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Competition among Portfolio Managers and Asset
Specialization

Abstract

This paper investigates the competition among portfolio managers as they attempt
to outperform each other. We provide a tractable dynamic continuous-time model of
competition between two risk-averse managers concerned about relative performance.
To capture the managers’ asset specialization, we consider two imperfectly correlated
risky stocks whereby each manager trades in one of the stocks, and so faces incomplete
markets. We show that a unique pure-strategy Nash equilibrium always obtains, and
provide the ensuing equilibrium portfolio policies explicitly. We find that competition
makes a relatively risk tolerant manager decrease, and a risk intolerant increase, her
portfolio risk. Moreover, a higher own risk aversion induces a manager to take more risk
when the opponent is advantaged, in that she specializes in the stock with the relatively
higher Sharpe ratio. We then explore the link between our two key ingredients, com-
petition and asset specialization, and show that competition can be conducive to asset
specialization. In particular, we find that both managers, when relatively risk tolerant,
can voluntarily opt for asset specialization and the corresponding loss of diversification
to avoid competing on the same turf by trading in the same set of stocks. When they
are risk intolerant, however, the no-specialization scenario is more likely. When we
consider a client investor of a manager, we show that her preferences for or against
asset specialization could well be the opposite to that of her manager. We also examine
the potential costs to a client investor, arising as managerial turnover or changing stock
characteristics misaligns the client manager’s policy. We find that the client loses more
when it is her manager who is replaced than the other manager. In contrast, the client’s
losses are the same for a given change in her manager’s stock characteristics as for that
in the competitor manager’s stock.

JEL Classifications: G11, G20, D81, C73, C61.
Keywords:  Competition, Portfolio Choice, Asset Specialization, Relative Perfor-
mance, Cost-Benefit Analysis.



1. Introduction

There is mounting evidence of competition among portfolio managers in the mutual
and hedge fund industries. Factors such as a desire to attract money flows and career
concerns incentivize a manager to deliver to her client investors higher returns relative
to those delivered by the competing managersl] Given the important role played by
portfolio managers in financial markets, many researchers have called for more work
on the effects of competition. For example, Hortagsu and Syverson (2004) state: “The
mutual fund literature is not typically concerned with strategic interactions among firms
in this important industry. Yet competitive forces are an important determinant of the

fortunes of funds and fund families.”

The goal of this paper is to study how competition among portfolio managers affects
their trading behavior, and how these effects are transmitted to their client investors.
Towards this, we develop a tractable continuous-time model with two risk averse port-
folio managers, where each manager in addition to caring about own horizon wealth
places a certain weight on maximizing her relative return, given by the ratio of her
return over the opponent’s. We also consider a client investor whose money is managed
by one of the competing managers. Unlike managers, the client cares only about her
own wealth. The client is passive in that she subsequently neither withdraws from nor
places more money with the manager. Consistent with the evidence, we assume that
portfolio managers do not invest in the same set of assets but rather trade in different
stocks, reflecting their different asset specializationH Accordingly, we adopt a frame-
work with two imperfectly correlated risky stocks, each representing a manager’s asset
specialization, and so assume that a manager can only trade in that stock (and so faces

incomplete markets). Given the evidence of substantial heterogeneity in fund managers’

'The money flows argument is that portfolio managers seek to outperform their peers so as to
receive a larger share of new money from retail customers, as documented by Chevalier and Ellison
(1997) and Sirri and Tufano (1998) for mutual funds, Agarwal, Daniel, and Naik (2004) and Ding,
Getmansky, Liang and Wermers (2007) for hedge funds, Gallaher, Kaniel, and Starks (2006) for fund
families. Chevalier and Ellison (1999), Brown, Goetzmann and Park (2001), and Kempf and Ruenzi
(2008) point to career motives as a possible mechanism behind relative performance concerns.

2This is in line with Merton (1987) and the empirical evidence by Coval and Moskowitz (1999),
Kacperczyk, Sialm and Zheng (2005), among others. Merton’s insight is that portfolio managers are
prone to invest in familiar stocks. Coval and Moskowitz (1999) document that managers have strong
preferences for geographical proximate investments, with proximity acting as a proxy for familiar-
ity. Kacperczyk, Sialm and Zheng find that portfolio managers familiarize themselves with different
industry sectors, leading to industry concentration in managers’ portfolios.



preferences (Koijen (2012)), we allow the two managers to have different risk attitudes
and weights they attach to relative return. Moreover, we allow the stock Sharpe ratios
to be different so as to to account for possible difference in ability, whereby the manager

with the higher ability specializes in the stock with the higher Sharpe ratio.

First, we fully characterize the competing managers’ investment behavior. We
demonstrate that a unique pure-strategy Nash equilibrium always obtains in our set-
ting and provide explicit solutions to the equilibrium portfolio policies. We find that
the presence of competition affects the managers’ patterns of risk taking in the follow-
ing ways. If a manager is relatively risk tolerant, she decreases her risky investments
relative to the no competition case, whereas a relatively risk intolerant manager in-
creases her risk. Essentially, competition acts against a manager’s intrinsic risk-taking
tendency. The intuition is that a manager, who is risk averse and who cares about
relative return, is negatively affected by the opponent’s investment in her risky stock
as it increases the manager’s relative return volatility. To offset this negative effect, the
manager ponders whether to focus on reducing her own wealth volatility, achieved by
investing less in her risky stock, or on reducing her relative return volatility, achieved
by the opposite strategy of investing more in the stock. We find that for a relatively risk
tolerant (intolerant) manager the first (second) mechanism dominates, which explains
the above result. Another noteworthy feature of the equilibrium portfolios is that a
competing manager may increase her equilibrium risk taking as she becomes more risk
averse, in contrast to conventional portfolio choice results. This result obtains when the
manager is disadvantaged (the Sharpe ratio of her stock is relatively low), in which case
she cares more about her relative return. Hence, she increases her risky investments as
her risk aversion increases. Otherwise, when the manager is advantaged, she focuses
on minimizing the volatility of her absolute return, and so takes on less risk as her risk

aversion goes up.

While, individually, competition and asset specialization have received considerable
attention in the literature, bringing these features into a unified framework enables us
to examine the possible link between the two. We uncover such a link by showing
that competition can be conducive to asset specialization of portfolio managers. In
particular, we find that when managers are relatively risk tolerant they may prefer the

asset specialization scenario, in which each trades in a single stock specific to her, to the



no-specialization scenario, in which each manager trades in both stocks. This indicates
that the observed asset specialization of managers can be [!] a result of their concerted
decision, whereby each obliges to restrict her investment set by not trading in the
competitor’s stock [as long as; in exchange for| the other [does; doing] the same. This
arrangement reduces the number of channels through which competition may operate,
which benefits both managers. The associated negative effect—lower diversification—
is not strong enough when managers are relatively risk tolerant, and hence are not
much affected by portfolio volatility. For risk intolerant managers, on the other hand,
the diversification effect is dominant, and so we obtain the opposite result that both
managers would benefit from the reverse [!] arrangement enabling them to invest in
the same set of stocks. Looking at a client investor whose money is managed by a
competing manager, we find that she could well be worse off if her manager enters
into these kinds of arrangements. This occurs when the managers concern for relative
performance is relatively high, in which case the managers objective is considerably
different from that of her client who cares only about own wealth. As for the economic

significance, we find that the magnitudes of the above effects can be substantial.

In addition to the aforementioned scenario changes, the manager’s and her client’s
policies can get misaligned when the change concerns parameters characterizing the
economic environment. Accordingly, we examine the potential losses to client investors
arising when some manager is replaced by a new one with different traits (risk aver-
sion, relative bias) or when stock characteristics change. For the baseline pre-change
case, we assume that a client has given her money to the “right” manager whose in-
vestment policy is optimal from the client’s perspective. After a change, however, the
manager’s new equilibrium policy gets misaligned, implying a cost to the client. Upon
manager turnover, we find that, all else being equal, the cost is higher when it is the
client’s manager who is replaced than when it is the competitor. With changing stock
characteristics, the results are more surprising. First, we find that, in the presence of
competition, the client loses when the mean return or volatility of her manager’s stock
changes, which is to be contrasted to the no competition case where the associated loss
would be zero. Perhaps even more surprisingly, the client loses just as much when,
instead of her manager’s stock, the same change happens to the other stock, the one in

which her manager does not invest but the competitor does. The distinguishing mech-



anism that is present when stock characteristics change, but not present when manager
turnover occurs, is that the optimal policy of the client is affected when her manager’s
stock characteristics vary. It turns out that this mechanism is key in making the client
equally sensitive to the two stock characteristics, whereas the sensitivities are different
with respect to the two managers. For a reasonable calibration of model parameters, we
find that the costs described above may well exceed 5% of a client’s wealth. Taken to-
gether, our findings highlight the importance of accounting for managerial competition
as far as client investors are concerned because of new channels, not present without

competition, through which clients” well-being can be adversely affected.

