines with comparable levels of y; rather than with the same values of m.
For example, in the last line p; > 7 which is of a similar magnitude as m = 16, although
asymptotically m tends to infinity while u, stays fixed. Again, in this case adjusting for
the bias gives great improvement in actual rejection frequencies because A is very large.
Note also that often rejection frequencies improve as a result of bias adjustment even in
case m is small, like 2 and 4, when no researcher thinks about such asymptotic effects.
To summarize, even though the bias-corrected t; still exhibits some overrejection, size
distortions are much smaller than those displayed by ty. For the degree of overrejection,
the values of P/R and m?/R are not as critical as values of y; which should not be large
(larger than 2, say) for this degree to be moderate. However, the value P/R seems to be
most critical for size improvement: the improvement is more impressive the bigger P/R

is, other things equal.

4 Problem with non-zero expected score

Now we consider a problem that has non-zero “expected score”

Qos # 0.

The leading example is the mean prediction error (MPE) criterion f; = u; when (some

of) regressors are not centered, in which case Qgs = —FE [z]. This choice corresponds to

8In their simulations, West (1996) and West and McCracken (1998, 2002) study the behavior of only

squared t-statistics, and therefore, only two-sided tests.
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the empirically interesting test of forecast unbiasedness, which will be considered at some
length in empirical section 5. Other examples are the MSPE criterion f; = u? when z; is
endogenous in which case Qpf = —2F [u,24] , and mean linear-exponential prediction error
criterion f; = exp (au;) — au, — 1, @ # 0, in which case Qor = —aE [(exp (quy) — 1) ¢ .

Let us denote by m the number of non-zero elements in Qy¢. In the MPE example
above, m is the dimension of x;, while m is the number of non-centered variables in z;.
In the MSPE example, m is the dimension of x;, while m is the number of endogenous
variables in z;. Of course, 1 < m < m. We are most interested in the case where m — oo
asymptotically, because the case of fixed m is very close to the original IPA theory even

when m — oo.
Assumption 6 The derivatives of f, satisfy:

(i) Qoy is such that cv/'m < ||Qayll < OV,

(ii) for some stationary series d; with finite E [d?], ||0f; /08 — 0f,/908|| < v/md, ||3" — p||
for all 3* € B,

(ii) | Qas — Qo5

is O, (m/@) , where Qaf — p-1 Zi}il af/0p.

Assumption 6(i) reflects the previous discussion that when Qs # 0, its “volume” (i.e.

the effective number of non-zero elements) asymptotically grows at rate /m (at which,

Define
Yy = lim —QlafEﬁQaf

h—00 m

assuming that the limit exists. Note that by construction ¢, > 0, and that

/ 2 B 2
‘Qaf OBQaf <3 (%) ||Q<2f|| oo,
m m

so the expression under the limit sign in v, is uniformly bounded.

Remark. Most likely, 1, is positive because of scaling by m instead of m, but still may be
zero because of a special structure of ¥ 5. Consider the case when z; = x¢ ~ N (i, I,,,) and

uy is independent of zy, then Elx,x}] = Ly, + tmth,, X o Elxz}] ™ = Ly — tmil,/ (m+ 1),

16



and if Qay o E[24] = Ly, then mm = m and Q}XsQoa5 o 13, (I — tmty,/ (M +1)) b =
m/ (m+ 1), s0 ¢, = 0. Here A (E5) = 1 and ||Qay|| = v/m, but the structure of X5 makes
1, zero. Interestingly, this phenomenon is relevant to the case of MPE and corresponingly

testing for forecast unbiasedness; see also section 5.

We start from the following important observation that sets the relative rate of diver-

gence of P, R and m. This result follows from the proof of Theorem 3 below.

Proposition 2 Suppose that P — oo, R — 00, m — 00, and 1y # 0. (a) If Pm/R — oo,
then in \/ﬁ(? — Ef) the estimation error noise asymptotically dominates the signal from
VP(f — Ef). (b) If Pra/R — 0, then \/ﬁ(? — Ef) has the same distribution as if there

15 no estimation error noise.

Thus, for an emerging test to be asymptotically meaningful and non-trivial and the
asymptotic results to provide a better approximation, Pm/R has to converge to a non-
zero constant. Intuitively, to have a balance between the uncertainty in mean criterion
and the estimation noise, the regression sample must be much larger than the prediction

sample. The balance is achieved when the following assumption holds.

Assumption 7 As P — oo, R — oo and m — oo, we have

and

Because of the first condition in Assumption 7, R has to grow faster than P (note
that the relation between relative growth rates of P and R is opposite to the case of
zero expected score), i.e. the regression sample should significantly exceed the prediction
sample compensating for the numerosity of parameters to be estimated, and the number of
predictors, albeit large, should be quite small relative to these sizes. For example, we may
have P o« R'° and 1 = m o R’ for some 0 < 6 < 3 so that eventually Prn/R = const,
the case 0 = 0 representing the original IPA.

As in West (1996) and West and McCracken (2002), the estimation error noise inflates

the asymptotic variance.
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Theorem 3 Under the asymptotics of assumption 7
7 d
VP(f = Ef) 5 N (0,Vy + py).

