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Abstract

It is widely accepted that there is a risk of fluctuating volatility. There is some evidence,
analogously to long-term consumption risk literature or central tendency in interest rates,
that there exists a slowly varying component in volatility. Volatility literature concentrates
on investigation of two-factor volatility process, with one factor being very persistent.
I propose a different parametrization of volatility process that includes this persistent
component as a stochastic central tendency. The reparametrization is observationally
equivalent but has compelling economic interpretation. I estimate the historical and risk-
neutral parameters of the model jointly using GMM with the data on realized volatility
and VIX volatility index and treating central tendency as completely unobservable. The
main empirical result of the paper is that on average the volatility premium is mainly due

to the premium on highly persistent shocks of the central tendency.
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1 Introduction

It is widely accepted that there is a risk of fluctuating volatility. There is some evidence, analo-
gously to long-term consumption risk literature (Bansal & Yaron, 2004) or central tendency in
interest rates (Balduzzi et al., 1998)', that there exists a slowly varying component in volatility.
Bollerslev & Mikkelsen (1996) and Andersen & Bollerslev (1997) find strong evidence of high
volatility persistence. Volatility literature concentrates on investigation of two-factor volatility
process, with one factor being very persistent. I propose a different parametrization of volatil-
ity process that includes this persistent component as a stochastic drift or central tendency of
market volatility. The reparametrization is likely observationally equivalent but has compelling
economic interpretation. With this model I am able to price two volatility components sepa-
rately.” I estimate the historical and risk-neutral parameters of the model jointly using GMM
with the data on realized volatility and VIX volatility index and treating central tendency as
completely unobservable.

The main result of the paper is that on average the volatility premium is at large extent
comes from the premium on highly persistent shocks of the central tendency. Additional short
lived but very volatile shocks bear a small but statistically significant premium. The volatility
premium in most part compensates for the shocks in stochastic volatility drift rather than shocks
of fast mean reversion to this central tendency. Hence, the role of shock persistence is crucial
in determining the compensation for volatility risks.

The model I propose is very similar in structure to Duffie et al. (2000) and Bollerslev et al.
(2010)* who are generally concerned with memory patterns in stock market volatility and volatil-
ity premium. They employ continuous-time general equilibrium approach together with Epstein
& Zin (1989) time non-separable preferences. These preferences are a crucial feature of the
model that allows to separate volatility and volatility of volatility risk premia. In my model
the second priced factor is central tendency, or stochastic drift of market volatility. Although
the stochastic discount factor in my model does not come from the particular assumption on
investor preference structure, it implies a similar compensation structure for different sources
of volatility risk.

Analogously to continuous time interest rate model of Cox et al. (1985) it became wide
spread in financial literature to model stochastic volatility as a mean-reverting process around
constant mean level. The seminal work in this direction is done by Heston (1993) who proposed

stochastic volatility continuous-time option pricing model. It is also well known that market

1See also Andersen & Lund (1997); Reschreiter (2010, 2011).

2Adrian & Rosenberg (2008) find some evidence that volatility components risk, both short and long-run,
are priced by analyzing a cross-section of portfolio returns.

3For analogous discrete time approach see Tauchen (2005) and Bollerslev et al. (2009).



volatility is highly persistent and has a thick tailed stationary distribution. Moreover, it is
widely accepted that one-factor stochastic volatility models do not fit well and can not capture
high persistence and thick tails at the same time. The idea of multi-factor volatility model
dates back to Engle & Lee (1996) who consider several specifications of continuous stochastic
volatility model. One of the specifications includes two additive volatility factors one of them
being very persistent. The models are discretized using Euler approximation to match GARCH
form and estimated with QML.

I propose a continuous-time model of market volatility where drift is not constant but rather
stochastic and is driven by a separate mean-reverting stochastic process with its own random
innovation. Andersen & Lund (1997) develop a continuous-time model of interest rates that
has a stochastic drift instead of constant mean level inside of the interest rate dynamics. In
this paper I do the same for stochastic volatility of the return. The appealing interpretation of
such modeling approach, in contrast to additive component representation, is the interpretation
of central tendency as a stochastic mean of volatility which determines the average level of
volatility for a prolonged period of time.

Engle & Lee (1999) propose GARCH-like specification of stochastic volatility with uncondi-
tional mean replaced with slowly varying second GARCH component. In this specification the
difference between two components is interpreted as transitory volatility component. One of the
key limitations of this model is that only one innovation term drives both volatility components
which does not play well with an idea of several sources of volatility risk. In a similar modeling
approach Christoffersen et al. (2008) stress the result that a two-component model fits better
than a one-component model with jumps.

The disadvantage of GARCH models is that they are not closed under temporal aggregation
(Drost & Nijman, 1993) and parameter estimates are critically dependent on sampling interval.
In this paper I derive exact discretization of the model with stochastic drift. Discretized joint
model of volatility and central tendency is a vector autoregression of the order one with moving
average heteroscedastic error structure of order one. The error structure is also kept in explicit
form of stochastic integrals.

Gallant et al. (1999) estimate two-factor additive stochastic volatility model using Efficient
Method of Moments and find that this model may successfully account for long memory ef-
fect. Chernov et al. (2003) evaluate empirically several continuous-time model specifications of
stochastic volatility. In particular, some specifications include two additive volatility factors.
One factor is responsible for tail thickness of returns, the other reflects volatility persistence.
Corsi (2009) propose an additive cascade model of several volatility components that have dif-
ferent effect depending on the time horizon. He shows that despite the absence of genuine long

memory the model is very successful in reproducing empirical characteristics of the returns.



Duffie et al. (2000) in conclusion to the paper propose a two-factor model of stochastic volatil-
ity model where one factor plays a role of stochastic trend rather than just an additional additive
factor. They argue that given sufficiently small speed of mean reversion this factor may capture
long memory in volatility which is argued to be evident in the data. Bates (2000) employ the
continuous-time model of S&P500 index options with two-factor additive stochastic volatility.
Volatility risk premium is assumed to be exogenous and proportional to current volatility. This
assumption is consistent with simple log utility. Model parameters are estimated implicitly
through minimization of option pricing errors.

When estimating stochastic volatility models the question of measurement is critical. Clearly,
point-in-time volatility in continuous-time model is unobservable. Instead one has to use some
approximations or implied measures. Andersen & Bollerslev (1998) give theoretical justification
for approximation of integrated volatility using high-frequency return data. Bollerslev & Zhou
(2002)* propose an elegant approach to estimate parameters of structural continuous-time model
of returns with stochastic volatility. The main idea is to express moment conditions in terms of
integrated volatility rather than point-in-time values. Historical integrated volatility is measured
as realized volatility or standard deviation of high frequency returns over daily period. Jiang &
Oomen (2007) approach the problem of latent variable estimation from a different perspective
but also on the basis of high-frequency data and GMM.

Joint estimation of the model parameters requires not only historical observation of market
volatility but also a risk-neutral expectation of volatility. Risk-neutral measure relative to
objective measure provides a link to investor preference parameters. Britten-Jones & Neuberger
(2000) provide the theoretical justification for the model-free measure of integrated volatility
which only requires current option prices. Carr & Wu (2009) generalize this approach and use it
to analyze historical dynamics of variance risk premia of multiple indexes and individual stocks.
The general idea of model-free measurement is to use a large set of option prices to construct a
volatility measure. This measure is represented by a VIX volatility index.”