The majority of the literature investigating managerial competition typically adopt
less general settings with risk-neutrality and one or two time periods (Goriaev, Palomino
and Prat (2003), Taylor (2003), Palomino (2005), Li and Tiwari (2006), Loranth and
Sciubba (2006)). Browne (2000), however, studies the dynamic portfolios of two strate-
gic investors specializing in different stocks, but for when they care solely about relative
returns and when their risk aversions are not set independently but sum up to a con-
stant. Browne does not study how asset specialization can arise due to competition.
Basak and Makarov (2013) analyze the dynamic policies of strategic managers but
focus on partial relative concerns, whereby a manager displays such concerns only if
her relative return is above a threshold. This asymmetry leads to the possibility of
non-existence of equilibrium or multiplicity, the issues not present in our model where
managers are affected by relative concerns at all levels of performance. Moreover, while
Basak and Makarov ignore asset specialization, the current paper considers a richer in-
complete market setting that accounts for this feature. Finally, Browne and Basak and
Makarov do not investigate how their findings pertaining to managers are transmitted

to client investors.

In settings without competition, relative considerations are shown to explain a
number of styled facts, such as in the “catching-up-with-the-Joneses” literature (Abel
(1990), Gomez, Priestley, and Zapatero (2009)) and in the works on financial and in-
vestment bubbles (DeMarzo, Kaniel, and Kremer (2007, 2008)). More closely to our
paper, van Binsbergen, Brandt, and Koijen (2008) study the behavior of two asset
managers who care about relative returns and who invest in different subsets of all

available assets. However, in van Binsbergen et al. managers care only about relative
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performance, which is specified with respect to an exogenous benchmark designed by a
decision maker (CIO), precluding competition among managers which is the main focus
of our paper. They also carry out cost-benefit analysis but with focus on the decision
maker, while we focus on managers and the client. Other non-strategic works in the
context of money management analyze the effects of non-smooth (with kinks) relative
concerns arising due to compensation contracts (Carpenter (2000), Cuoco and Kaniel

(2011)) or due to money flows (Basak, Pavlova, and Shapiro (2007)).

Finally, our paper contributes to the literature that seeks to rationalize asset special-
ization or, the closely related notion, under diversification. Existing explanations rely on
features such as trading costs (Brennan (1975)), informational frictions (van Nieuwer-
burgh and Veldkamp (2009, 2010)), ambiguity aversion (Uppal and Wang (2003),
Boyle, Garlappi, Uppal and Wang (2012)), solvency requirements (Liu (2012)), liqui-
dation risk (Wagner (2011)), cumulative prospect theory (Barberis and Huang (2008)),
preference for skewness (Mitton and Vorkink (2007)), and rank-dependent preferences
(Polkovnichenko (2005)). Our novel contribution is to show that asset specialization

can arise due to competition.

The rest of the paper is organized as follows. Section 2 describes the economic set-up.
Section 3 characterizes the equilibrium portfolio policies and investigates their proper-
ties. Section 4 studies the cost-benefit implications of asset specialization. Section
5 investigates how a client investors is affected by a changing economic environment.
Section 6 concludes. Appendix A collects all proofs, and Appendix B analyzes the case

of partial asset specialization.

2. Economy with Competition

2.1. Economic Setting

We consider a continuous-time, finite horizon [0, T'] setting, in which the uncertainty is
driven by two correlated Brownian motions w; and wq, with correlation p. Financial
investment opportunities are given by a riskless money market account and two imper-

fectly correlated asset portfolios, henceforth referred to as stocks 1 and 2. The money



market account pays a constant interest rate r. Each stock price, S;, ¢ = 1, 2, follows a

geometric Brownian motion
dSi = (1 + p13) Sy dt 4 0S5 dwyy, (1)

where the stock mean excess return, u;, and volatility, o;, are constant; for brevity, we
refer to p; as the mean return of stock i. Without loss of generality, we assume that

i >0,0,>0,0<p<1.

We consider a framework with two portfolio managers, indexed by ¢ = 1,2. Manager
1 is assumed to specialize in stock 1 in that the risky part of her portfolio is invested
in stock 1 only, driven by Brownian uncertainty w;. Similarly, manager 2 specializes in
stock 2, driven by uncertainty ws. There are several justifications for asset specializa-
tion. First, it can be justified by the widely documented phenomenon that investors
tend to trade only in familiar assets (Merton (1987)). The idea is that since analyzing
stock data takes time and effort, each manager is likely to be familiar with, and hence
invests in a subset of all available assets. Accordingly, we view stock 7 as representing
a portfolio of assets familiar to manager ’LH Our assumption that stocks 1 and 2 are
imperfectly correlated, 0 < p < 1, reflects the fact that different managers are not likely
to be completely identical in terms of their familiar assets. Second, we show in Section
4 that asset specialization may emerge even when, inherently, each manager can invest
in both stocks 1 and 2. Briefly, we demonstrate that managers may find it mutually
beneficial to reach an agreement, whereby manager 1 agrees to trade only in stock 1
and abstains from stock 2, and vice versa for manager 2. Hence, competition can induce

portfolio managers to voluntarily sacrifice the benefits of diversification.

Given her investment opportunity, manager ¢ in this economy dynamically chooses

a portfolio policy ¢;, where ¢;; denotes the fraction of fund assets invested in stock ¢ at

30ur interpretation is similar to that of He and Krishnamurthy (2012) who consider a single risky
stock as representing “complex assets where investment requires some sophistication.” While it is
potentially of interest to adopt a multiple stock framework to see how a manager allocates risk among
individual assets in her portfolio, our focus is to understand how competition affects the overall level
of managerial risk taking. This is consistent with the methodology of the related empirical work on
portfolio management where the focus is on the total volatility of the fund return, and not on the
portfolio composition (e.g., Brown, Harlow, and Starks (1996), Chevalier and Ellison (1997)).



time ¢. The investment wealth process of manager i, W;, then follows

AW = [+ ¢urpts)Windt + ¢ipoi Wipdw;. (2)

We note that the managers’ specialization implies that the market is incomplete for
each manager. Indeed, given that a manager only invests in one risky stock familiar
to her and not in both stocks, a manager cannot perfectly hedge or replicate a payoff
dependent on the two sources of risk (wy, we) by dynamically trading in one risky stock
and the money market. Only in the knife-edge case of perfectly correlated managers’
specializations p = =£1, a case not so plausible in our context, a manager faces an

effectively complete market.

2.2. Modeling Competition

We envision a portfolio manager whose investment objective is twofold. First, she seeks
to increase the terminal value of her portfolio. This is consistent with maximizing her
own compensation given the widespread use of the linear fee structure in the mutual
fund industry. Second, the portfolio manager seeks to perform well relative to a certain
peer group comprised of other portfolio managers. Here, we rely on a growing body
of work documenting that relative performance concerns play an important role in
the behavior of portfolio managers. The often mentioned reasons for why managers
care about their peers include career concerns (Chevalier and Ellison (1999), Brown,
Goetzmann and Park (2001)) and a desire to attract a larger share of money flows

(Basak and Makarov (2013)).

Accordingly, we consider the following objective function of manager :

1
L=

Vit =

(WEORE) (3)

with 7, > 0, 0 < 6; < 1, and where W7 and R;7 denote horizon wealth and horizon
relative return, respectively. Without loss of generality, we assume that each manager’s
initial wealth is equal to one, W,y = 1, implying that a manager’s horizon return equals

her horizon wealth. Given this, the relative returns of managers 1 and 2, Ry7 and Rar,



defined as the ratio of the two managers’ horizon returns, are given by:

- - 4
Wor Wir @)

The parameter 6; reflects manager i’s relative performance bias, the extent to which
she biases her objectives towards relative performance concernsH Alternatively, the
parameter 6; can be interpreted as the intensity of competition faced by manager 2.
Indeed, if 6; increases then manager 1 cares more about increasing her relative return
Ry, or equivalently about reducing manager 2’s relative return Ropr = 1/Ry7. As a
result of increased competition intensity, manager 2 needs to more actively counteract
the downward pressure on Ryp. Similarly, manager 2’s bias 6, captures the competition
intensity faced by manager 1. The special case of §; = 0 corresponds to a normal
manager © with no relative performance concerns. The parameter 7; captures manager
’s attitude towards risk. As is common in the portfolio choice literature, some of our
predictions depend on whether ~; is lower or higher than unity. We refer to manager ¢
with v; < 1 as the risk tolerant manager and with 7; > 1 as the risk intolerant manager.
Given that each manager in our model is an individual portfolio manager, and not a
representative investor who stands for a group of managers, we have chosen to consider
both types of managers given the evidence of substantial heterogeneity in risk aversion

among portfolio managers (Koijen (2012)).

Two features of the objective function (B]) are worth commenting on since they play
an important role in understanding the managers’ equilibrium behavior. First, manager
1 is negatively affected by a decrease in her relative return R;r, and hence she is harmed
if the opponent’s horizon return rises. Second, manager ¢, being risk averse, is adversely
affected by a higher volatility of the relative return R;r. Hence, a higher volatility of
the opponent’s return, which translates into a higher volatility of R;7, has a detrimental

effect on manager 1.

“Basak and Makarov (2013) formally establish that such a relative return component arises en-
dogenously in a manager’s indirect utility function due to the presence of performance-sensitive money
flows. In the same spirit, it can be shown here that the behavior of a manager, who is driven by stan-
dard CRRA preferences over own wealth and who is subjected to money flows at a rate R, would be
the same as the behavior when flows are absent but the objective function is given by ([B]). The relative
bias 6; would be uniquely determined from the money flows sensitivity parameter «, 6; = o/(1 + «).