The additional asymptotic bias appears from the first term in the Taylor expansion of
the average prediction criterion around the true value of the parameter, as in the original

IPA theory:

Forr v S gy L(a-0) 5S 2 (5 5)

P £, 05 P 5 9505
—— A ~~ A ~~
relevant estimation noise estimation noise
uncertainty leading term negligible term
(contributes V) (contributes fi51,) (contributes nothing)

Let now Vf and 1, be usual analog estimators for V; and v,, then one may use the t

statistic

VP(f - Ef)

tl = — .
Vi + (Pri/R)

Theorem 4 Under the asymptotics of assumption 7,
d
t, — N (O, 1) .

Suppose Qaf and 2[3 are constructed as consistent sample analogs of Qg9 and g

From a practical perspective, one can construct a t statistic

VPGB
\/Vf + (p/R)Qbfiﬁéaf

t

as m cancels out. Note now that t; is exactly the t-statistic that would be constructed
by a researcher following West (1996) and West and McCracken (2002) relying on the
asymptotics with 7 = limp r_,o(P/R) # 0 (cf. (1)).

We can conclude that our adjustment is equivalent to that suggested by original IPA
theory. Thus, a practitioner is welcome to use the original IPA theory when Qp; # 0

despite the multiplicity of predictors, provided that care is exercised in that (a) Pm/R
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should not be allowed to be too large, and (b) even though P/R may be tiny, variance
adjustment still should be performed as Pm/R may be large.

The equivalence of modifications prescribed by the original IPA theory and by our
asymptotic framework in case QQpy # 0 can be interpreted in the following way. According
to the original IPA theory, asymptotic variance inflates when P and R grow at the same
rate and m is constant, implying in particular that P and R/m grow at the same rate.
In our asymptotic framework, even though m increases, P and R/m still grow at the
same rate (see Assumption 7). That is, in all circumstances it is the balance of growth
rates of P and R/m that matters asymptotically. In a way, the ratio R/m measures the
degree of parameter estimation uncertainty, and higher numerosity of predictors should
be compensated by a proportionately larger regression sample used to form parameter

estimates.

Example. Consider the MSPE criterion f; = u? from the linear model y; = z}8 + u;
with conditionally homoskedastic normal disturbance having variance o2 and endogenous
regressors

Y
Ty = — Ul + 2,
Oy

where z; is mx 1 vector of instruments independent of u;, and for simplicity z; ~ N (0, I,,,) .
Then Qor = =270 ylm, i =m, Vy =203, Xg = 021, ¥y = 4y%0L, s0

4
u

w2 —1 QN(O, 2; (1+2u272)> ,

and
a2 —1
ty = —=—=—,
\/2/Po?
oo -1
' V2/P+4(m/R)0?

In the first experiment we demonstrate that comparably long regression and prediction
intervals leads to testing failure when there are many predictors. We set R = P = 200
so that m = 1, 8 = pt,,, with the value of ¢ from the example on page 13, and v = 0.5.
The following table shows rejection frequencies (RF) at the 5% nominal size using the

t-statistic ¢.
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N
2 2 596 247 813
4 4 695 167 9.8
8§ 8 919 0.78 1251
16 16 1277 0.16 16.45
32 32 19.73 0.00 23.73

One can see that both the two-sided and especially one-sided RF differ appreciably
from the nominal levels even when m = 8, with severe underrejection at the left tail and
severe overrejection at the right tail.” The reason is that pu, which is supposed to stay
fixed asymptotically is too large and comparable (equal in this design) to m which is
supposed to grow asymptotically.

In the next experiment, we set R = 2000, P = 100 so that 7 = 0.05, 3 = ot,, with
the value of o from the example on page 13, and v = 0.5. Here, the prediction sample
size is negligible relative to the regression sample size (7 = 0.05), and for that reason
a researcher may decide to use the conventional unadjusted t-statistic tq. Alternatively,
a researcher may adjust for the extra variance and use t;. The following table presents

actual rejection rates based on the nominal rate of 5%.

P O

02 6.14 508 473 380 696 6.12
04 711 5.01 498 341 803 6.31
16 0.8 10.06 5.60 5.84 289 10.76 7.37
32 1.6 1496 6.17 7.40 223 1498 8.61

m
2 01 534 479 418 384 6.26 5.85
4
8

One can see that while the variance adjustment for estimation error noise does not
change the situation significantly when m is small, it does make good for the actual

rejection frequencies, especially two- and right-sided, when there are many predictors.

9Note that there are problems with one-sided testing even when m is tiny. See footnote 8.
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The left-sided tests, however, turn from being oversized to being undersized for large m,
which is a sort of undershooting phenomenon. This is, however, a purely finite sample
issue: values 32 and 16 and even 8 for m are not very much smaller that the value 100 of P.
In experiments where P gets larger and larger, the left-sided rejection frequency straighten
out eventually. The following graph presents the distributions of ¢y and ¢; when m = 16.
Apparently, variance adjustment is necessary when there are many predictors because .

is appreciable even though 7 is negligible.