Given a particular stochastic discount factor (SDF) I link parameters of risk-neutral dynam-
ics of volatility to its historical evolution. Theoretical model implies that risk-neutral volatility
measure depends not only on historical structural parameters but also on risk prices. This con-
nection logically requires joint estimation using both volatility measures. Garcia et al. (2011)
estimate parameters of a continuous-time stochastic volatility model both for objective and
risk-neutral distributions jointly. Risk-neutral measure of volatility is based on option price
series expansion. In this paper I estimate joint model using the VIX index which is a broader

and likely less noisy measure of volatility. Chernov & Ghysels (2000) use efficient method of

4See also Renault (2009)
5See also Jiang & Tian (2007) for detailed justification.



moments to estimate jointly historical and risk-neutral distribution parameters and filter out
spot volatility. Bollerslev et al. (2011) also estimate joint volatility model but it lacks above
mentioned multi-factor volatility specification.

Another contribution relative to methodology of Bollerslev & Zhou (2002) is that I keep
the explicit definitions of model innovations in terms of stochastic integrals. This allows me to
account for all possible interaction between the variables and innovations in analytical form.
In particular, Bollerslev & Zhou (2002) rely on unbiased estimator of squared volatility (see
Renault, 2009).

Inclusion of the stochastic drift in volatility model somewhat complicates econometric ap-
proach. First of all, integrated trend which shows up in discretized model is unobservable and
there is no convenient proxy for it. Hence, I integrate it out which results in higher order ARMA
structure for integrated volatility. But at the same time it preserves identification of structural
model parameters and allows for the use of standard GMM procedure (Hansen, 1982).

The rest of the paper is organized as follows. Section 2 states the continuous-time stochastic
volatility model of the market return both for historical and risk-neutral distributions. Section 3
shows how to discretize continuous-time model and represent it in terms of integrated variables.
Section 4 presents the decomposition of volatility premia and shows theoretical contribution of
central tendency premia. Section 5 outlines estimation strategy. Section 6 describes empirical

results. Section 7 concludes.

2 The Model

In this section I present the continuous-time model of the stochastic volatility with the drift that
is also stochastic. This drift represents the persistent central tendency of volatility or its slowly
varying average level. The continuous-time diffusion is basically the extension of the square-
root process used by Heston (1993) for option pricing. I show that with such a modification
my model has a potential of matching the high persistence of volatility observed in the data as
evident from the theoretical autocorrelation function of the spot volatility.

[ assume a matching square-root form of stochastic discount factor (SDF) that assigns prices
for shocks both in central tendency and volatility itself. Given the SDF it is easy to bridge
historical distribution of returns, volatility, and central tendency with its equivalent risk-neutral
distribution used for standard no-arbitrage pricing. Under this equivalent distribution the model
form remains intact but most of the parameters are altered. In particular, assuming negative
prices for volatility and central tendency risk, both processes become more persistent and have
a higher unconditional mean level.

Consider the probability space (€2, F, P) which is a fundamental space of the stochastic



market price S;. Assume that the log of stock price p; = logS; evolves according to the

following stochastic differential equation:

dpy = (pr + i) dt + o dWY

where constant parameters ., it and stochastic variableso?, y; to be explained later. Here o?

plays a role of instantaneous variance of the market return. Define the integrated variance of

the return over the h time interval,

t+h t+h
/ dlp,pl, = / aidu = Vi
¢ ¢

Also assume that this instantaneous volatility mean reverts to a stochastic central tendency
which in turn mean reverts to a constant long-term mean of volatility. This volatility structure
is similar in spirit to what is suggested by Duffie et al. (2000) in the end of the paper. These

assumptions may be written in diffusion form as follows:

dO-tQ =Ko (yt - O-t2> dt + antthU,

(2.1)
dy; =Ry (N - yt) dt + Uy\/@thy,

where W/, W7, and W/ are three standardized independent Brownian motion processes under
the historical probability measure P. Under the suitable regularity conditions (see Karatzas
& Shreve, 1997) the above multivariate diffusion has a unique strong solution on R*. The
parameter vector 6 is assumed to lie within some compact set © C R?. Provided that 2ux, > 775
the process y; has a stationary Gamma distribution.

The reason I can call y; a central tendency is the following. As I show in Section B.2 the

autocorrelation of the spot volatility is given by

2 2 2\ —1
Corr (Ut2+h7 0‘?) — eiﬂ‘fh + (efﬁyh _ ef’qffh) Lniy ?779 + m& .
Ko — Ky Ky \ Ky Ko Ko

This formula shows that if mean reversion speed of ; is much smaller than the mean reversion
speed of spot volatility itself, then the autocorrelation function in the long horizons will be

~*vh which decays very slowly with small k.

mainly due to component e
Now let the log stochastic discount factor (SDF) process m; = log M, be represented by the
following SDE:

dmy = —pedt — EEAWT 4 Mo, dWE + Ay /AW (2:2)
Ot

Here the vector ’;—’tr, AoOt, — Ay yt} is interpreted as a vector of risk prices arising from different



sources of uncertainty. The first element of the vector is the price of equity risk, the second is
the price of volatility risk, and the third is the price of risk related to persistent stochastic mean
of volatility.

Applying Girsanov’s theorem to the model at hand I can define the new set of Brownian

motion processes that are equivalent to the original
r r Ko
awl = dW,] + —dt,
O¢

dW? = dWf — \yodt,
dWY = dW{ — M\, yudt.

This adjustment in Brownian innovations provides a new set of standard uncorrelated Brownian
motions under risk-neutral probability measure @) on (€, F).

Under this new probability measure the model may be written as

dp; = pdt + o dW7
do? = Fip (G0 — 0} ) dt + noordWy, (2.3)

djy = Fy (fi — §0) dt + 7,/ Gd WY,

where the rescaled central tendency is

- Ko
Yo = =Y,
Ko
and the modified parameters are
Ky K [k
Fo = Ky — AoNos Ry = Ky — ANy, L= pfl—2—=, 0, = .
o o oMo Yy Y yly, M NRy o Ty = Tly Foo

Note that in general according to Girsanov’s theorem the shift in drift does not alter the
instantaneous diffusion parameters (in this case 1, and 7). It may seem that this rule is broken
as the instantaneous diffusion parameter for the central tendency is a multiple of n,. This
modification is only due to rescaling of y, itself. This rescaling preserves the interpretation of

modified ¢; as a central tendency under the risk-neutral measure.

3 Exact discretization

Clearly, the continuous-time model is a convenient theoretical construct. But in all of the

empirical work we only deal with discretely observed data. In this section I show how continuous-



time stochastic volatility model with stochastic mean may be exactly discretized. Even after
discretization the financial literature does not give a fool-proof recipe to measure spot volatility.
It became a de facto standard that we can reliably measure only integrated volatility using high
frequency data. Hence, I proceed in this section by deriving the dynamic discrete model where
state variables are integrated volatility and central tendency. Besides, for further considerations
of premia it is crucial to look at figures accumulated over some meaningful amount of time
rather than instantaneous values.

It is well known that the exact discretization of continuous-time square-root process is a
heteroscedastic first order autoregression. Since I have two interacting spot variables, the dis-
cretized system is likely to be of vector autoregressive form of order one. To make a transfer
to the integrated state variables I also integrate the innovations which leads to the same order
one vector autoregression but with more complicated moving average innovations of order one.

One more complication which will become evident later is the necessity to build the discrete
model for variable integrated over a larger period of time than the lag in the autoregression.
In this section I show that the model is not straight vector autoregression anymore but for
estimation method of my choice it does not present a significant problem.