2.3. Nash Equilibrium Policies

To characterize the managers’ behavior in the presence of competition, we look for
managers’ strategies that constitute a pure-strategy Nash equilibrium. Before formally
defining the equilibrium, let us describe the nature of the game between managers. We
postulate that both managers know all the fundamentals of the economic environment—
the dynamic processes for stocks (), objective functions v;(-) ([B]), and initial wealth
Wio. Though it may appear questionable that a manager knows the characteristics of
the opponent’s stock that she does not invest in, recall that stock 7 represents a portfolio
of assets familiar to manager <. Hence, manager 1 is assumed to know ps and o, as she
can estimate them from manager 2’s portfolio return (which is observable in reality),
but does not invest in stock 2 due to not being familiar with its underlying assets. Sim-
ilarly, for manager 2. We assume that each manager knows the opponent’s preference

parameters given that they could be estimated from the observed data (Koijen (2012)).

Each manager ¢’ strategy is a dynamic portfolio policy ¢;;, which is a rule determin-
ing the fraction of wealth invested in stock i for all times t € [0, T) as a function of own
time-t wealth and that of the opponent. Each manager chooses this portfolio policy
to maximize her expected objective function taking the opponent’s policy as given. A
pair (¢7,, &5, t € [0,T]) is a pure-strategy Nash equilibrium when each ¢}, i = 1,2, is
an optimal choice of manager ¢ given that the opponent follows the equilibrium policy.

Formally, the definition of equilibrium is as follows.

Definition 1. A pair of portfolio policies (¢3,, ¢35, t € [0,T]) constitutes a pure-
strateqy Nash equilibrium if manager 1’s dynamic policy @7, is a best response to man-
ager 2’s dynamic policy ¢3,, and vice versa @3, is a best response to ¢7,. Namely, for a

fized @5, @7, yields the maximum of manager 1’s expected objective function

¢y, = argmax  E [vy(Wir, Rir)] (5)

o1t

subject to manager 1’s dynamic budget constraint (@). Similarly, for a fived ¢3,, &3,

yields the maximum of manager 2’s expected objective function.

Before turning to equilibrium, we first characterize and discuss the managers’ best

responses, as reported in Lemma 1.



Lemma 1. For a given manager 2’s portfolio policy ¢o, manager 1’s best response is

Lpm Oin —1)po
71 U% 7101

P2 (6)

Switching subscripts 1 and 2 in (@) yields manager 2’s best response.

Lemma 1 establishes that if the opponent invests a positive amount in the risky
stock, a relatively risk tolerant manager (v < 1) responds by decreasing, and a risk intol-
erant (v > 1) by increasing, her risky investments relative to the normal level. Indeed,
looking at manager 1, her best response policy ([6]) differs from the normal policy absent
relative performance considerations, p;/(v107), by the term 6y (v, —1)poags/(0171) that
can be negative or positive depending on whether v, is below or above unity. To un-
derstand why, first note that manager 1 follows her normal policy when the opponent
takes on a riskless strategy, i.e., when ¢ = 0. This is because manager 1’s absolute and
relative returns are the same in this case (up to a constant Rer), and hence the presence
of relative concerns does not distort her normal objectives. If now manager 2 invests
more (a positive amount) in stock 2, the resulting increase in her return volatility trans-
lates into a higher volatility of manager 1’s relative return, which is detrimental to the
risk averse manager 1. There are two opposing channels through which manager 1 can
offset this detrimental effect. First, she can decrease her investment in stock 1 so as to

' in her objective function

reduce the volatility of the absolute return component WllT_ 0
[). Second, she can increase her position in stock 1 so that, given a positive correlation
p between stocks 1 and 2, to decrease the volatility of the relative return component
R(flT. For a risk tolerant manager, the first effect dominates, and so she decreases her
risky investments; for a risk intolerant manager, the second effect prevails, and so she

increases her risky investments. In the knife-edge case v, = 1, the two effects have the

same magnitude, and so manager 1’s best response coincides with her normal policy.

3. Equilibrium Investment Policies

In this Section, we provide an explicit characterization of a Nash equilibrium, and also
report the ensuing comparative statics results. Proposition [ presents the managers’

equilibrium portfolio policies.
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Proposition 1. There exists a unique pure-strateqy Nash equilibrium in which the equi-

librium portfolio policies (¢F, ¢3) are given by

¢r = Yoptr/o1 + 01(y1 — 1) ppa/ oy 0
' (172 = P20102(1 — 1) (72 — 1)]or
* Y1/ 02 + Oa(y2 — 1)ppa /oy

¢y = (8)

(Y172 — p20102(71 — 1) (2 — 1)]o2

In the special case of manager 2 having no relative performance concerns, 6, = 0,

0, > 0, the equilibrium policies are

o = Vo101 + 01 (71 — 1) ppa/ o _ i& n O (1 — 1)ppe 9)
! Y1201 7 U% V1720102
L o
Oy = ——. 10
’ V203 (10)

Proposition [I] reveals that manager 1’s equilibrium policy (@) in the presence of
relative performance concerns (6; > 0) but facing not competition from manager 2 (6, =
0) is comprised of the normal policy, p;/(710%), plus a relative performance component,
01(v1 — 1)ppa/(11720109). 1t is straightforward to see that manager 1’s behavior in this
case represents a best response to the normal behavior of manager 2 (i.e., policy (@)
is obtained by substituting (I0) into (@)). Moving to the general case of competition
when both managers have relative concerns (6;,60s > 0), we see that the best response
policy (@) is adjusted to include the denominator term p0105(vy; — 1)(7y2 — 1) in ().
These equilibrium portfolios ([)—(&) reveal several salient features about the behavior

of competitive managers, as summarized in Corollary 1

For clarity, in Corollary 1 we assume that the model parameters are such that
the managers are long in stocks and that the denominators in ({)—(8]) are positive.
These restrictions on equilibria are reasonable because, first, we wish our analysis to be
equally applicable to mutual and hedge funds and shorting stocks is rare among mutual
funds. Second, we note that the denominators of ([7)—(&) being positive occurs when
the condition

NY2 = p20105(7 — 1) (2 = 1) > 0 (11)

SRecall that the quantities ¢ and ¢35 denote wealth shares invested in stocks 1 and 2 (and not
units of stocks), and so the fact that ¢7 and ¢3 are time invariant does not imply that managers
follow buy-and-hold strategies in equilibrium—in fact, they dynamically rebalance their stock and
bond investments to maintain their risky wealth shares constant.

11



holds. As we discuss in the Appendix A (proof of Corollary 1), in this case the equi-
librium is stable with respect to best response dynamics; otherwise it is unstable in
the sense that if one manager deviates from her equilibrium policy and then managers
follow their best responses, the strategies would not converge to the Nash equilibrium
ones!l See DeMarzo, Kaniel, and Kremer (2007) and (2008) as recent examples of

related works employing such a stability criterion.

Corollary 1. Assume that the model parameters are such that the managers have long
stock positions and the stability condition (I1) holds. The equilibrium behavior of man-
agers in the presence of competition (01,02 > 0) have the following salient properties:
(i) A relatively risk tolerant (v < 1) manager decreases her equilibrium risky invest-
ments relative to the normal case of no competition (0, = 05 = 0), while a risk intolerant
manager (v > 1) increases her risky investments relative to the normal case;

(i1) The relation between manager i’s risky investments and her risk aversion is positive
when stock i Sharpe ratio is low relative to the other stock, and is negative otherwise. In
particular, for manager 1, 0¢; /0y > 0 when (u1/01)/(pe/0o2) < pb1/(v2 — p?0102(72 —
1)), and 0¢5/0v1 < O otherwise. Switching subscripts 1 and 2 yields the analogous
result for manager 2.

Other properties of managers’ equilibrium portfolio policies are reported in Table 1.

061 /0m | 001/001 | 003/0m, 00300
’}/2<1 ’}/2>1 ’}/2<1 ’}/2>1

T
Table 1: Managers’ equilibrium portfolio policies and stock characteristics.
The effects of stock 1 mean return, j;, and volatility, o1, on the managers’ equilibrium

policies. Switching subscripts 1 and 2 yields the corresponding sensitivities with respect
to stock 2 characteristics.

6We note that the range of empirically plausible parameters under which the stability condition (IT))
holds is much wider than when it does not. For example, even picking extreme values for relative biases
and stock correlation to increase the size of the region when the condition does not hold, 61 = 65 =1,
p =1, we obtain that in the area of plausible risk attitudes (v1,72) € ([0, 5], [0, 5]) the region when the
condition is satisfied occupies 86% of the total area. Under (more plausible) lower values of 6y, 62, or
p, the number is even higher.

12



Corollary 1(i) reveals that competition has the following effect on managerial risk
taking: a manager, if risk tolerant, takes on less risk than in the normal case of no
competition, and if risk intolerant takes on more risk than in the normal case. In
a sense, competition works against a manager’s intrinsic risk-taking tendency. This
finding is the equilibrium analogue of the earlier result of Lemma 1 that uncovers a

similar pattern for a manager’s best response with similar intuition.