----t0
t1

0.00 0.04 0.08 0.12 0.16 0.20 0.24 0.28 0.32 0.36 0.40

[

[ RY
|

N
|

o

N

(o]

Figure 2: Densities of unadjusted and adjusted t-statistics

5 Application

To illustrate, we compare two models for determination of housing starts in the US using
the dataset from Galbraith and Zinde-Walsh (2006) originaly drawn from the St. Louis
Federal Reserve Bank FRED database.'® All data are monthly dated from Jan 69 to Mar
04, seasonally adjusted, used in the first differences form, and contain 421 observations
in the raw form. The dependent variable is the first difference of housing starts (private

including farm, in $min).

10T thank John Galbraith for sharing this dataset with me.
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Model 1 is a pure autoregressive model of order 2 having m = 3 parameters, with
R? = 9.3% and R? = 8.9%. Model 2 is structural, with the predictors (presumed exoge-
nous) representing various sectors of the US economy: national accounts, consumption,
real output, wholesale, retail & inventories, money and credit aggregates, price indexes,
employment, average hourly earnings, stock market, exchange rates, and interest rates.
The sets of predictors are found using the general-to-specific methodology by removing
regressors (apart from the constant term) having t-ratios smaller than 1.00, 1.50, or 2.00
(hence 3 sets of predictors) from the full sample regression estimated by OLS™. When
the t-ratio threshold is 1.00, the selection procedure resulted in m = 24 predictors, with
R? =22.3% and R? = 17.8%. When the t-ratio threshold is 1.50, the selection procedure
resulted in m = 16 predictors, with R* = 19.7% and R? = 16.8%. When the t-ratio
threshold is 2.00, the selection procedure resulted in m = 12 predictors, with R? = 17.5%
and R? = 15.3%. These values of m may well be qualified as “moderately many” relative
to the given sample size. Note that the criteria based on the in-sample fit would prefer
the structural model with 24 predictors.

The first battery of tests verifies the hypothesis of unbiased one-step-ahead prediction,
where the null is Hy : E[u;] = 0. The expected score is Qpr = —FE [24], and all elements
of QQpy are non-zero, hence the results of section 4 apply, with 7 = m. The uncorrected
t-statistic equals

VP

tOZ )

712

where @ is an average of prediction errors over the prediction sample, and 42 is an average
of squared regression erros over the regression sample.

It is straightforward to derive using partioned matrix algebra and the fact of the
presence of the constant term that ngEgQaf = 02 (a similar relationship also holds at
the polulation level, i.e. ngigc?af = 42 with Qo; = —7, X = @2(xa’)~"). Then the

variance-corrected t-statistic equals

VP to

tlz =

J@a+pr) VItP/R

We do not view this procedure as a rigorous tool of model selection, but rather use it as an appealing

in practice algorithm in order to end up with several “structural” models.

22



Interestingly, in this class of problems the value of m does not affect inference. This is
because 1, = lim (6?/m) = 0, and the results of section 4 hold trivially. Recall that
Assumption 7 requires P/R — 0, so under it t, and t; are asymptotically equivalent.
However, in the original IPA theory framework P/R — m, and if w # 0, the statistic ¢; is
asymptotically correct while the statistic ¢, is not.

The following tables contains the results for P/R = %, %, 1, 3 and 9 (smaller or larger
values of P/R are hardly justifiable given the sample size). The slight difference in values
of R and P across the models is due to a different number of lags employed. All inference

conclusions are made at the 5% significance level.

R P P/R t t
376 42 ~1 093 089
313 105 ~1 090 0.78

209 209 1 —-0.03 —-0.02
104 314 =3 —-086 —0.44
42 376 =9 =510 -1.67

(A) Autoregressive model

m =24 m = 16 m =12
R P P/R i t to t to t
378 42 = % —-0.66 —0.63  0.52 0.49 0.32 0.31
315 1056 = % —2.01 —-1.74 0.16 0.14 0.09 0.08

210 210 1 -236 -1.67 -113 -080 —-1.83 —1.29
105 315 —-2.67 —-134 -189 —-095 —-0.93 —-0.46
42 378 =9 457 —-146 —-14.27 —-456 -10.61 —-3.39

Q

(B) Structural model
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We classify the values %, %, 1, 3 for P/R as compatible with the original IPA theory

(where P/R — m < oo, possibly m = 0), the value é compatible with our asymptotic
framework (where P/R — 0, Pm/R — py, < 00, uy # 0), and the value 9 incompatible
with both.

For the autoregressive model with few predictors, the values of ¢; indicate that the
data support that the model generates unbiased forecasts, and this conclusion is consistent
across combinations of R and P. It can also be seen that the use of {5 may lead to the
wrongful rejection of the unbiasedness hypothesis when P/R is large (line 5) because of
a big estimation noise unaccounted for.

For the structural model with many predictors, in lines 1-4 compatible with the
original IPA theory, the variance-adjusted statistic ¢; leads to the acceptance of the null,
while the unadjusted statistic fy may reject it for a variety of combinations of P and
R when m = 24. In line 1 compatible with our framework both statistics agree on the
outcome for all three sets of predictors. Note that in line 5 incompatible with both
frameworks even the adjusted statistic t; may lead to a wrong outcome.