As Section B.1 shows in more detail the spot volatility model is discretized as

0152+h = Ajo} + Biy + Cf + €4 h>

(3.1)
Yitn = Ay + C) + €,

where I define coefficients as

Ko o o o o
n=exp(—roh), Bp=—"(A,—4}), Cf=pnl-A47-B)),

Ko — Ky

and

A} =exp(—kyh), C/=p(l—A}).

Note that AY and Af are multiplicative functions of time interval, that is AYAY = AY_ . Sub-
scripted notation for the error terms means that they are amalgamations of continuous Brow-
nian innovations starting from the moment zero to h. In particular, the error structure of the

discretized model is given as

t+h t+h

€n = 770/ Ou g+h—udW5+77y/ VYuBl - d
tt+h t

Ety,h = Uy/t \/%A%+h—udwg'



Note that the volatility innovation accumulates Brownian terms from both central tendency
diffusion, and volatility diffusion itself. Also observe that the system in (3.1) is actually a
bivariate vector autoregression of order one with state variables (¢2,y;) and heteroscedastic
errors adapted to Fop = o (W, WY u <t+h).

Clearly, the same discretization technique may be applied to the risk-neutral model in (2.3).

So I have

oin = Ao} + B+ Cf + &), 52)
Yt+h = Al + CH + € s

with

N . 5 - -
b= —Foh), By =—"—(A7— A7),
r = exp (—Fqh) h KJ_%y( h h)
and

/ng,’l = exp (—Ryh),

The error structure in the risk-neutral model is
t+h B t+h 3 B
D= o [ AW [ VEBR AT
t t
t+h R R
o= [ VR AT
t

At this stage we already have exactly discretized model of spot volatility and central ten-
dency, but my final target is the model for integrated volatility and central tendency. It is also
argued later that instead of working with instantaneous variables it is more feasible to work
with integrated variables. In order to make a transfer from instantaneous (o2, ;) to integrated
analog (Vin, Vi) I integrate equations in (3.1) over the reference point in time as a dummy.

Integrated volatility and integrated central tendency are defined as

1 t+h 1 t+h
Vinh = h/t oidu, Vin = h/t Yudu.

Here the first subscripted value denotes the beginning of the time interval, and the second
denotes the length of this interval. In this particular case the integration interval starts at ¢
and ends at t + h.

Integrate the linear system in (3.1) over ¢ as a dummy of integration in the interval [0, A]:

1 h
Vienn = A7Ven + BpVen + CF + h/ €/ 1sndS,
0 (3.3)

| [h
Vienn = Ay Vi + Cf + h/o /1 snds.



This system of equations is again a bivariate vector autoregression of order one with respect
to state vector (Vip, Ven). But the error structure is a bit more complicated than it was for
instantaneous state vector. Here the errors aggregate Brownian shocks not only over the period
[t + h,t 4+ 2h] but also from the previous period [t,t + h]. This fact makes the error structure a
moving average of order one. These errors are measurable with respect to F; o, but completely
unpredictable with respect to F;. Hence the system in (3.3) is of almost VARMA(1,1) form.
The error is a composition of shocks over the period [t,t + h] and over [t + h,t + 2h]. But error
terms over both of these periods do not have the same distribution. That is why the system
does not comply with the strict definition of VARMA(1,1).

Now before writing the integrated version for the risk-neutral model I have to clarify a more
general approach to be used. For reasons to be seen in the estimation methodology section it
is necessary to integrate the instantaneous discrete system in (3.2) over a larger time interval

than h. So, denote another positive time variable H > h. the integration gives

N . . 1 (7
Vieha = AAVig + BV +Cf + H /0 Etsnds,
3 s . H
Vith o = A Vin +C+ — 5?+s,hd5-

Note the obvious notation 54, H= %Zytv - This system looks very similar to historical version in
(3.3) but with the following important distinctions. First, integration time intervals on the left
[t + h,t+ h+ H] and on the right [t,t + H] clearly overlap. In other words, Vi sy and V, g

have some common integrated volatility dynamics in the interval [t + h,t + H]|.

4 Volatility premia

In this section I derive theoretical implications of the model for the premia related to different
sources of risk. In general, a risk premium is defined as a difference between the objective and
risk-neutral forecasts of the integrated risk factor. There is a large literature dealing with the
premium associated with stochastic volatility. In this paper I hypothesized another source of
risk, the shocks in slowly varying average level of volatility. Naturally, I define the premium for
this risk as an excess forecast of the integrated central tendency under objective and risk-neutral
probability measures. The most interesting question now is how this central tendency premium
relates to volatility premium itself.

Thanks to Andersen & Bollerslev (1998) I have a reliable measurement instrument for in-
tegrated volatility. At this point it is beyond the scope of this paper to propose an analogous

measure for the integrated central tendency. Hence, I will treat this factor as completely unob-
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servable across the whole paper. Even though it is beyond my reach to quantify the dynamics of
the volatility central tendency or its premium, I can still say a lot on the basis of the theoretical
model. The information I have access to are unconditional moments of volatility and central
tendency premia such as mean, standard deviation, cross-correlations, and autocorrelations. In
this section I outline the methodology to derive these moments analytically. The method is
based on the representation of time series as infinite integrals with respect to Brownian incre-
ments only. This approach together with stochastic calculus makes it very straightforward to
derive the moments of interest.

Define two premia corresponding to both stochastic volatility and central tendency:

VPy = EP Vi —EF Vinl,
CPu = EP[Vu| - B Vin).

This means that a volatility risk premium is any excess expected integrated volatility under the
risk-neutral measure over the expectation under the historical probability measure. In fact, the
premium is always considered to be the negative of this quantity. It is also widely accepted that
most of the times the premium associated with stochastic volatility is a negative value. Hence,
just for exposition purposes I will consider the negative of this value.

The second premium above corresponds to the stochastic central tendency of volatility. Note
that the genuine integrated central tendency under the risk-neutral measure is 37757 H = g—;yt, H.
This rescaling is done to justify the use of term “central tendency” in application to the process
under the risk-neutral measure.

With this definition it becomes clear how to quantify the importance of the premium as-
sociated with shocks in stochastic volatility drift. Define the difference between two premia

as
TPt,H - VPt,H — CPt,H'

This value may be interpreted as a transient premium.

The problem now is to characterize these three premia. In the estimation section I will
argue that the only two values we observe or at least can find convincing proxies for are realized
volatility and VIX volatility index. The first value proxies integrated volatility V,;, over period
h, and the second proxies risk-neutral expectation of integrated volatility over some larger
period H. In this paper I eliminate any possibility of an error by leaving these values intact
and not doing any forecasting of historical volatility. Forecasting approach was taken by Eraker
(2009) with a very simple lagged realized volatility, Bollerslev et al. (2010) with HAR-RV, or
Todorov (2010) with VAR-based forecast. This limitation immediately moves all premia into

the rank of unobservables. On the other hand, my model allows for analytical expressions for

11



various analytical moments of premia. Below I briefly outline the approach I take to derive
these moments. The proof with all necessary details is given in Section B.4.

First of all I represent both spot volatility and central tendency as an infinite stochastic
integrals with respect to Brownian motions only. Under the historical measure the model
becomes .

sty [ AW,

t

t
sty [ VEBLAW b [ oz awg.