The second notable result of Corollary 1(ii) is that when a manager’s risk aversion
increases she decreases or surprisingly increases her equilibrium portfolio risk, depend-
ing on the relation between the stock Sharpe ratios, p;/o7 and us/oe. A standard
interpretation of why the two Sharpe ratios can be different is that managers have dif-
ferent abilities (Sharpe (1966)), whereby a higher ability of a manager translates into
a higher Sharpe ratio of her portfolio return. Hereafter, we refer to the manager with
a higher Sharpe ratio as the advantaged manager and to her opponent with the lower

Sharpe ratio as the disadvantaged manager.

Using above terminology, Corollary 1 finds that, for a relatively disadvantaged man-
ager, a higher risk aversion is associated with more risk, which is surprising because it
is at odds with the standard insight of the portfolio choice literature. The intuition is
as follows. Focusing on manager 1, an increase in her risk aversion ~; has two effects
working through the absolute and relative return components of her objective function.
The first effect—standard in portfolio choice—is that manager 1 wants to reduce the
volatility of her absolute return, and so needs to decrease her investment in risky stock
1. On the other hand, manager 1 is also driven by relative return considerations, and
so with increased risk aversion she is more sensitive to her relative return volatility.
Consequently, to better offset the risky return of the opponent she needs to increase
her risky investments. When manager 1 is considerably disadvantaged (stock 1 Sharpe
ratio is relatively low), the advantaged manager 2 invests a relatively high amount into
stock 2, leading to a high volatility of her return, and hence manager 1’s relative return.
In this case, the desire to reduce her relative return volatility dominates and manager 1
increases her risky investments. Otherwise, if manager 1 is advantaged, she cares more

about her absolute return volatility, and so reduces her risk exposure.
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Turning to Table 1, we see that manager 1 takes on higher risk when stock 1 mean
return g rises (Table [ first cell), consistent with the standard prediction absent
competition. On the other hand, manager 2 decreases her portfolio risk when risk
tolerant (72 < 1) and increases her risk when risk intolerant (v, > 1) (Table [I third
cell), in line with the mechanisms discussed in the context of Lemma 1. From the
viewpoint of stock 1 attractiveness, an increase in stock 1 volatility oy has the opposite
effect to an increase in the mean return p;, and so effects of a higher o7 on the managers
equilibrium portfolio policies are also the opposite to those of a higher 1. This explains
why the signs in the second and fourth cells are the opposite to those in the first and
third cells, respectively. We provide another perspective on the results of Table [ in

Remark 1 of Section 5.

Besides being of independent interest, understanding the determinants of managers’
policies is also important from the viewpoint of client investors who give their money
to the managers—any mechanism that affects a manager’s behavior also has implica-
tions for that manager’s clients as their well-being depends on the manager’s policy.
In the next two Sections, we take a deeper look at this issue by bringing a client in-
vestor into our analysis and exploring two such mechanisms. First, we look at how a
client is affected by a possible transition between the settings with and without asset
specialization—this is analyzed in Section 4. Second, given that, from (), manager
1’s policy is affected by characteristics pertaining both to manager 1 herself and to her
competitor, manager 2, it is also of interest to identify which manager’s characteristics

have a larger impact on the client of manager 1-—this is examined in Section 5.

4. Costs and Benefits of Asset Specialization

Motivated by substantial evidence of asset specialization among real investors, a strand
of theoretical literature seeks to rationalize this pattern (as reviewed in the Introduc-
tion). In this Section, we show that competition is a possible mechanism that can
generate asset specialization among portfolio managers, which to our knowledge is a
novel insight in the literature. Moreover, we explore how the effects of asset special-

ization are transmitted through managers to their clients, i.e., the individual investors
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whose money are being managed by portfolio managers.

We first provide a brief overview. We consider two scenarios: with and without asset
specialization. The asset specialization scenario is exactly as presented in Section 2—
manager ¢ is familiar only with stock ¢ and so does not trade in the other stock. In the
no-specialization scenario, on the other hand, each manager is familiar with and invests
in both stocks, and otherwise the setup is as in Section 2. From a modelling perspective,
the fundamental difference between these scenarios is that markets are incomplete with
the specialization, as discussed in Section 2, but are complete without it as each manager
can perfectly replicate payoffs depending on all sources of uncertainty in the economy.
For each manager, we compare her indirect objective function in the two Nash equilibria
under the two scenarios to determine which one she prefers and by how much. We find
that, surprisingly, both managers may prefer specialization, implying that the standard
diversification motives are dominated by the desire to avoid competing on the same
turf by trading in the same set stocks. Under other circumstances, we show that both
managers may prefer the no-specialization scenario. When the initial scenario is not
the one both managers prefer, they can be expected to reach a mutually beneficial
arrangement to move to the preferred onell We also consider a client investor who
has entrusted her money to one of the managers, and examine whether she benefits or
loses—whether her expected utility increases or decreases—when managers’ collusion

leads to a scenario switch.

Accordingly, we consider cost-benefit measures \; and Ay, where \; represents man-
ager ¢’s gain or loss in units of initial wealth due to moving from the no-specialization

scenario to the asset specialization scenario:
Ji(Wio) = JMP((1 — X\) W), (12)

where J;(-) denotes manager i’s equilibrium indirect objective function under asset

specialization as a function of her initial wealth, and .J/"°°?(.) denotes that in the no-

7 Another possible scenario is that with partial specialization—one manager specializes and invests
a single stock (and faces incomplete markets), while the other manager invests in both stocks (and
faces complete markets). We provide an analysis of this scenario in Appendix B. Briefly, we find that
both managers can never benefit due to a transition to this scenario from the no-specialization scenario,
while they can benefit, under certain conditions, when the transition is from the specialization scenario.
Overall, partial specialization appears to be a less likely scenario than the two scenarios analyzed in
this Section.
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specialization scenario. A positive \; means that manager ¢ suffers from the transition
to asset specialization, and its value quantifies the percentage of her initial wealth she is
prepared to pay to prevent this transition. On the other hand, a negative \; implies that
manager ¢ benefits from the transition, with its absolute value denoting the percentage
by which her wealth in the no-specialization scenario needs to be increased to make it

as attractive as the scenario with specialization.

We also consider a client investor who provides an initial capital of W,y to manager
1 to invest on her behalf between times 0 and 7. Here and in what follows, subscript ¢
denotes variables pertaining to the client. Given that modelling competition is complex
and rich in implications as it is, we do not endogenize the client’s decision to invest in
the stock market indirectly via a portfolio manager rather than directlyH Moreover,
we leave the manager’s fee outside the model, and so the client’s horizon wealth W.p
is given by her initial wealth W,., compounded by the return generated by manager 1
in equilibrium. The client has standard CRRA preferences (without relative concerns)
defined over W,r:

Uy = —L—, (13)

where 7, > 0 is the client’s relative risk aversion. As above, we consider a cost-benefit
measure \. representing the client’s gain or loss due to transition from no-specialization

to specialization:

JC(WCO) = JCNOSP((]_ - )‘C)WCO)a (14)

where J.(-) and JN°9(.) denote the client’s expected utility with and without asset
specialization, respectively. The interpretation of A, is similar to that of A\; and Ap—
the client prefers no-specialization when \. is positive, and specialization when \. is

negative.

Proposition Pl characterizes the managers’ and the client’s cost-benefit measures in

closed-form.

Proposition 2. The cost-benefit measure Ay, quantifying the effect on manager 1 of

8Endogenizing the decision would require a model in which client investors were disadvantaged in
some way relative to portfolio managers, e.g., facing higher information or transaction costs. Similarly
to related works (van Binsbergen, Brandt, and Koijen (2008), Cuoco and Kaniel (2011)), we do not
incorporate such costs into our analysis. An exception is Kaniel and Kondor (2013) who model the
delegation decision.
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a transition from the no-specialization scenario to the asset-specialization scenario, s
given by
A =1—exp((m —n)T), (15)

where m and n are

m = @7 — Oipiady — 1 (0167)% /2 + 01 (1 — O1(v1 — 1))(0203)*/2 + 1 (11 — 1)po102¢ ¢,
(16)
n = p1(Py; — O195;) + p2(dry — O1ds) — 71((01&1‘1)2 + (‘72@2)2 +2p010207,¢15)/2
+01(71 — 1)(0%(15;1@5;1 + ‘75@2(15;2 + po102¢T P39 + PO1OPTP3,)

+01(1 — 01(71 — 1)) ((010%1)? + (02055)* + 2p0102¢%5,03,) /2, (17)

and ¢} is manager i’s equilibrium policy under asset specialization (given in (7)-(8)),
while ¢;7; is manager i’s equilibrium investment in stock j under no specialization (given
in (A20)-(A21) in the Appendiz A). Switching subscripts 1 and 2 in (I8)-(17) and
plugging the ensuing expressions in (I4) yields manager 2’s cost-benefit measure \o.