The second battery of tests verifies the hypothesis of equal accuracy of one-step-
ahead prediction across the models (Diebold and Mariano, 1995), where the null is Hj :
E [u%,t - u%t} = 0. Here u2, is the one-step-ahead prediction error from model s (s = 1,2),
and let us also denote by x5, ms and 3, the predictors, their number, and the parameters
from model s. The full parameter vector is 8 = (3], ﬁ;)/, and the expected score is

Qor = 2F [(uuxu, —u27tx27t)'} = 0, hence the results of section 3 apply. The uncorrected

t-statistic equals

/D72 2
Uy — Uy
N )
YAUNY:
2

where 4, are estimated prediction errors from model s, 4?2 — 43 is an average of the

to =

difference of their squares over the prediction sample, and Vay2 is the HAC esimate of
the variance of u%,t — u%,t. This statistic is simply computed as a Newey—West corrected
t-ratio from a regression of 43 — 4} on a constant.

Now observe that Qs2; is block-diaginal with blocks equalling —2F [9517,593’17,5] and

2E [x24a%,] , and the diagonal blocks of X3 equal o} E [xl,tx’l’t}_l and oiF [a:Q,t:c’Q’t}_l,
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thus tr (Qp2Xs) = 2 (03mg — 03my) , and the finite-sample version of 1, is ¢, = 2(Zmg —

a2my)/ (my +my) . If by coincidence o2my = o2my, then lim,,_ ¢, = 0, and no bias

correction is needed. Bias correction is obviously needed in our case when one of the
two models (model 1) contains few predictors, and the other (model 2) contains many
predictors, in which case the appropriate asymptotics is m; = const, my — 00 so that
lim,,, o0 {Dl = 203 # (. The bias-corrected t-statistic equals

VP (ug . EM)

t, = ,  where Z;Auz =
\/ Va2

The statistic t; is simply computed as a Newey—West corrected t-ratio from a regression

ﬂ%mg — ﬂ%ml

R

of 43 — 13 — ba,2 on a constant.

The following tables contains the results for P/R ~ é, %, 1, 3 and 9. All inference

conclusions are made at the 5% significance level. We in addition report values of Pm?/R?.

mo = 24 me = 16 me = 12
R P P/R Pm*/R* t, t Pm?*/R* 1t ty,  Pm?/R* t ty
376 42 =~ 022 059 0.11 011  —044 —082  0.07 —1.68 —2.05
313 105 =~ i 0.78  3.88 321 039 2.68  2.07 0.24 2.04 1.54
209 209 1 349 269 140 @ 1.73 0.84 —0.27  1.08 0.61 —0.32
104 314 ~3 2116 283 149 1048 1.98  1.05 6.53 0.86  0.08
42 376 ~9 15539 7.09 6.64  76.95 725  6.36  47.96 3.86 252

We classify the values é, %, 1, 3 for P/R as compatible with the original IPA theory
(where P/R — 7 < o0, possibly m = 0), and recall that there is no need to adjust the
t-statistic. From the viewpoint of the original IPA theory using the unadjusted ¢y, the
results regarding the null hypothesis of equal prediction accuracy are contradictory for all
three sets of predictors: the null is rejected for some combinations of R and P and is not
rejected for others. There is no futher guide which of the results are more reliable.

From the viewpoint of our theory, we cannot trust line 1 because of too low value

of P/R (recall that Assumption 5 requires P/R — o0) and lines 4 and 5 (recall that
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Assumption 5 requires Pm?/R? — p; < oo, and that simulations reported in section 3
show that for large values of i, there is severe overrejection). Therefore, when my = 24,
only line 2 can be trusted, line 3 being excluded for the reason of too big Pm?/R? and
the bias-adjusted t-statistic t; = 3.21 is able to reject equal prediction accuracy. Because
t; > 0, the largest structural model may be deemed less accurate in terms of predictive
ability than the autoregressive model (recall though that the in-sample criterion R? favors
it among all four models). When my = 16, most trustable is line 3, with a statistically
insignificant bias-adjusted t-statistic t; = 0.84. Even in the less credible line 2, even
though there is rejection at the 5% level, it is marginal. Hence, for the medium structural
model we cannot reject the hypothesis that it is as accurate as the autoregressive model.
When my = 12, most trustworthy is line 3, with a statistically insignificant bias-adjusted
t-statistic ¢, = —0.32; using line 2 leads to the same outcome that for the smallest

structural model we cannot reject the hypothesis of equal prediction accuracy.

Conclusion

This paper complements the theory of asymptotic inference about predictive ability of
West (1996) and West and McCracken (1998, 2002) by considering the case when a set
of variables used to construct predictions is sizable. Depending on the situation the
asymptotic normal distribution of an average prediction criterion either gains additional
variance as in the few predictors case, or gains non-zero bias which has no analogs in the
few predictors case. By properly modifying conventional test statistics it is possible to
remove most size distortions when there are many predictors, and improve test sizes even
when there are few of them.

One of methodological implications of our results for the time series analysis is that
testing of out-of-sample qualities of semi-nonparametric models such as ANN (intrinsically
having many parameters to estimate) often observed in empirical literature may not be
valid in their classical unadjusted form. This is one of potential topics of future research.