—00
Note that spot volatility accumulates shocks of both Brownian motions. Integrating this ex-
pression over the period [t,¢ + H] I obtain another representation of integrated volatility and

central tendency as infinite integrals:

t+H t+H t t+H
g =ity [ i ( / Az_vdu) awren, [ v ( / Az_vdu> awy,
t v t

t+H o t+H
HV: g =pH + ny/ NG (/ BZ_Udu> awy +n, N </ Bg_vdu> AWy
—0o0 t t v

¢ t+H t+H t+H
+ 1o / oy ( Agvdu> dW, + 1, / o ( / Agvdu> dwy.
—0o0 t t v

Note that each expression above naturally breaks down into two parts. One accumulates random

t

all shocks up to time ¢ and the other shocks from ¢ to t + H only. Hence, taking expectations
with respect to historical measure and information up to time t leaves only the first part of
stochastic integrals intact. The second part is completely unpredictable with respect to F;.
The representation under the risk-neutral measure is very similar except to slight change
of notation. Similarly, after taking expectation with respect to the measure ) I obtain the
infinite integrals up to time ¢ with respect to Brownian motions W and W¥. In order to have
a meaningful expression for the risk premia I have to measure these Brownian motions under
that same measure I used for W7 and W¥. This means that I have replace Brownian shocks
under the risk-neutral measure by their equivalents under the physical measure. At this point
it becomes meaningful to take the difference between risk-neutral and historical expectations of

volatility and central tendency.
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In the end I can show that the three above defined premia may be represented as

t
CP.y = EY[CP.y]+ / \@wgtdwg,

t

t
VPy = EF [VPt,H]qL/ avwdequ/ \/@thdwg,

t

t
TP, g = EF [TPt,H]-i—/ vav,tdW;—{—/ \/y_vngtdwg,

—00

The first term in each expression above is an unconditional mean of the corresponding premium.
The rest are stochastic integrals with respect to Brownian motion increments. Functions w,

and w,; are completely deterministic and only depend on structural parameters of the model.

Unconditional means are

L t t+H Ko~ B
B VR = -t [ [ (B A L) dud,
" _too tt+H K UN
EP[CPy) = (i—p)— H/ /t Aynyg—:Ag_vdsdv,

P rpa = [T (o (B - A) A ) dsd
[ t,H] H yny/% s—v s—v + oMo gy sav.
—o0 J it o

Note that both volatility and central tendency premia have one component in common, (i — ) H.
If T normalize all premia by the length of the time interval, the common component is simply
the difference between long-term mean of volatility, both spot and integrated, under two equiv-
alent measures. This means that on average the volatility premium is not simply the difference
between unconditional means of realized volatility and risk-neutral volatility measure.

Finally, using the representation above it is quite simple to compute unconditional moments

of the three premia. For example, the variance of the premia are the following deterministic

integrals:

VPIOP. ) = u/t (wgtydv,

VEPIVP.y = u/_; {(wv’t)2+ (th)g] dv,
VPITPy = p /_ ; {(%’02 +(w§t)2 dv.

Correlations between premia and autocorrelations are derived analogously.
Since the above moments are hard to analyze analytically I will proceed to analyze them em-

pirically by substituting estimates of structural parameters and using their variance-covariance
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matrix to compute standard errors by delta method.

5 Estimation

In this section I describe how to jointly estimate parameters of continuous-time stochastic
volatility model under the historic distribution in (2.1) and under the risk-neutral distribution
in (2.3) with limited information.

The first subsection deals with a substantial hurdle for a financial econometrics, namely the
measurement, of unobservable factors such as volatility and introduced here central tendency.
The first problem is how to measure volatility itself under two different probability measures.
Under the historical measure Andersen & Bollerslev (1998) suggested® to use intra-day high
frequency data on the returns. They show that with an interval going to zero the almost sure
limit of sum of squared returns is an integrated volatility. The daily realized volatility measure
is readily reported and accessible from multiple sources. Under the risk-neutral measure the
volatility is one of the main factors determining option prices. Using this fact Britten-Jones
& Neuberger (2000) theoretically justify the use of a large set of option prices to construct a
risk-neutral measure of volatility manifested in VIX volatility index.

A slight technical problem with these two data series is that they do not match with respect
to the integration horizon of volatility. Realized volatility is a proxy for daily integrated volatil-
ity, and VIX is based on options with maturity of one month (22 business days). Moreover,
realized volatility is a genuine volatility measure while VIX is a risk-neutral expectation of fu-
ture integrated volatility. It is easy to synchronize these data by aggregating realized volatility
over a month period but it is far more speculative to form its forecast. Different approaches
lead to slightly different results (see Eraker, 2009; Todorov, 2010). For this paper I will stay out
of this debate and will only use what I reliably have in the data and adjust econometric model
appropriately. This adjustment amount to augmenting the model innovation with the forecast
error of conditional expectation of volatility and central tendency. This approach reformulates
the model in terms of conditional forecasts as state variables.

In Section 3 I have already derived the vector autoregression model for both historical and
risk-neutral distributions where two factors are integrated volatility and central tendency. As I
already stated I do not propose to measure the central tendency but rather treat it as unobserv-
able and work around this complication. The trick to get rid of the integrated central tendency
in the model is to marginalize it. By doing so with VAR(1,1) type of model I marginalize it into
ARMA(2,2) model. This trick works for the realized volatility which is measured over one day

and is lagged one day in the model. For the risk-neutral model the exact order of the moving

6See also Meddahi (2002)
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average component is a bit hard to pin but, again, it does not play a significant role as long as
I know the analytical structure of the innovations.

In the second part of this section I present the conditional moment I use to set up Generalized
Method of Moments estimator (Hansen, 1982). It turns out that the GMM estimation of
ARMA-type models is very unstable if used to estimate all structural parameters including the
unconditional mean. To circumvent this problem I use the two step approach. First, I estimate
the unconditional means of both historical and risk-neutral measures of volatility. This approach
is known as variance targeting in GARCH literature and justified by Horvath et al. (2006) and
Francq et al. (2009). On the second step I treat the mean as given and estimate the rest of
the parameters by GMM. For that I compute analytically conditional mean and conditional
second moment of integrated volatility explicitly taking into account all possible correlations
between model innovations. The first moment only identifies speed of mean reversion parameter.
The second moment is necessary to identify instantaneous diffusion parameters. In total this
approach gives me four moments, two for each probability measure. As instruments I use lagged

realized volatility, VIX, daily market return, and squared return.

5.1 Measurement

Clearly, the first problem an econometrician faces with these types of models is that they
are formulated for the variables that are observed at best over discrete time intervals. To
overcome this first obstacle I have derived the exact discretization of the same model. Since I
am interested in estimating parameters under both historical and risk-neutral distributions, I
have two discretized models, (3.1) and (3.2).

Now the next problem is that volatility o? and its stochastic mean y; are not observable
variables even in discrete time intervals. Since point-in-time volatility is unobserved Andersen &
Bollerslev (1998) suggested to estimate integrated volatility using high frequency observed return
data. In particular, the following convergence result provides the basis for such estimation:

n t+h

RV, = er?-i-%h,t'f'%h RN t aidu =Vih.

j=
Since we can more or less reliably observe only integrated volatility, but not its point-in-time
value, I have to resort to the methodology of Bollerslev & Zhou (2002). They transform all
known results into relations between integrated volatility and apply GMM for estimation. Once
again, I will adopt the measurement of integrated volatility under the physical measure P by
the realized volatility.