The client’s cost-benefit measure is

Ae = 1—exp |17 — 5%((71451)2 — 191y — H2Pls + 5%((‘71‘1511)2 + (‘72¢12)2 + 2/0‘71‘724511‘1512)
(18)

Upon investigating the cost-benefit measures reported in Proposition 2], we identified
two distinct types of predictions depending on managers’ risk tolerances. Accordingly,
in the graphical analysis below, we consider two calibrations, with risk intolerant and
tolerant managers. Moreover, in each calibration, we set the client’s risk aversion 7,

such that manager 1’s policy ¢7 is optimal for her:

1
ot == —21 (19)

Ye 01

where the second equality represents the standard portfolio choice result under the
CRRA utility specification ([3)). Condition (I9) ensures that the client’s cost-benefit
measure \. is not driven by misalignment between the client’s desired policy and the

actual policy implemented under asset specialization.
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H1

(a) risk tolerant managers (b) risk intolerant managers

Figure 1: Costs and benefits of asset specialization with varying stock 1
mean return. The effect of stock 1 mean return p; on the cost-benefit measures of
manager 1 (solid line, A1), manager 2 (dashed line, \y), and the client (dotted line,
Ae). A positive )\; indicates that manager i prefers the no specialization scenario over
the asset specialization scenario, whereas a negative J); indicates that the opposite
preference. Similarly, for A\.. The baseline parameter values are: r = 0.01, iy = o =
0.2, oy = 09 = 0.15, p = 0.5,0; = 6, = 0.9,7 = 1. Panel (a) presents the results
for risk tolerant managers v; = v, = 0.8, and panel (b) for risk intolerant managers
Y1 = 72 = 3. For each level of 1, the client’s risk aversion 7. is set so that the objectives
of the client and her manager 1 are aligned, i.e., condition (I9) is satisfied.

We first consider the managers’ and the client’s cost-benefit measures as a function
of stock 1 mean return, the relative attractiveness of manager 1’s stock, as presented
in Figure IIIH Panel (a) corresponds to risk tolerant managers, while panel (b) to risk
tolerant ones. Focusing first on managers, Figure [[l reveals that manager 1 (solid line)
finds the no-specialization scenario more favorable then asset specialization when her
stock 1 is relatively unattractive in that its mean return p; is relatively low, as seen
from A\; being positive for low p;. The reason is that with no specialization manager
1 has access to the relatively more attractive stock 2, which makes manager 1 prefer
no-specialization to asset specialization, where stock 2 is unavailable. On the other
hand, when her stock mean return g, is relatively high, manager 1 does not want
to share her attractive investment opportunity with the competitor, and so prefers
asset specialization (\; < 0 for high ). Because a higher stock 1 mean return has
the opposite effect on manager 2 to that on manager 1, the behavior of manager 2’s
cost-benefit measure Ay (dashed line) is also the opposite to that of manager 1—N\, is

negative for low py and positive for high ;.

9Though we could study the expressions in Proposition 2 from different angles, we find the most
illuminating one to be that presented in Figure [l
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A key insight from panel (a) in Figure [l is that both competing managers may gain
from asset specialization, as illustrated by both \; and Ay being negative when neither
manager has a considerable advantage (i.e., p; and ps are not too different). This
underscores a possible—and novel-—mechanism behind asset specialization, as managers
who can in principle diversify into both available stocks are likely forgo diversification
and instead opt for specialization by entering into an arrangement whereby each invests
in a single stock specific to her The reason is that when managers can trade in both
stocks, as opposed to one stock only, there is an additional channel through which
competition operates, and this increased competition negatively affects both managers.
The potential positive effect of investing in both stocks—improved diversification—is
not strong enough when managers are relatively risk tolerant, as seen in panel (a).
When managers are risk intolerant, however, they care more about portfolio volatility,
and hence about diversification. As a result, panel (b) reveals that both managers
prefer the no-specialization scenario when neither has a sizeable advantage (A; and A,
are positive when p; and ps are not too different). Accordingly, this scenario could well

occur even if initially the managers specialize in different stocks!!!

Turning to the client’s cost-benefit measure A, (dotted line), Figure [l reveals that
the managers’ preference for a certain scenario, and a possible transition to this sce-
nario, can well be at odds with the client’s preference. In panel (a), in the region where

both managers prefer the specialization scenario (Ay, Ay < 0 when g4 is around ps), the

10 Given our focus, we do not formally analyze a game in which such an arrangement arises as an
equilibrium outcome. Briefly, this game could have the following key elements. At time 0, one manager
makes an offer to the competitor with the following conditions: each manager i ought to invest only
in a single stock 7 and follow her equilibrium policy under asset specialization (given by () and (&)
for manager 1 and 2, respectively); if either deviates at any subsequent time ¢ € (0,7") by investing
in both stocks, the competitor also starts investing in both stocks and follows the no-specialization
equilibrium policy until the horizon T (given by (A20) and (A2])) in the Appendix A for manager 1 and
2, respectively). As we adopt a setting with continuous time and complete information, a manager’s
deviation at time ¢ is going to be detected in the next instant ¢ 4+ dt. Hence, neither manager will
deviate because the gain from doing so accrues over the period dt and so is infinitesimal while the
ensuing loss due switching to no-specialization is sizeable as it accrues over a non-trivial period of time
[t + dt, T).

I Even when managers prefer different scenarios, it can still be argued that one of them scenario
is more likely, though the argument here is more involved. For example, suppose that managers are
initially in the no-specialization scenario, and while manager 1 prefers it over asset specialization
(A1 > 0), manager 2 would benefit from a transition to asset specialization (A2 < 0). If manager 2’s
benefit exceeds manager 1’s loss, i.e., if Ay + A2 > 0, then the transition to asset specialization could
occur if manager 2 finds a way to compensate manager 1 for the ensuing loss. Because the overall gain
A1 + Ao is positive, there is a range of possible compensations such that both managers benefit in the
end. If managers have different initial wealth, Wig # Wy, the condition is A\ Wig + AaWag > 0.

19



client finds no specialization more attractive (A. > 0) because of greater diversification
benefits. From panel (b), the opposite pattern can occur when the managers are risk
intolerant—managers prefer no specialization, but the client would rather have that her
manager specialize (A, Ay > 0 but A\, < 0 when g4 is around ). The reason is that the
misalignment between manager 1’s and her client’s objective functions has less room to
manifest itself in the specialization scenario given the narrower investment opportunity
set, and so the client finds this scenario more attractive despite lower diversification
benefits. These results vividly show that competition is a salient factor for client in-
vestors because without competition they would always prefer their managers to not

specialize but invest in all available stocks.

To better clarify the role of competition behind our results, we depict in Figure
the cost-benefit measures A\, ., and A, for varying levels of manager 1’s relative bias
61, which is a parameter also capturing competition intensity (as discussed in Section
2). From panel (a) for risk tolerant managers, we see that for manager 1 (solid line) to
prefer asset specialization she needs to have a relatively high concern for competition
(A < 0 when 6; is high). On the contrary, when risk intolerant, manager 1 prefers
the no-specialization scenario more and more as her relative bias increases, as seen
from the positive and increasing A; in panel (b). The higher the bias is, the more the
manager is affected by the opponent’s return, and so the more she values the ability to
perfectly hedge against the opponent’s return risk under no-specialization. As the bias
of manager 1 increases, her objective function departs more from her client’s standard
CRRA objective, and so does the client’s cost measure A. (dotted line) relative to that
of her manager A\; (solid line), as seen in both panels (a) and (b). We see that the two
measures have the opposite signs, meaning that the client’s preference for specialization
is at odds with that of her manager, when the manager’s concern for competition is

sufficiently high.

Finally, looking at the scales of y-axes in Figures 1 and 2, we see that the magnitudes

of the above effects can be substantial.
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Figure 2: Costs and benefits of asset specialization for varying manager 1’s
relative bias. The effect of manager 1’s relative bias #; on the cost-benefit measures of
manager 1 (solid line, A1), manager 2 (dashed line, \y), and the client (dotted line, A.).
The parameter values in panels (a) and (b) are as in the respective panels of Figure 1.

5. Changing Economic Environment: Implications

for Client Investors

There is a common argument that investing in mutual or hedge funds, rather than
trading stocks directly, allows client investors to enjoy the benefits of stock markets
without devoting much time to looking after their investments. This point is often
mentioned in financial media and also advocated by mutual and hedge funds themselves
as a way of attracting clients The idea is that a client needs to spend effort only
at the initial stage when choosing a manager, but once the right manager has been
identified and invested in, the client, as the argument goes, does not have to pay close
attention to her investments. In this Section, we demonstrate that, while this argument
can be justified if there were no competition, the presence of competition implies that
the manager could deviate considerably from her client’s best policy when the economic

environment changes due to managerial turnover or changing stocks characteristics.