Another line of research may be devoted to comparison of nested models as in Clark and

McCracken (2001), Clark and West (2006) and McCracken (2006).
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A Appendix: auxiliary results

Let A be m xm matrix. By ||A||,, we denote the L> matrix norm maxi <<, <Z;”:1 |aij|> :
by [JA]l, — the L' norm maxi<j<, (3 ;- |ai]), and by ||Al|, — the Frobenius norm
tr (A’A).

Lemma 1 Let m be the dimension of square matrices A and B.
(a) Suppose B is symmetric. Then ||B|| = |\ (B)].
(b) Suppose By and By are symmetric. Then ‘5\ (BlBg){ < |/_\ (Bl)‘ {/_\ (BQ)‘ )
(¢) For any m x m matriz B, 37, > |bi;| < m32 || B .
(d) For any m x m matriz B, ||B||, < vm| B .

Proof. (a) Because B is symmetric, all eigenvalues of B'B are squared eigenvalues of

B because A (B'B) = A(B?) = A(B), so |B| = \/A(B)* = |A(B)]. (b) Take unit
norm eigenvector v (ByBsy) of matrix By By corresponding to eigenvalue A (B;Bs), then

| B1Bav (B1Bs)|| = || A (B1Bs) v (B1Bs)|| = |\ (B1B2)|. On the other hand, || B Bov (B1Bs)|| <
By [| Bzl = |A(B1)| |A(Bs)| by (a). Thus, we obtain [X(B1Bs)| < |A(By)|[A(B2)],
which holds for any eigenvalue A (B Bs) , hence for the maximal in absolute value too. (c)
D2 byl < 32 max; Yo [biy| = m||Bll, < my/m||B|| (GV, equ. 2.3.12). (d) See GV,
eqn. 2.3.7. 1

Lemma 2 Under assumption 2,
(a) ¢ <[|Qull < C and C7 < [|[Q || <,

Vil < o2,

) |

(c) A(3p) = [|Zgll < C/c”.

Proof. (a) Trivially, [Qurll = 5(Qu) < C and [Qull > 2(Qu) > . From the
properties of matrix norms, [|QZ}|| > HQZJ:W1 > C7L Next, |QZH = VI (QZVQ)) =

VA(Qu@) ) = YA Q@) =2 (@u) "t <t (b) || = A (vvil?) =

A (V.,) < CY2.(c) By Lemma 1(a) and because ¥4 is symmetric and positive definite,
A(E5) = |1Z5]] - Next, [[Z5] < A (Vo) Q27 I° < C/¢? using (a). m
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Lemma 3 Let x; and y; be Si-measurable stationary a-mizing scalar processes with mix-
ing coefficients oy, E [|z4|*], E [|y:|*] < oo for some v > 1, and let x; have zero mean.
Then for all j > 0,

E [earrs]] < 8y~ (B [l ™))"

J
and

B [eagns]| < 8aj " (B [la])"™ (B [ll]) "™

J

Proof. Using the Cauchy—Schwartz and Ibragimov (1962) inequalities,

Bl = B[ (E lyesslS) — E )]
< (B D" (B 1B eis] - BlPe])
< (B [l 80 (B ()

The first inequality is a special case with y; = ;. R

Denote
1 R
’Szu = T = ZtUt,
VR
1 R
Qz:r: = Ezztx;
t=1

Lemma 4 Under Assumption 1 and 2, as m — oo, R — oo and m*/R — 0,

(a) HQZ:C—QH are O, (m/\/}_%> ,

and || Q2 - Q:

1

(b) HQ;J} with probability approaching 1,

(¢) I€-ull is Op (V).

<c
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2

Proof. (a) Observe that E {HQH — Q .

} is bounded by

1 m m
< EE Z Z (Zt,ixt] E [thxtj])
i=1 j=1 i
2 m m
t— > E DY (2w — B lzir) (2s7e — E [Zs»ixs’im]
1<t<s<R i=1 j=1

IN

m2 2
" <mmE 1) g, 2 o]+ (s B 28] s, B L) )

16m2 \ 1/2v 1/2v 2
e (mmEH> (mmEH) + e B ] e Bt

<Y ol
m2
< O —
< o(%).

1<t<s<R
using Lemma 3, Assumptions 1(i,ii) and the Minkowski and triangular inequalities. Be-
cause || B|| < ||B|| , we conclude that Hsz Q2| 15 Op <m/\/_> Now, HQ - Q7
Hsz HQm Q| Qi <O, <m/\/_) using also the result in (b).
(b) Because Q2! = Q2 — Q) (Qm Qm> Q2L we have

|@- - Q..

loz| < oz

oz + ez

and hence

o] < JQ2 )l < (1= ope ) He

< (1|0 — @

from Lemma 2(a) and the first result in (a). The result follows.

(c) Observe that

Bl = ;i<2u> e

E Zt zzs zutus]

t=1 s=1

using 2(ii) and because the trace of a square matrix equals a sum of its eigenvalues (MN,

thm.17, p.19), and the conclusion follows. M
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B Appendix: proofs related to case (Qy; =0

Denote

Yorr = QL'Qa2,Q0),

S
t= R+1

| REP o

Ui =P 2 007

Lemma 5 Under assumptions 2 and 4,

(a) | Sozs|l < CJc? and HEW

(b) HfafH is Op(ﬁ).