Given discrete time observations on the theoretically reliable proxy of integrated volatility
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it becomes natural to transform the model into (3.3) which is of VARMA(1,1) form with het-
eroscedastic errors and state vector [Vin, Ven|. Another difficulty is that in the VARMA(1,1)
model (3.3) the integrated central tendency ), is not observable. Even worse, there is no
good proxy for this variable that I am aware of. Besides, the purpose of this paper is not to
suggest a measure for this unobservable component but to circumvent this problem all together
and estimate the model with what we reliably have in the data. To circumvent the absence of
a good proxy for a latent variable I marginalize the observable and compute the moments in
terms of what is known in the data. For more details see the following Section 5.2.

At this point I have formulated the model under the objective measure P for the integrated
volatility which may be accurately proxied by the realized volatility. Realized volatility is
normally constructed from the intra-day data to obtain a measure on a daily frequency, that is
h=1.

In order to estimate the risk-neutral model parameters I need the data on integrated volatility
under the measure (). Britten-Jones & Neuberger (2000) provide the result that connects option

data with risk-neutral volatility forecast. Specifically,

dK = E2 [V, 4],

VIXy = 2/ C(t+HK) —KI;laX(St—K,O)
0

where C' (t + H, K) is the price of call option maturing at time ¢ + H with strike price K, and
max (S; — K, 0) is the intrinsic value of this option at time ¢. If H is set at one month or 22
days period, then this expression is well proxied by the VIX index of volatility.

Note that I deliberately used time length H rather than A to stress the point that VIX is a
forecast of integrated volatility over a period of 22 days rather than one days in case of realized
volatility. So, even though VIX as a proxy for EtQ Vi is observed on a daily basis, it gives a
prediction of volatility over 22 days in the future. In order to account for that in the theoretical
model I integrate discrete point-in-time risk-neutral model in (3.2) over a period of time H
rather than A as in the case of historical model. Even though this discrete-time model is not of
simple familiar structure it is still manageable in terms of computing analytical moments and

applying GMM procedure.

5.2 Moment conditions

In this section I compute analytically the first two moment conditions both for objective and
risk-neutral measures of integrated volatility.
The first step is to eliminate unobservables from econometric model or, in other words,

marginalize the observed variable represented by integrated volatility. Using the lag operator L
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and taking the conditional expectation this system may be represented as

(1= AJL)El Venn] = BrE! [Vl + Cf,
(1= AYL) E] Vs = Ch.

Multiply the first equation by (1 — A} L), shift the time by h, and make a substitution from the

second equation to obtain
(1—AYL) (1 — ATL) Ef Vions] = B Ch + (1 — AY) C,
or, in more common form,
EF Wivann — (AL + AL Vignn + AJAIV, ), — BiCY — (1 — AY) CF] = 0.

Analogously to the historical model I can marginalize integrated volatility and formulate
the first moment completely analogously with a simple change in notation. One more problem
I see here is that integrated volatility V, gy under the risk-neutral distribution is not directly
observable. What we have in the data is only a proxy for its risk-neutral forecast EtQ \Z¥71
given by VIX volatility index. So, introduce a new observable variable VSH which is a good

proxy for the risk-neutral conditional expectation:

In this paper I do not argue for the accuracy of this measure but take it as given. Applying the
law of iterated expectations this replacement of the latent variable does not actually change the

moment:
B2 [V — (A7 + A%) VA + ATAVE, - BIC— (1= A1) &7 =0,

The first moments identify only mean and speed parameters of diffusion. In order to identify
instantaneous variance and price of shocks one has to compute additional moments. As I show

in Section B.3, the second conditional moments of integrated volatility and spot variables may
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be written as

2
El [(hvt,h)ﬂ = Ayo} + Ay, + Az + (a‘,’pf + bhye + CZ) ;

EtP [Uflh: = 6110152 + ay +asz + ( %0152 + Bry: + 02)2 y
Ef [0 yen] = cam+ s+ (A707 + By + CF) (Al + CY),

Ef [yt2+h: = boyr + b5+ (Aly + 05)2 )

Ef [o},] = Afo}+ Biu+Cy,

El lyen) = Aly+Ch.

The only observable here is integrated volatility Vgh. The rest are latent variables which can
be eliminated by taking appropriate lags and making substitutions. For example, the spot

volatility and central tendency equations may be written as

EtP [(1_AZL)yt+h] = O}Z{u
E [(1= A7L) o}, = Biy+Cy.

Multiply the last equation by (1 — AY L), shift the time by h using the law of iterated expecta-

tions, and finally substitute the first equation in to get
Ef [(1 = AJL) (1 = A7L) 07, ) = BICY + (1= A}) CF.

The expression for the second moment of integrated volatility includes spot variables o}, o2y,
y?, o2, and y;. Using the above approach each one of these variables is eliminated with the end

result of
EP (1= (A2 L) (1 — ATAYL) (1 — (AY)? L) (1 — AYL) (1 — A9L) V2 =M
t{( (A7) )( hh)( (47) )( nL) ( h)t+5h,h} )

where constant M is defined in Section B.3 and its definition involves instantaneous variance
parameters.

Parameters in the first and second moments of integrated volatility under two probability
measures are implicitly given by the vectors (i, Ky, Ky, N5, 7y) and (4, Ko, Ry, 1, 1), respectively.

The connection between these parameters is

P -\ P -\ r— @@ S @
Re = Rg ooy, Ry = Ky yMy, M= M/% P Ny = Ty i
o

Yy g
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If I estimate parameters of the two models jointly, then the parameter vector becomes

0= (,uv Reay Kyy Nos My, )‘07 Ay) )

which differs from historical set of parameters only by risk prices of volatility and central ten-
dency innovations, A, and \,.

Both first and second moments are expressed given fine information set J; which contains
all past observations of point-in-time volatility ¢ and y;. Clearly, this information is not
available to econometrician. Hence, an additional technical step of reduction in information set
is necessary (Meddahi & Renault, 2004). Coarser information set includes only observations on
past integrated volatilities.

Finally, the applicability of GMM is argued in Section B.5. There I claim that the moment
restrictions, model innovations, integrated variables, their interactions are reducible to a simple
stochastic integral. Consequently, for this variable I show the existence of finite fourth moment

and central limit theorem.

6 Results

In this section I will describe the data I use for my empirical exercise. Then I will outline the
results of estimation of continuous-time model parameters. The rest of the section is dedicated
to analyzing the main result of the paper. This result states that for forecasting horizon of
several days and more the volatility premium is mostly composed of the premium on central
tendency. Part of it is composed of the premium on shocks that are relatively more volatile but
short-lived. In other words, the additional source of risk, the one that drives volatility around its
persistent stochastic drift, does bear some small but statistically significant premium. It is also
interesting to note that the instantaneous variance of a central tendency is only a small fraction
of instantaneous variance of additional volatility shocks. Hence, small shocks that preserve its
effect long into the future are priced and make the largest portion of compensation.

In this study I use the following data. Daily volatility index, VIX, is constructed by CBOE’
for the period starting from 1990. This index proxies the integrated volatility forecast over the
future 22 business days. Daily S&P500 index prices, SPX, and realized volatility measure, RV,
are reported by Oxford-Man Institute® for the period starting from 1996. The data for market
index and log daily return are shown in Figure 1 on page 29. Both volatility indexes are shown
in Figure 2 on page 30. I report descriptive statistics of the data in Table 1 on page 30. In

addition, estimates of autocorrelation function are shown in Figure 3 on page 31.