Accordingly, we consider a client of manager 1, where all assumptions pertaining
to the client are as in the previous Section 4. In the baseline pre-change period, i.e.,

before the environment changes, we assume that there is no misalignment of investment

12For example, Fidelity, one of the largest mutual fund and financial services group in the world, has
the following discussion on its website: “You've decided your portfolio needs bonds. Now you have to
decide: Will you invest in mutual bond funds or individual bonds?...Your ultimate decision will depend
on how much money you have to invest, your risk appetite...Then there’s the question of whether you
want to spend much time researching and monitoring your holdings...Given the complexities, bond
funds probably are the right choice for many investors.”
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strategies between the client and her manager 1, and so condition (I9) is satisfied. We
then consider the post-change period occurring after a manager i trait (6;, ;) or a stock
i characteristic (u;, 0;) changes. The former scenario corresponds to manager turnover,
whereby manager ¢ is replaced by a new manager with different traits, and the latter
could occur upon the release of new information affecting the future dividends of stock
il In the post-change period, manager 1’s new equilibrium policy deviates from the
client’s optimal policy, implying a cost for the client. To quantify this cost, we again
consider a cost measure \., now representing the client’s loss in units of her initial
wealth when her manager deviates from the client’s optimal policy (ch to a new policy

QAS*{ due to a change in the economic environment:
Jc((]- - /\C)WCOa qgc) = JC(W007 Q%% (20)

where J.(-) is the client’s indirect objective function as a function of her initial wealth
(first argument) and manager 1’s policy (second argument). In equation (20) and below,
we use a hat ~ to denote the post-change value of the variable. The value of . quantifies
the percentage of wealth the client is prepared to pay to induce manager 1 to switch
from her equilibrium policy g&{ to the client’s optimal policy ggc. Since by definition ngSC
maximizes J.(-), we have that A. cannot be negative as the client prefers QAﬁc over any

other policy.

Consider first the case when there is no competition, §; = 0. Then, manager 1
follows the normal policy ¢ = (u; — r)/(710%). Combining this with condition (I39),
we have that manager 1 and the client have the same risk attitude, v, = 7., and hence
the same objective function to start with. Given this, when stock 1 mean return or
volatility vary, the post-change policy of manager 1 is still going to be optimal for the
client, implying that the cost A, is zero in the absence of competition. The only way the
client can be harmed is if manager 1 is replaced by another manager with a different risk
attitude v; # 1. Hence, if the competition is absent, our analysis, even if a very simple

one, provides some formal support for the idea that portfolio management saves clients

13We assume that when managers choose their policies in the pre-change period they do not account
for the possibility of these changes. While it is potentially interesting to extend the model by intro-
ducing stochastic processes governing the stock parameters and manager turnover, such an extension
would significantly complicate the analysis, and so is beyond the scope of this paper.
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time and effort. Indeed, the above implies that within our setup, clients do not need to
analyze stock data, which is presumably the most costly and time-consuming activity
pertaining to stock investments. As we now show, our findings when competition is

present are less comforting to client investors.

Proposition 3 characterizes the cost measure A, analytically and reports some of its

salient properties in the general case of competition.

Proposition 3. The cost measure \., quantifying the effect of a changing economic

environment on a client of manager 1, is given by

. 1, .

o= 1= exp (065 - 60 = 020 - G)). 1)

where gg*{ and ¢, are given by (1) and (19), respectively, with post-change parameter
values substituted in. Moreover, A, has the following properties:

(i) A change in stock 1 mean return to a new value i has the same cost as the change in

stock 2 mean return to the same value, \. assuming that the pre-change

= = Aelip=ps

mean returns py and po are equal.

(i) A change in stock 1 volatility to a new value ¢ has the same cost as the change in

stock 2 wolatility to the same value, A\,

s1=6 = Aeclg,—g, assuming that the pre-change

volatilities o1 and o9 are equal.

Figure [ presents the main implications of Proposition [B] for a reasonable calibration
of model parameters Panels (a) and (b) of Figure B plot the client’s cost measure
Ae ([2I) for varying levels of managers’ relative biases (panel (a)) and attitudes towards
risk (panel (b)). In each panel, the minimum cost of zero occurs at the point where
the post-change value of the variable on the x-axis is equal to the initial value, i.e.,
when no change has occurred. The larger the change, the higher is the cost. We see

that a change in the relative bias or risk attitude of manager 1-—the one investing the

4The properties of A. stated in Proposition Bl (i) and (ii) do not rely on a particular calibration.
However, while the managers behavior can be qualitatively affected by their risk tolerances, the client’s
cost measure turns out to only be affected in magnitude but not in its overall behavior by managers’
risk attitudes. Given this, in the interest of space we employ only one of the two calibrations used
in Figures 1-2, namely the one with relatively risk intolerant managers v; = 3. Accordingly, we set
~Ye = 2.1 so that condition (3 is satisfied and manager 1’s and her client’s policies are initially aligned.
For other managers’ risk aversions, a general pattern is that the more risk averse the managers are,
the larger is the cost A, (other things equal).
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Figure 3: Client investor’s costs under changing economic environment.
The client investor’s cost measure A. for varying levels of manager 1’s (solid plot) and
manager 2’s (dashed plot) relative biases (panel (a)) and risk aversions (panel (b)), and
stocks mean returns and volatilities (panels (c) and (d), respectively). Panels (c¢) and
(d) have one plot because the client is equally sensitive to stock 1 and stock 2 parameters
(Proposition Bl (i) and (ii)). The parameter values are: 7, = v = 3, 7. = 2.1, and the
remaining parameters are as in Figure 1.

client’s money—Ileads to a higher cost than the same change for manager 2 (the solid
line is above the dashed line in each panel). The reason is that manager 1’s own traits
directly affect her equilibrium policy ¢7, whereas the same traits of the competitor have
an indirect, and hence a smaller effect on ¢7. The client’s optimal policy ¢, on the other
hand, is not sensitive to managers’ traits. Hence, the difference between the client’s

~
*
c)

desired policy, and the actual policy implemented, q@’{, grows faster in response to
manager 1’s traits, and so does the cost A.. From Figure B the client’s cost due to
changing managers’ traits can be considerable, potentially exceeding 5% of the client’s

wealth.

Following the above reasoning, one may anticipate a similar pattern when looking
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at the client’s cost due to varying stock characteristics—mnamely, that the client would
lose more for a given change in stock 1 mean return or volatility than for the same
change in stock 2. Surprisingly, this is not the case and the loss is the same, as stated
in Proposition 3] (i) and (ii). To understand why, let us consider two scenarios 1 and 2,
where scenario i, i = 1,2, refers to the case when stock ¢ mean return increases from
Wi = p to fi; = 1 > p. Assuming for ease of argument that manager 1 is risk intolerant
(71 > 1), we have from Corollary 1 that her equilibrium policy ¢} increases in both
scenarios, but more so in scenario 1 because, as above, the direct effect dominates.
However, unlike the previous case in which the client’s best policy ¢. is unaffected by
managers’ traits, now ¢, rises in scenario 1 while staying the same in scenario 2. In
our formulation, this rise exactly offsets the larger increase of ¢7, and so scenarios 1
and 2 are equally harmful to the client, as stated in Proposition B] (i). The result of
Proposition [ (ii) follows analogously

Accordingly, Figure Bl(c) depicting the cost measure A. for varying levels of stock 1
and 2 mean returns has only one plot as the two lines corresponding to each individual
stock coincide; similarly for Figure Bld) depicting the cost for varying levels of stock
volatilities. Again, zero cost (A, = 0) corresponds to the situation when the relevant
parameter does not change, and the larger the change, the higher is the cost. Figure
Bl(c)—(d) reveals that changes in stock characteristics can cost the client over 5% of her

wealth.

Summarizing the above analysis in terms of implications for client investors, we
find that it is relatively more important to pay attention to manager turnover within
a client’s chosen fund than in competing funds, though in absolute terms the latter
can also lead to non-trivial costs. Moreover, a client should consider tracking news
about companies in her manager’s portfolio and, equally important, in the competitors’
portfolios because, unlike the no-competition case, the ensuing changes in portfolios
characteristics can drive a wedge between the client’s desired policy and the policy

followed by her manager.

Remark 1. Interaction of competition and asset specialization. Having presented

15 The main message of Proposition 3(i) remains valid when the pre-change mean returns are differ-
ent, 1 # po. In this case, the sensitivities of the cost measure \. with respect to p1 and po, though
not identical, have similar magnitudes. The same goes for Proposition 3(ii).
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all results, we can discuss a methodological point concerning the importance of studying
competition and asset specialization in a unified manner, as we do in this paper, as
opposed to studying them individually. That is, the question is whether these two
economic mechanisms interact in non-trivial ways or not. If not, a unified analysis
is not likely to generate novel insights beyond those that can be obtained from the
individual analyses. We find that there is in fact a profound interaction between the
two mechanisms, as several of our key insights that can only be obtained in the general
version of our model that features both competition and asset specialization, and are not
present when one of these features is absent. Let us give one example from each Section.
Considering the equilibrium policies reported in Section 3 with asset specialization, their
properties with respect to stock mean returns and volatilities are qualitatively different
from the corresponding properties with no specialization (more details are at the end
of proof of Proposition 2 in the Appendix A). The finding that each portfolio manager
could find the transition from no-specialization (complete markets) to specialization
(incomplete markets) beneficial, which is one of the key results of Section 4, rests
on the presence of competition, as without competition each manager always prefers
no-specialization due to better diversification opportunities. Finally, as we have just
established in this Section, whether competition is present or not leads to very different

implications for client investors’ costs arising when the economic environment changes.