M@Qazp)| = 1Qazsl < C. (b)
Note that g2 is symmetric, so by Lemmas 2(a) and 1(a) || Xa2y| < |)\ Qorp)| 1Q5 1?2 <
C/c* using (a). 1/2 = HZaszI/Q as in Lemma 2(b). (b) Observe that

Proof. (a) Because Qs25 is symmetric, using Lemma 1(a),

g AT 2 RePREP op o
E[HéafH] - F;(t:;-l%) ZE t;ls;l 0 05;

m

:ZE

=1

0fi\*
(@)

2 8ftafs
T xa

R+1<t<s<R+P i=1

m v 1/v
16 1-1/v of. [
BB ER U SR §:<E 2
R+1<t<s<R+P i=1

< mA(Vag) + O (m) = O (m),

using 4(iv, v) and because the trace of a square matrix equals a sum of its eigenvalues

(MN, thm.17, p.19). The conclusion follows. M

Lemma 6 Under the asymptotics of assumption 5 and conditions of assumptions 2, 3

and 4,

(a)
£.Q Qo2 rQE .,

m

=11 +0,(1),
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(b)

Q%' Qo2 Qs & EuQ% Qo2 Q2 o
- SOP(D’
m m
(c) o
rA-1H% AH-1 AC1A A
équzx Qansz zu glqulleQt?Qszxl zu|
- < op(1)
m m

Proof. (a) Note that

!/ m m u
% = % Z Z (Zoz2r),; <Z Z"vtut> (Z Zjvsus)

i=1 j=1 t=1 s=1
R
_ 1 Z (ztut) Zan (ztut) 1 E (ztut)/ Z@Zf (zsus)
R m R m
t=1 1<t<s<R
- Al + 2A2,

R /
1 2y ) Doz (zeu
PRERE CTADPC

Its expectation is

E[A)] = E |:(Ztut)'232f (Ztut):| _z [tr (Zoes (2e2u?))
m m
_ (@50 Q5 Ve tr(Qo2yQnVaQLY) .
N m n m 1

and the variance is

1 R R
VAL = — SN B[t (Soeg (meziuf — Veu) ) tr (Sop (262002 = Vau)) ]
t=1 s=1
- miRE [tr (Zozy (2e2uf — Vzu))z}
2
s D Bt (Saes (mzuf — Vau)) tr (Soeg (2020uf — Vau) )]
1<t<s<R
= Vi+2V,
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say.

Now,

m m ?
Vv, = miRE (ZZ [Za%’]zj (Zt,jzt,iutz - [‘/ZU]]Z))

IA
Sm —
)
NE
WE
NE
NE
=
g
=
=
—
ey
=
S
@
Eal
i
=
-
T
h
=
—

VAN
3
| =
ny)
Q —
Y=
]
45
e
N
S
~— \T‘/
=
no
=
=%
=
no
Y
|
]z
™
?

IA

o)

using Lemma 5(a) and Assumptions 1(i,ii), 2 and 6(i). The other term in V' [A;] satisfies

V2

1

< e Z (E [tr (Zazf (ztzguf — Vzu)) tr (Zazf (zsz;ug — Vw))D
1<t<s<R

8 v 1/v 1/

= mszE Dtr (262f (Zthth - Vzu))|2 } Z ai_tl/
1<t<s<R
m m 2v /v 0o
< m2R2 ; = [Eazf]ij (Zt,th,iuf — [‘/zu]ﬂ> (R; @ilﬂ/)
1/4 2v 1/v

< 8 m*? || Spef|| | max E [2FY] /VE[u8”]1/4V +2 )t (Bo2 Vo) |
- m2R o2f 1<i<m t : 02fVzu

y 2&1 1/v

< 0(F) =olv.

using in addition Lemmas 3 and 5(a) and the Minkowski and triangular inequalities.

Let

The second term in &, Xg2 (€., /m equals twice

1 , 252
Ay = = Z (zsus) ;f (zeuy)

1<t<s<R

us look at the MSE of this expression:

1 Yo Yo
MSE = FE ﬁ Z Z (Zslu81), Wf (Ztlutl) (ZS2U82)/ Tf (thut2>]

1<t1<s1<R 1<ta<s2<R

282 282
S M SRD o (RN SERRIEECl )

1<t1 <Rt1<s1<R 1<ta<s1
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because all terms with s; < s9 or s; > sy are zero because of the MDS structure of ;.