"CBOE, VIX Historical Price Data, http://www.cboe.com/micro/vix/historical.aspx
80xford-Man Institute’s “realized library”, http://realized.oxford-man.ox.ac.uk/home

19


http://www.cboe.com/micro/vix/historical.aspx
http://realized.oxford-man.ox.ac.uk/home

The results of several models estimation are given in Table 2 on page 31. The first four
columns in this table correspond to a benchmark estimation of the univariate square-root dif-
fusion to the daily realized volatility and VIX separately. The next four columns correspond to
estimation of bivariate diffusion model with central tendency to RV and VIX separately. The
last column is main estimation result of the paper as it fits the model with central tendency
jointly to RV and VIX volatility measures. I used heteroscedasticity and autocorrelation robust
estimator of moments covariance matrix (Newey & West, 1987) with Bartlett kernel and 5 lags
for univariate models, and 50 lags for bivariate models. The instruments for the estimation in
benchmark models are lagged variables themselves. For the main model estimation I used lags
of realized volatility, VIX volatility index, and squared daily log-return.

First of all from Table 2 on page 31 it is clear that none of the models is not rejected by the
J-test with p-value varying from 37% to 95% for benchmark cases, and 51% for the main model.
In all benchmark cases the parameters are highly significant with an exception of diffusion
parameter of central tendency.

The very first column suggests that the mean reversion of realized volatility is 0.0793. This
number corresponds to half-life of a shock to a little under 4 days. This does not seem to lie
close to roughly 30 days evident from estimated autocorrelation function in Figure 3 on page 31.
The estimated mean reversion speed of VIX is 0.0152 which corresponds to half-life of 20 days
which and also does not match well above 60 days evident from the figure. This observation
clearly makes univariate models inadequate in view of the real data.

One can see that the modeling of the central tendency is relevant since both &, and 7, are
significantly different from zero. Bivariate models bring an additional degree of freedom by
introducing and additional shock which should cover the fat tails feature of the data. This is
the most clearly seen in case of realized volatility. There the speed of mean reversion of the
central tendency is estimated as 0.0218 which corresponds to almost 14 days of half-life. Even
though it still does not reach the level seen in the data, is a certain improvement in the fit of
the model. The central tendency mean reversion estimate for the VIX series went slightly up
in comparison to the univariate model which is not a good sign.

Besides mean reversion, one can note some interesting patterns in diffusion parameter esti-
mates. In univariate case the diffusion parameter of realized volatility is estimated as 0.1424,
while in bivariate case two diffusion estimates are 0.1923 and 0.0258. This means that the
shocks changing the persistent drift are much less volatile than shocks changing the movement
of volatility around its long-term drift. The univariate estimate is somewhere in the middle.
The same picture is observed in the case of VIX. Besides, diffusion parameter estimates are
somewhat smaller for VIX than they are for RV. This together with higher estimated persis-

tence of VIX is a reflection of smaller excess kurtosis but almost the same standard deviation of
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VIX. Smaller diffusion parameter drives both second and fourth moment down, while smaller
mean reversion speed increases standard deviation but does not seem to comparable increase
the kurtosis.

The estimation of the joint model for RV and VIX does not improve standard errors of
parameter estimates but rather somewhat decreases them. In particular, mean reversion pa-
rameter of volatility itself is not as precise as others. Central tendency estimates are still very
significant. The main benefit of joint model estimation though are the risk prices. Here the
prices of both shocks are significant at 5% level. Point estimates are very close to ech other,
0.2714 and 0.2032, respectively. This means that central tendency shocks are slightly more
expensive.

The model estimates imply that the risk-neutral speed of mean reversion of central tendency
is .0215—.2714x.0279 = .0139, and .9040—.2032x.1742 = .8686 which are not far from estimates
of VIX model. The speed of mean reversion of 0.9040 corresponds to 0.35 days of half-life. Hence,
the shock on top of the central tendency is very very short lived but several time more volatile.
Both of these factors contribute to a higher unconditional mean of volatility in the risk-neutral
world, 21% against 13% daily. This observation is due to the identity jik,k, = pryk, which
says that all else equal the higher unconditional mean of risk-neutral volatility requires higher
persistence of either central tendency or volatility or both.

Given the estimates of model parameters I plug them in to analytical expressions for un-
conditional moments of volatility premium, central tendency premium, and their difference. By
plugging in the estimates of these parameters I obtain point estimates of unconditional moments
of unobservable risk premia. Standard errors for these estimates are computed using the delta
method. Having the estimates f of structural parameters and their covariance matrix Q it is
easy to compute estimates of 7 = f (6) and their standard errors. Point estimates are 4 = f (é)

and the covariance matrix is computed through delta method and given by

V(3) = lgg (9)] 0 [gg, (9)] .

Implications for unconditional moments of volatility are given in Figure 4 on page 32 through
Figure 6 on page 33. Risk premia mean and standard deviation are given in Figure 7 on page 33
and Figure 8 on page 34. These graphs, except for autocorrelations, plot unconditional moments
over forecasting horizon H which I vary from 1 to 22 business days. The last number is the
same as used in computing VIX volatility index. Everything below that is a shorter interval
for volatility integration and is used to reveal the relative importance of central tendency over
different forecasting horizons.

Figure 4 on page 32 shows that standard deviation of volatility, central tendency, and their
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difference. There is no need for unconditional mean picture since it is known to be a constant
given in Table 2 on page 31. The plot shows standard deviation normalized by a period length.
There we see that the volatility and central tendency standard deviations are very close to each
other across all horizons and vary slightly below 5% daily. It is interesting to note that with
increase in aggregation interval the standard deviation decreases only marginally. This is due
to high persistence of both series. The standard deviation of the difference is above 2% for 1
day of aggregation and below 0.5% for the upper end. This says that the transitory shocks
in volatility are much more evident on the short forecasting horizons although still by order
smaller than the effects of persistent component.

Figure 6 on page 33 shows the estimates of correlations between volatility and its components
over different aggregation intervals. The most evident result is that the volatility itself is highly
correlated with its central tendency. On the longer horizons the point estimate is very close to
one but the estimate is much less precise. This explains close similarity in the second moment of
volatility and central tendency. The correlation between volatility and its transitory innovations
is much more pronounced at shorter aggregation intervals, above 50%, where transitory shocks
are more noticeable as judged by its daily standard deviation. As expected due to assumption
of uncorrelated Brownian innovations, the correlation between central tendency and transitory
shocks is virtually zero.

Figure 6 on page 33 plots autocorrelations of three series for lags up to 60 days and one day
of aggregation. The most interesting observation is that the integrated volatility autocorrelation
somewhat understates the empirical estimates of autocorrelation of realized volatility given in
Figure 3 on page 31. This observation is a positive reality check of the estimation results. Nat-
urally, the autocorrelation of central tendency is even higher. And there is not much persistence
in the difference between the two series.

Figure 7 on page 33 shows the most striking result. On this plot I present the comparison
between unconditional means of volatility premium, central tendency premium, and their differ-
ence. The point estimates unambiguously suggest that the implied central tendency premium
is actually larger on average than the volatility premium itself over all considered forecasting
horizons. Volatility premium point estimate goes from 0.5% per day to roughly 1.5% per day
for 22 days of integration. Central tendency point estimates are everywhere above. Confidence
intervals (95%) for these two premia are approximately plus minus 0.5% daily.

The actual test for significant difference between the two premia is given by analyzing
confidence intervals of the mean transitory premium. Point estimate goes from -0.3% for one day
of forecasting to -0.1% for month long forecasting. In spite of relatively wide confidence intervals
for the volatility and central tendency premia, the confidence interval for their difference is

roughly plus minus 0.1-0.5% daily. This interval includes zero only at small aggregation intervals.
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This suggests that the difference between the two premia is significant for forecasting horizons
of several days and above. Hence, I can say that the unconditional means of the two premia
are distinguishable for more than few days in the future. This also implies that the transitory
shocks contribute a statistically significant though small weight into risk compensation. The
basis for this result is evident from the previously considered graphs and estimation results.
There it was clear that volatility and central tendency are very similar to each other. But the
shocks that come on top of the central tendency are very volatile even though very short lived.
This seems to be enough to make a contribution to the volatility premium unconditional level.