6. Conclusion

This article provides an analysis of competition among portfolio managers emerging
as the managers seek to outperform each other. We fully characterize the managers’
equilibrium portfolio policies under incomplete markets caused by asset specialization,
and investigate their properties. We establish that both managers can prefer the asset
specialization when risk tolerant, in which case this trading pattern is likely to occur.
When they are risk intolerant, however, the no-specialization outcome is more likely. We
uncover that the managers’ preference for specialization or no-specialization scenario
could well go against the preference of a client investor. Finally, we investigate the
potential costs to client investors due to a changing economic environment, and show

that the costs due to managerial turnover have notably different properties than the
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costs due to changing stock characteristics.
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Appendix A: Proofs

Proof of Lemma 1. Denote J(Wy;, Way, t; ¢2) to be manager 1’s indirect objective
function as a function of her wealth 1W;, opponent’s wealth W5, and time ¢, for a given
opponent’s portfolio ¢5. The Hamilton-Jacobi-Bellman (HJB) equation corresponding

to manager 1’s maximization problem (f) is

0 = r%ax [Jt + (’I“ + ,Ul(bl)WltJWl -+ (’I“ + ,U2¢2>W2tJW2 =+ U%(b%WftJWlWl/Q
+ U§¢§W%JW2W2/2 + p0102¢1¢2W1tW2tJW1W2] ) (Al)
with the boundary condition

1 - -
J(Wig, Worp, T; ¢2):71 . (Wi (W /Wor)?) (A2)
- /1

The first order condition for problem (ATl is
Wi dw, + U%¢1W12tJW1W1 + po102¢2 W1 War Jw,w, = 0,

leading to manager 1’s best response portfolio policy

_ K1 JW1 _ pUQWQt JW1W2
o1 Wiy JW1W1 oW JW1W1

2. (A3)

We conjecture that

k(t _ 1-
J(Wig, War, 15 2) = 1_(7,11 (W (W /W)™ ) (Ad)
Computing the partial derivatives:
Jw = W WO, (45)
Twawy = k(O W Y, (A6)
Twaws = k(00 (0 = DWWy 7V (A7)

and plugging (AQ)- (A7) into (A3) yields manager 1’s best response portfolio policy (Gl).

We now verify the conjectured function ([A4)) indeed satisfies the HJB equation (AT,
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and identify k(¢9,t) explicitly. Computing J;, Jw,, and Jy,w, from ([Ad) and along
with (AB)—(AT) substituting into (AIl), we obtain that k(t) satisfies

+ k(t)g =0, (A8)
where ¢ is given by

q = 17— 0+ mdi(da) — Orpads — 1 (0191 (02))?/2
+ 0(1 = 0i(y — 1)) (0202)" /2 + 01 (1 — 1)po102¢1(P2) b, (A9)

with ¢1(¢2) denoting manager 1’s best response to ¢y (given by (@)). From (A2]), the
boundary condition is k(7)=1, and hence the solution of (AS) is
k(t) = et=mT=0), (A10)

Q.E.D.

Proof of Proposition 1. We look for a pair of mutually consistent policies (@7, ¢5)
such that ¢} constitutes a best response to ¢5, and so ¢} equals the expression ()
evaluated at ¢o = ¢3, and similarly ¢} constitutes a best response to ¢j. This leads to

a system of two linear equations and two unknowns:

1 ki by —1)pos

¢ = + 5,
Y101 Y101

* I ko 92’72—1,001*

452 = —— + —( ) ¢17
Y2 02 Y202

solving which yields the equilibrium portfolio policies ([@)—(&). The policies ([@)-(I0) are
obtained by setting 6 = 0 in () (g)).

In the proof of Lemma 1, we have characterized manager 1’s indirect objective
function for an arbitrary manager 2’s portfolio policy ¢ in (A4). Substituting () (8]

and t = 0 into this function yields manager 1’s time-0 equilibrium indirect objective

function Jl(Wlo, Wgo)I

emT

_ 1—m1
Ji(Wig, Wag) = [ (Wi el(Wlo/W20>91) " (A11)
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where m is as given by (LG).

Q.E.D.

Proof of Corollary 1. As discussed in the main text, we assume that the model
parameters are such that the equilibrium stability condition (III) is satisfied, and that
the managers are long in the stocks. We first derive all the results reported in Corollary

1 under these conditions, and then elaborate on equilibrium stability.

From the definition of a Nash equilibrium, manager 1’s equilibrium policy ¢j is
a best response to manager 2’s equilibrium policy ¢35, and hence the two policies are
related through equation (@). Given no stock shorting, ¢5 > 0, and so from (@) we see
that when manager 1 is risk tolerant (7; < 1) she invests a lower wealth share into the
risky stock than in the absence of competition, ¢; < k1/(7101), and for a risk intolerant
manager 1 (y; > 1) the opposite result obtains, ¢7 > k1 /(y101). Similarly, for manager

2, proving Corollary 1(i).

Differentiating () with respect to 7; and manipulating yields

007 722 = p?0102(72 — 1))k1 — pbika)

om (1172 — p20102(71 — 1) (2 — 1))%01

Switching subscripts 1 and 2 in the above yields the expression for d¢3/0d7y,. Corollary

1(ii) is then immediate.

Computing the derivatives of equilibrium policies ¢} and ¢} reported in Table[Il we

get

991 _ 72 0¢7 kit (v2r1 + (1 — 1) Ohprz)
Oy (my2 — p20105 (1 — 1) (2 — 1)) 0 doy (7172 — p?0102 (1 — 1) (2 — 1)) 0f’
0p3 o (’72 - 1) ap o3 . (72 - 1) Oapi1p

O (2 — p*0102 (11 — 1) (12 — 1)) 0109” Doy (7172 = 20102 (71 — 1) (2 — 1)) ofor
The results of Table 1 are obtained from these derivatives once we take into account
condition (I)) and no stock shorting.

We now discuss the issue of potential instability of equilibrium. In particular, we
examine when our equilibrium is stable with respect to best response dynamics. See

Vives (2001) for a detailed discussion of such a stability criterion, and DeMarzo, Kaniel,
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and Kremer (2007, 2008) for recent related works studying, like us, the effects of rel-
ative concerns. Before proceeding, we note that we do not take a stand on whether
this stability criterion is the most appropriate in our portfolio management context.
Our discussion here should not be viewed as making some definitive conclusions on
equilibrium instability but rather as indicating that instability is a potential concern
when () is violated. Exploring this issue further is beyond the scope of the current
paper.

The idea underlying this notion of instability is as follows. Starting with the equi-
librium outcome (93, ¢3), where ¢} and ¢3 are given in ()-8, we consider a scenario
when one manager, say manager 2, deviates from her equilibrium policy by e, i.e.,
switches to the (non-equilibrium) policy ¢ + . Manager 1 observes this and changes
her policy from the equilibrium policy ¢ to the new policy that constitutes her best
response to ¢3 + €, as computed by substituting ¢4 + ¢ into the right-hand side of ().
Then, manager 2 observes manager 1’s policy and chooses the best response policy,
and so on. If the outcome of this step-by-step adjustment mechanism is the initial
pair of equilibrium policies (¢7, ¢3), then the equilibrium is stable with respect to best
response dynamics. If, however, the mechanism does not converge, the equilibrium is

not stable.

Formalizing this discussion, after manager 2 deviates from ¢} by €, manager 1’s best
response is to deviate from ¢} by €6, (y1 — 1)po2/(7101), as seen by plugging ¢35 + ¢ into

[@). In the next step, the deviation of manager 2 from ¢} is ek, where

p?0102(1 — 1) (2 — 1)
Y172

k

. (A12)

[terating the above, we obtain that after 2n adjustment steps manager 2 will deviate
from ¢35 by k™, where n is an integer. Hence, the above best response dynamics
converge, implying equilibrium stability, when & < 1. The condition k£ < 1 is equivalent
to requiring

Y172 — p°0102(1 — 1) (2 — 1) > 0. (A13)

Q.E.D.
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Proof of Proposition 2. First, we derive the equilibrium portfolios under the no-
specialization scenario when each manager can invest in both stocks. In this case, the

investment wealth process of manager ¢ follows
dWi = [r + (1 — 1) + Gia(po — 7)|Wigdt + dpino1 Wirdwi; + GinooWipdws;.

Fixing manager 2’s (yet unknown) equilibrium portfolio policies ¢35, and ¢}, and denot-
ing JNOSP(W1,, Wy, t) to be manager 1’s equilibrium indirect objective function under

complete markets, the HJB equation is

0 = g}%}; [JNOSP + (1 4 drip + ¢12M2)W1tJNfSp

(1 Ship + Groa) WP + (0703, + 030, + 200102611 012) Wi, Ty it /2
+ ((01¢§1)2 + (‘72¢§2)2 + 2P0102¢§1¢§2)W2t IJ/IV/QOSZ/Q
+

(011105, + 05P12059 + po102(P11059 + ¢12¢§1))W1tW2tJvA[§f§Z] ) (Al4)

with the boundary condition

1

NS (Wip, Worp, T) = .
-Mn

(WllT—el (WIT/WQT)gl)lf% .