Next, the foregoing expression is a sum of two, the first of which is

<(Zsus)/ E;:f (Ztut)) 2] :

MSEF% Z E

1<t<s<R

Denote ¢, = Zé@ (z4uyg) , then

1 1 &
MSE = —— 3 B|(C6)] === > E Zth,ict,jc&i@J]
1<t<s<R 1<t<s<R i=1 j=1
= m2R2 ZZ Z E gt’tCt] 2 ZZ Z cov Ctl(t]’QSZCS]}
i=1 j=1 1<t<s<R i=1 j=1 1<t<s<R
= MSE, 1+ MSE) »,
say. Now
I RR-1)&L& 9 1 5
MSEiy = —m——"> D BGiG,] < 55 IB1GAE

i=1 j=1

< sz (VA |12 (e By ()] )
1 _
< o IR0y Vaull® < 5 I8l A (Ve = 0 1),

using Assumptions 2(ii) and 4(i) and Lemma 1(d), and

1 m m
|MSE]_72‘ S m Z Z Z ’CO’U [Ct,iCt,ja Cs,iCs,j} ‘

i=1 j 1 1<t<s<R

< I Y ale(a]”
=1 j=1 1<t<s<R
2
S NI 11/”(22(54) (545) Bl o)
m i=1 j=1 1<t<s<R k=1 [=1 gl
8 ]u1l/2v 1/2v m.m 12 2 -y
< AP (ma BE) (XX0](54),]) X en
i=1 k=1 ! 1<t<s<R
8 1/2v ) 0o
< et [ (a2 [21) 0 (m 535 (RZ%*””>

< 0(F) =0,

using in addition Assumption 1(i,ii), Lemmas 3 and 5(a), and the Minkowski and trian-

gular inequalities.
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The second ingredient of M SFE is, using Assumption 1(i,ii) and Lemmas 3, 1(c) and
5(a),
MSE, = Z Z Z (21 sy ) Zan (2, r, ) (250 us )/% (2t u,)
1 1 1 1 1 1 m 2 2

m
1<t1 <Rt1<s1<Rt1<ta<s1

Z Z Z Z Z Z Z ‘(Zazf)ij‘ ‘(282f)kl| E Hzi,szj,tlzk,szl,mu?utluhH

1<t1<Rt1<s<Rt1<t2<s i=1 j=1 k=1 I=1
16 1/2v m m 2
8
T (m el ut) (S5m0
i=1 j=1
1-1/v
X Z Z Z Ymax(ta—t1,5—t2)

1<t1 <R t1<s<R11<ta<s

16 ., v
< m?R?Cl/ (M | Soes])) (21-22@0) ”)

< 0 (%) = o(1).

IN

IA

Summarizing,

glzuzaz gzu
czu O Seu Py,

(b) Consider the difference
é-/quA,z;l Q(?Qsz_xlgzu Elqu;;leanQz_xl zu

m m
]' A/—1 A A—1 1—1 —1
E sz Qé??f@zx - sz Q82szx

Lo, (1) 0.0

= op(1),

IN

[

IN

using Lemma 4(c) and because

QL' Qs QL) — QL' Qo QL)
< (e ;;) or Q2+ Q)| + ||zt (Qors — @oey) @2
< ||Q - Q; <HQa2f—Qa2f +||Q82f”> <HQ;;1— a2 H>
R HQazf—Qan
< (m/\/_> ( <m/\/_> +C> (Op (m/x@) +20_1> +c20, (m/ﬁ)

o(5)
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using Lemma 4(a,b).

(c) Using assumption 4(iii),

(58 s (385 o () o

t=R
151 < - 8] < /& @52 hewl < 0, (@)
by Lemma 4(b,c), hence

I A—1A A1 AL oA A
é—quzx Q?ﬁf@zx e é';uQ,lleQéﬂszml U l ||§ ||2 HQ—l
m m m zu zx

| @525 — Qo

because

VAN

2 A ~
| @52y — Quns

L0, (m) C2o,(1) = 0,(1).

m

IN

Proof of Theorem 1. Consider the Taylor expansion up to second order:

VB(F-Ef) = VP(f~Bf) + VP z o, (@ ﬁ)+£<6 5) Qs (5-9)

= E
VP (F - Bf) + ] 6,02 = o
Note first that, using the Cauchy—Schwartz inequality and Lemmas 4(b,c) and 5(b),
< C_l HfafH ||§zu||
< 0, (m).

Now using Lemma 6(a,b,c), rearranging and summarizing,

= - O,(m) 1 [Pm? 1 [Pm3 3/2
VP(f = Bf) = VP (f = Bf) + ==+ 5\ T (D) + Gy 55 0p (m™?).

Provided that v, # 0, if Pm?/R? — oo, the noise dominates the first signal term. If

Pm?/R? — 0, all noise terms asymptotically vanishes. If Pm?/R?* — u; > 0,

7 _ ; Op(m) , Vi +o(1)
VP(f=Bf) = VP(J = Bf) + = + =5 —— (i 1 0,(1))

D
= Cf + @7% + 0,(1) t N (@@bl» Vf) .
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Proof of Theorem 2. From the proof of Theorem 1,

_ 1 VI Ly Y EPm
L = Vit o, () (Cf+ 9 Y1+ o0, (1) oR 1/’1)
Y ST R Y LT © RPN T

NAENY

= i+op(1)ﬁ>/\/(o,1).

N

2 Vi+op (1)

C Appendix: proofs related to case )y # 0

Denote

a = Q’an;xl-
Lemma 7 Under assumptions 2 and 6,
(a) ||a|| < VmC? and ||al|, < VmmC?,

2
< Cllally.