The next graph I want to analyze is given in Figure 8 on page 34. This plot represents
daily unconditional standard deviation of the two premia and their difference over different
forecasting horizons. Here we see monotonically increasing standard deviation of volatility and
central tendency premia. Point estimates go smoothly from 0.1% for volatility and 0.2% for
central tendency to 0.3-0.4% for 22 days forecast. This observation is natural simply because
forecast is expected to deteriorate in efficiency with an increase in forecasting horizon. Moreover,
doing rough calculation suggests that 95% of the times the volatility premium for the standard
22 days of volatility integration should stay inside of the interval of 1.5 4+ 0.4% daily. This does
not rule out the possibility of the volatility premium being negative. This goes in line with
other studies that employ different forecasting techniques to characterize dynamic behavior
of volatility premium and find it negative from time to time. The standard deviation of the
difference between two premia is around 0.1% for one day to almost zero for 22 days. This
means that the difference between the two premia is almost constant, especially on the longer
horizons.

To conclude this section I want to stress the main result which says that the volatility
premium on intervals longer than a few days is mainly due to compensation of highly persistent
shocks that drive stochastic drift of volatility.

7 Conclusion

In this paper I proposed the continuous-time stochastic volatility model with varying central
tendency. As a main result of the paper I argue that the major part of volatility risk premium is
due to compensation for highly persistent shocks in volatility, those that drive central tendency.
Additional short lived but very volatile shocks that drive volatility around its central tendency
are associated with a small but significant negative premium.

My approach has several very conservative limitations. First, I treat central tendency as
completely unobservable and for the purposes of estimation integrate it out. It would be a very

promising avenue of future research to devise a reliable measure of integrated central tendency
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analogous to integrated volatility. The second limitation is that I do not take a risk of speculation
and do not propose a specific methodology to form a conditional forecast of historical volatility.
This forecast could allow me to identify explicitly volatility premium. On the other hand, if I
leave central tendency as unobservable the value of computing volatility premium by itself is
doubtful. Hence, in order to gain insight into joint dynamics of volatility and central tendency
premia it would take a substantial theoretical work. In spite of these limitations my approach
does not preclude analytical computation of unconditional moments of different premia and

their difference.
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Figure 1: Daily S&P500 index (SPX) and market log return (logR).
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Figure 2: Daily option-based volatility index (VIX), and realized volatility (RV).

Min Max Mean Std Skewness Exc. Kurtosis

100*log(R) -9.47 10.96 0.019 1.31 -0.20 7.42
VIX 9.89 80.86  22.03 8.62 1.98 6.87
RV 238 11875 13.34 8.36 3.34 19.87

Table 1: Descriptive statistics for market log returns (logR), option-based volatility index (VIX),
realized volatility (RV), and their difference, volatility risk premium (VRP).
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Figure 3: Autocorrelation function for option-based volatility index (VIX), realized volatility
(RV), and log market return (logR).

0 RV VIX RV VIX RV,VIX

@ 0.1323  (0.0059) 0.2209 (0.0142) 0.1268 (0.0119) 0.2111 (0.0124) 0.1259  (0.0082)

Koy 0.0793 (0.0164) 0.0152 (0.0036) 0.9452 (0.0515) 0.9234 (0.0158) 0.9040 (0.0229)

Ne 0.1424 (0.0141) 0.0552 (0.0029) 0.1923 (0.0037) 0.0509 (0.0049) 0.1742 (0.1216)

Ao 0.2032  (0.0686)

Ky 0.0218 (0.0084) 0.0132 (0.0032) 0.0215 (0.0056)

My 0.0258 (0.0281) 0.0055 (0.0486) 0.0279  (0.0094)
Y 0.2714 (0.1212)

J 0.51 0.01 3.09 3.21 6.49

P 0.47 0.95 0.39 0.36 0.26

df 1 1 3 3 5

Table 2: Estimation results of the model with stochastic trend. The parameters have the
following interpretation: p is the unconditional mean of historical volatility; x, and x, are mean
reversion speed parameters for volatility and central tendency, respectively, under historical
measure; 7, and 7, are instantaneous diffusion parameters; A, and A, are risk prices. Risk-
neutral speeds of mean reversion are i, = k, — Ao, and K, = K, — Ayn,. Risk-neutral volatility

Ko Ky

mean is given by fi = 2= -
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Figure 4: Implied standard deviations of daily volatility, V[V], central tendency, V[Y], and their
difference, V[V-Y]. Implied 95% confidence intervals are given by dashed lines.
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Figure 5: Implied correlations between volatility (V), central tendency (Y), and their difference
(T). Implied 95% confidence intervals are given by dashed lines.
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Autocorrelation

Lag, days

Figure 6: Implied autocorrelations of volatility (V), central tendency (Y), and their difference
(T). Implied 95% confidence intervals are given by dashed lines.

Mean premium, %

5 10 15 20
Forecast horizon, days
Figure 7: Implied means of daily volatility premium (VP), central tendency premium (CP), and

their difference transitory premium (TP). Implied 95% confidence intervals are given by dashed
lines.
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Figure 8: Implied standard deviations of daily volatility premium (VP), central tendency pre-

mium (CP), and their difference transitory premium (TP). Implied 95% confidence intervals are
given by dashed lines.

34



B Proofs

B.1 Discretization of objective model

Given the model in (2.1) simple integration of y; gives

t+h
Yern =yue ™" + sy / e dy + 1 / Ve Yy
t t
:yt(g*"yh + 1 (1 _ e*ﬂyh) + 77y/v \/%efny(t+h7v)dwg
t

gAY 4 (1= AV) 4, / VIAL W,
t

For more compact notation I replaced e "" with AY.

Now write the volatility process

t+h t+h
Ut2+h :o_fe—moh + /{U/ yue—ﬁa(t—l-h—u)du + 770\/ O_ue—lia(t-l-h—u)dwg
t t
t+h t+h
=02 A + Ky, / Yu AT du + 1y / o A7 AW
t t
t+h u
ot A+, | [yA bl AL by [ \/_yvAZvdWE] Az,
t t
t+h
+ 7]0/ ou AL AW
t
t+h
=0; A7 + /ma/ Al pudu + Ko (Y — A A?—i—h udu

)
t+h
+nany/ (/ IAY AT AW )du+m AT, dAWE

t+h
=07 A7 + /mg/ A7 du+ Ko (Y — M) Ay +A h—udu
t

t+h t+h +h
+ Koty Vo ( / Ao Ay du | WY + na ou Al W,
—UtA‘”ru(l—A”) (yt—u)ﬁ — A7)
o y

+

t+h
/ VI (At = A2 ) AW 4 [ 0T,
t
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where it can be easily seen that

t+h 1
[ e = -,
t Ko
t+h 1
[ = - D),
t+h 1
/vv Azfv (tj—i-h—udu = M<Ai/+hv_ tU-l-h—v)'
Also denote
K
BY = 7 AY — A7) .
= A A

So the original process can be written as
2 (1_AO’_BO’)+ 2A0'_|_ RB°
Otth —H h h) T Oy Ay T Yty
t+h t+h
by [ VRBL AW e [ AT W,
t t

as well as stochastic trend:

t+h
wen = (L= A+ A4y [ VT AW
t
So, the discretized model is represented by the following two equations:

2 _ o 2 o o o
Oten = noi + Brys + Cf + €t h>

(B.1)
Yi+n = Ajy + CF + Egh-

The coefficients for volatility are

A7 = exp (—koh), BY = — (A - A7), Cf=p(1-A7 - BY).

and

A} =exp(—kyh), C/=p(l—A}).