The first-order conditions for problem (AI4) are

oS oS oS
0 = ﬁuWuJN Pig 1¢11W1t ‘]/[\ill/l/p; —|—p0102¢12W1t VA&MZ
+ (0i¢5 + p0102¢;2)W1tW2tJ‘]/[V/1O§Z, (A15)

o NoSp NoSp NoSp
0 = wWyldy = +o o3 PT Wi Wi Wy + po102d} Wiy J WL W,

+ (0305, + p0102¢;1)WltW2tJ{]/[V/f§Z- (A16)

We conjecture that JV°P(Wy,, Wy, t) has the form

kNoSp@)

JNOSP(WltaWQtat): -+
- M

(Wl —04 (Wu/W%)Gl)l_% 7 (Al?)

and substitute the required derivatives of JV°P into (AIH)—([AIE) to obtain the equa-
tions for manager 1’s best response policies ¢f, and ¢}, (we add * because these are

also equilibrium policies, being best responses to manager 2’s equilibrium policies ¢35,
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and ¢3,):

1 — 1010} — pro1oadiy — (1 —71) 010504 — p (1 —71) 1010205, =0, (A1)

[is — p110102¢5, — 110505, — p (1 — 71) 01010204 — (1 — 71) 610505, = 0. (A19)

Switching subscripts 1 and 2 in (AIS)-(AI9) yields the two equations for manager 2’s
best response. Solving the resulting system of four equations with four unknowns, we

obtain the Nash equilibrium policies under complete markets:

[v2 + 01(y1 — D](pa /o1 — ppa/ o) [v2 + 01(y1 — D](p2/02 — ppa/o1)

e (1= p*) (2 = Oiba(n — (2 = 1))or” ¥z = (1= p*) (72 = 0102(71 — 1) (72 — 1)) o2’
(A20)
¢ = (V1 + 0a2(v2 — D] (g1 /01 — ppia/ o) Lt [v1 + O2(v2 — V)] (p2/02 — pp1/o1)

T (=) (2 — 001 — )72 — 1))on”
(A21)

(1= p?) (1172 — 0102(71 — 1) (72 — 1))

We now compute the term £V°P(t) in (AIT) to completely characterize JYP(Wy,, Wy, t).
Substituting the equilibrium portfolios (A20)-([A21]), along with the required partial
derivatives of JV°% computed from (AI7), into ([(AI4), we obtain a differential equa-
tion:

L 4 ENoSP(t)n = 0, (A22)
where n is given by (IT). Solving (A22)), we get

k‘NOSp(t) — en(lfﬂ)(T*t). (A23)

Finally, substituting (A23) into (A7) gives manager 1’s time-0 equilibrium indirect

objective function under complete markets

enT

JlNosp(Wm, Wy) = =

(Wi (Wi /Wag)™) (A24)

where n is as given by (7).
Substituting (ATI)) and (A24) into (I4)) yields

mT nT

(& €

1-0; 01\
B 1- A N
= (Wio ™ (( 1DWio/Wag)™) T

(((1 = A)Wio) =0 (1 = Ay)Wao/Wap)®) 7
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and solving for \; gives (I3]).

Finally, we clarify the point made in Remark 1 about different properties of equi-
librium policies with complete and incomplete markets. Looking at manager 2 under
incomplete markets (and manager-specific investment opportunities), from Table 1, her
equilibrium investment in stock 2 ¢} decreases (increases) in stock 1 mean return g
when v, < 1 (75 > 1). With complete markets, however, inspecting ([A2I]) we see that
the behavior of ¢}, with respect to p; is the opposite. (As in Corollary 1, we assume
here that the denominator in ([A2]]) is positive to ensure equilibrium stability.) Sim-
ilarly, changing stock 1 volatility o; has the opposite effects on manager 2’s stock 2
investments with incomplete and complete markets. For manager 1, the argument is

analogous.

Q.E.D.

Proof of Proposition 3. In our model, a client differs from a manager in that she
has no relative concerns, and so a client’s time-0 indirect objective function J.(W., ¢1)
is obtained from that of manager 1 given in (AII) by setting #; = 0 in ([ATI]), which
gives

1=

J(Weo, 1) = If/ioﬁy exXp ((1 —Ye) (7" + g1 — %’Yc‘lﬁaf) T> . (A25)

Substituting [(A25]) into (20) and rearranging yields (2II), where all variables (apart from
7.) have a hat ~ because the cost A. is measured in the post-change period (and -,

cannot change, and hence no hat).

To prove Proposition 3(i), we compute the argument of the exponent in (2I) in two
scenarios 1 and 2, where scenario ¢ is when stock ¢ mean return changes to fi; = i, and
subtract the argument in scenario 2 from that in scenario 1. This yields after some

algebra

P07 gy — pro) (g + p2) — 2pap2) (1 — 1)
20102 (172 — PP0102(1 — 1) (72 — 1)) (71 — 1)0rptapot + Yapir02)’

which is zero when p; = p9, and so the result in Proposition 3(i) obtains.

Following the same steps as above but for stocks volatilities instead of mean returns,

we obtain that the difference between the arguments of the exponent in (2I]) evaluated
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at 61 = 0 and 69 = 7 is

03 p* i pi3(o1 — 02)(20 — 01 — 03) (11 — 1)?
20202 (7172 — p20102(71 — 1) (72 — 1)) (01 (1 — 1) ppaoy + Y2p1102)’

from which the result in Proposition 3(ii) follows.

Q.E.D.
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Appendix B: Partial Asset Specialization

In Section 4, we have looked at two scenarios, the specialization scenario where each
manager trades in a single stock and the no-specialization scenario where each trades
in both available stocks. We have described economic conditions under which: (i) both
managers prefer specialization over no specialization and so have incentives to induce
transition from no specialization to specialization, and (ii) both favor no specializa-
tion over specialization and so are likely to move to the no-specialization scenario.
In this appendix, we analyze whether both managers can benefit from a move to the
“in-between” scenario, the partial specialization scenario where only one manager spe-
cializes and invests in a single stock while the other manager invests in both available
stocks. Unlike the specialization and no-specialization scenarios where the degree of
market completeness is the same for both managers, the partial specialization scenario
features asymmetric market completeness—the specializing manager faces incomplete
markets while markets are complete for the non-specializing manager. However, we are

still able to obtain closed-form solutions for all pertinent quantities.

Let us first summarize our main findings. We show that a transition from no special-
ization to partial specialization cannot be beneficial to both managers. In particular,
the manager who switches to specialization—whose investment opportunity set shrinks
[after the transition]—is harmed while the other manager who retains the ability to
invest in both stocks benefits. On the other hand, a transition from specialization to
partial specialization may benefit both managers, but so may a more “sweeping” move
to no specialization which, moreover, implies a higher overall gain. All in all, our anal-
ysis below suggests that partial specialization is a less likely scenario, and so in the
interest of space we do not report results on how client investors are affected by a move

to this scenario.

Analogously to the cost-benefit measure \;, i = 1,2, defined in the main paper

(see equation () and the following discussion), we consider measures AS? and A%
quantifying the effect on manager 7 of a transition from the specialization ()\fp ) and no
specialization ()\ZNOSP ) scenarios to the partial specialization scenario. A positive /\Z-S P
indicates that manager ¢ prefers specialization over partial specialization, and hence

is harmed by a transition from specialization to partial specialization; a negative )\Z-S P
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indicates the opposite. The measure )\fv 5P ig similar but applies to a move from no
specialization to partial specialization. In the process of deriving these measures, we
obtain analytically the Nash equilibrium policies under partial specialization. For man-
ager 1 who specializes in stock 1, the equilibrium policy is a scalar ¢] representing a
share of wealth invested in stock 1. For manager 2 who trades in both stocks, the
equilibrium policy is a 2-tuple (@3, ¢3,) where @3, is a wealth share invested in stock 7.
Proposition [BIl reports the equilibrium policies and the cost-benefit measures in closed

form.

Proposition B1. The unique Nash equilibrium portfolio policies under partial special-

1zation are given by

4 — (2 +(m—1)0) N (B1)
(M2 = (L =) (1 = 72) 0162) 07
oL = (2 =1 (2 + (i —1)61) o __PH201 — 4102 « _ M201 — pli0y
2 (m72 = (T =m) (1 = 72) h62)7207 (1= p?) 097207 =2 (1= p?)ye0103
(B2)
The cost-benefit measures A °°F and \Y°P | quantifying the effect on manager 1 and 2,

respectively, of a transition from the no-specialization scenario to the partial specializa-

tion scenario, are
AV =1 —exp((6y —n)T), A% =1 — exp((fy — n)T),
where n is given by (17) and ¢, and (5 are

U = pa (@] — 019%,) — pabrdsy — Y1(0107)%/2 4 01(71 — 1) (070105 + por1o2didh,)
+ 91(1 - 91(’71 - 1))((0145;1)2 + (‘72@2)2 + 2,0010245314532)/2,
Uy = podsy + 19y — 0207) — 12((02039)” + (0109%1)* + 2p0201P3031) /2

+ 03(72 — 1) (075,07 + poaoi9hadi) + 02(1 — O2(72 — 1)) (0107)%/2.

The cost-benefit measures )\fp and /\‘2917, quantifying the effect on manager 1 and 2,

respectively, of a transition from specialization to partial specialization, are given by

AP =1—exp((ts —m)T), \3" =1 —exp((y —m)T),
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where m is given by ([I4).
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