(0) 251 25

didj [Vzu]zg

Proof. (a) First, ||a| < Q| |Qosll < VmC?. Second, ||all, < /m|a| < vVminC?,

where the first inequality is GV, eqn. 2.3.12. (b) 377", > | |a@sa; [Vaul ;| < @l max; ; [Vau],: <

ij ij =
@||3 ||Vaull , where the second inequality is GV, eqn. 2.3.8.

Lemma 8 Under the asymptotics of assumption 7 and conditions of assumptions 2, 3

and 6,
(a) e
WT 5 N(0,45)
(b)

Q/BfQ;xl 2 Qi?fQ;:g zu < Op(].>,

Vi Vi
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(c)

Proof. (a) Denote ¢’ = a@’'/vmR and xr; = a’z;u;. Note that g, is a martingale difference
array (MDS) with variance %, = E [1%,] = Q4¥5Qos/(mR). Consider

R /
Q525Q0
2 of=B\wof
- ZURt =—— =
t=1

m

We will now show that s3! S35, (22, — 0%,) % 0. Indeed,
R R ~ 2 /
(@'zu,)”  QorXpQor
S (k) = 3 ( )’ QigBodor)
=1

= a Z zzu; — Vi) @+ o(1).

The leading term has zero expectation, and the mean squared error

MSE = mQRZE ;;&/ 2z — Vi) ad' (25200 — Vi) @
R y N
= 7 ZE [( 2zl — Vzu) a) }
t—1
2 . o -
to s Z E [ (zmzu; — Vo) ad' (zeziu’ — Vi) a
1<t<s<R

— MSE, +2MSE,,

say. Now,
1 . .
MSE, = ﬁ‘LzRE [(a' (zezyu; — Vi) a)2
1 m m m m
= S 2R Z Z Z Z dld]dk&ZE [(zmzt,juf — [‘/Z“]ZJ> (Zt7k2t7lug - [‘/Zu]kl)}
M 2 = =t
1 m m m m o
= 2R Z Z Z Z |@stjana| (E [[zeize2epzug |] + ‘[Vzu]m [Vzu]kzD
i=1 j=1 k=1 [=1
1 1/2 12 2 m m m m
T ’ i=1 j=1 k=1 I=1
< L max F [|z |8} 1/2E [US} 12 + ||V, ||2 HELH4
- m2R 1<i<m b t 2 1
2
< 0 %) = o(1),
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using Lemma 7(a) and Assumptions 1(i,ii), 2 and 6(i). The other term in M SE satisfies

|MSE,| <

IN

IN

IN

<

<

using in addition Lemmas 3 and 7(b), and the Minkowski and triangular inequalities.

. -1k 2
To summarize, we have proved that s; > ", (x5, —

1
m?*R

1<t<s<R

8
m2R?

2

E DEL Zzuy —

m2R2 Z Z ala]E

i=1 j=1

8
g

] m
m2R \ &~ 4
=1 j5=1

m

> Jady|

e 2 E[d (sz -

v~ N2 ~ 112\ 2
Y2 |lally + C flally)

Vzu) aa’ (zsz;ui —

0%,) 2 0, and hence the condi-

tion (a) of Theorem 12.4.1 of Davidson (2000) for MDS arrays is satisfied. The condition

(b)(i) is satisfied by the stationarity assumption 1(i).

stationary with respect to t for fixed R. In conclusion,

—_
—

—zu — \/%

(b) Consider the difference

SR -

1

SR

Q:?f Q;xl 2U

Vi

Vi

R

Indeed, the array xg; is strictly

Zf”miﬂ%osﬁ N(0,1) = N (0,1),).
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IN

IN

<

\/7

N

—_

Op
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because

| @50zt = @02 | + | @hszt - @iy
HQ;;—Q;; (||@ss - ) +1|@ar — Qo 101
0, (m/VR) (0, (m/V/P) +0 (Vi) + 0, (1n/VP) ™!

m\/_ m2m
o (5 35) o (V)

(c) Using assumption 6(ii),

@, - QafH<< Rfd) |5 =8l <0, (@)

I3~ sl < |5 - ] < @ [z 1t < 0, (\/@

by Lemma 4(b,c), hence

ININ A

because

A

Nkl A—1 A -1 ) ) -1
Qi Q160 — QpyQate| < || @5y — Qa2

0, (=)0, (v
0, (1).

IA A

Proof of Theorem 3. Consider the Taylor expansion up to first order:

| op(1),

| B

VPG~ B1) = VPB4 VPR S (0 0)

R+Paf
= VP(f-Bf)+ VP, aﬁt\f@ 6.0 +\f (@5 Q=teen — QyQle)
tR

Using Lemma 8(b,c), rearranging and summarizing,
F — r Pm Qi?f@z_zl’fzu \/F
VP(F-E0) = VP (7 - 1)+ T (0, )) 4+ o)
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Provided that 1, # 0 and m3/R — 0, if Prn/R — oo, the noise dominates the first signal

term. If Pm/R — 0, all noise terms asymptotically vanish. If Pm/R — u, > 0,

VP(f - Ef) = \/?(f—Ef)Jr(\//TZJro(l))( N

/ -1
- GV o)

LN (0, Vi + pigihy)

F o)) + 0,01
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