Note that Aj and A7 are multiplicative functions of time interval, that is A} A} = A} ., .

The error structure is represented by
t+h t+h
D= [ AT AW, [ VBT AW
t t
t+h
€n = My / Viu AW
t
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Clearly, EF [Egt-i-h} =0, and Ef [ngh} =0.
Note that the same processes may be represented as infinite stochastic integrals with respect

to Brownian motion only:

t
w=u+%/ N )
t

—u+m/ Nz mw+m/“a¢LﬂW3

B.2 Autocorrelation

Recall from (B.2) the representation of spot volatility and central tendency as infinite stochastic
integrals with respect to Brownian motions only. Compute the autocovariance of spot volatility

over the period h:

t
Cou (02, 0?) %[/ @mﬁwmj)@w;Mﬂ

t+h t
+%EU %%%MW/OMLMﬂ

— 00 —00

t t
—nyE [/ Yo ;;rh_vB;’_Udv] +n2E [/ 2At+h LAY Udv}

— 00

t t
:HWZ/ t+h vBt vdv+una/ t+h vA dU

—00 —00

t t
o 1 a
/ trhoAf_ydv = / at4h—200V = ﬁAh'

—00 —00 o

Here

One more integral is

t K 2
By, dv 7 AY Al — A7 )d
/_Oo t+h v </{/a _ Ky) /_OO< t+h—v t+h v) ( t v)
2
o 1 1 1 1
- < " ) (Az - AY — A7 Ag)
Ko — Ky 2Ky Ko + Ky Ko + Ky 2Ks
2
1 1 1 1
-(255) (o —m) v G —w) )
Ko — Ky 26y Kot Ky 2k Ko T Ky
2
Ry Re — l‘iy Reg
= AY — —A"
<’f0 - “y> (2’% (Ko + fy) " 2k, (Ko + fiy) )
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Plugging in this leads to the following covariance:

2 2 2 2
2 2\ "io' IUT}y Yy luny o /”70 o
COU (O-t—l-h’ Ut) —K/z /i2 <2Hy Ah - 2/£ Ah + ﬁAh
Yy (o2 o
2

2 2 2
K2, 1) Ko 1)
— "o Tl qv_ po d L) A7,
ﬁg—mf/me< h h>+<2/§g+ﬁg+/@y2/@y> h

Taking h = 0 I obtain the unconditional variance of spot volatility:

AN AN
\V4 2\ _ o y Y o
(Ut) K3 — kg \2Ky 2K, + 2Ky

Ko M0, |l
= + .
Ko + Ky 2Ky  2Kg

Hence, the autocorrelation is

-1
K2 un§< Ko M, N wﬁ)

Corr (oFp,07) =A7 + (Af = A7)

2 — k22K, \ Ko + Ky 26y 2k,

Ko T2 (M Ko Ky n? -

AT 4 (AY — A7) e y<y+aya> .
Ko — Ky Ky \ Ky Ko Ko

B.3 Second moment

In (B.1) replace h by another time indicator s and integrate from 0 to h which leads to the

following expression for integrated volatility in terms of spot variables

h
Vi = ago; + by + ¢ + / €7 4ds,
0

h
o __ o
ay —/ AZds,
0

and analogously other coefficients. In particular, the error terms may be represented as

h h t+s
/ €l 4ds :/ (ny/ \/gZAZZJFS_ude) ds
0 0 t
t+h h
:ﬁy/ VY (/ Af+s_uds> AWy
t u—t
t+h t+h—u
=1y / VYu ( / Agds> AW
t 0

t+h
:ny / V yua?+h_udW37
t

where I denote

38



ans

h h t+s t+s
/ ezsds :/ <770/ JuAf+S_udW3+77y/ \/@Bers_ude) ds
0 0 t t
t+h h t+h h
. | ( / auAf+s_uds> awg +u, [ ( / MBas_uds) awy
t u—t t u—t
t+h t+h
o [ o AW by [T AW
t t

The conditional variance of integrated volatility is

VE W) =V,F l/h ezsdsl
t—i(-)h 9 t+h )
= [ B o) (a0l ()
h
—p? / " (A7_0% + By + C2,) (afy,) du
' t+h 9
o [ A L) (07) o
ot | a7 (ag)
0
+ / h (27 (a5)" + A (4, du
0
+ / h (nzc;’ (ag_)" +m2cy ( z_u)Q) du.
0
To make the notation shorter,

V;P [hVLh] = A10't2 + Agyt + Ag.
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Also, the conditional variance of future spot volatility is
Pl 2 Plo
VP ot =ViF e
t+h
t+h

=2 /
t
_770 /
t

El [04) (Ag‘+h y du+77y/ EF ) (BYo u)2 du
(Ao tUt + By + C ) (At+h u)

2

t+h
+773/ (Av—wye + Ciy) (B;—h u) du
¢
h 2
ot [ 47 (47..)" du
0
h 2
+ / ( By (A7 u) +n2AY (B7_,) )du
0
" 2 o o 2 2 vy o 2
+ /0 (ngcu (A7_.) +mcy(Bi,) )du.
The conditional variance of future spot central tendency is
Vi lyon) =V,7 [ei’,hdé‘]
, [T . )
=it [ Bl (At du
t
t+h
[ AL+ O (A) du
t
) [" 2 2 (" 2
—yn /0 Ay (AY,) du+n; /0 cy (Ay_,)" du.
The conditional covariance of future spot volatility and central tendency is
Cov/” {Ut2+hyt+h} =E/ [E het h}
t+
:/’75/ Et [yu] A?Jrh uBg—i-h udu
t
t+h
it [ AL+ L) ALy Byt

t

h
Z?me/ AYAY By udu+ny/ CYAY_ Br_.du.
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These expressions can be compactly written as

v [Gt2+h} = @0y + azy; + az,
‘/;P [?Jt+h] = boy + bs,
COUtP [O-t2+hyt+h} = C¥Y: + C3,

with obvious notation for parameters.

Now, the second conditional momets may be written as

EY [(th,h)2: = Ao} + Ay + As + (CLZU? + bpye + 02)2 ;
EF [Uflh: = ay07 + agy; + az + (A%Jt? + By, + CZ)Q :
Ef o} yien] = caye+ s+ (Af07 + Biy + CF) (Al + CF)
Ef [yt2+h: = boyr + b3+ (Aly + 05)2 )
Ef [o},] = Afo}+ Biu+Cy,
El lyn] = Ay +Cy.

The only observable here is integrated volatility Vgh. The rest are latent variables which can
be eliminated by taking appropriate lags and making substitutions. For example, the spot

volatility and central tendency equations may be written as

Ef (1= AYL) yeun) = CF,
Ey[(1 - A7L)o},] = Biy+Cy.

Multiply the last equation by (1 — Aj L), shift the time by A using the law of itetrated expec-

tations, and finally substitute the first equation in to get
Ef [(1— AjL) (1= ATL) 03] = BYCY + (1 — A}) CF.

The expression for teh second moment of integrated volatilty includes spot variables o}, o2y,
y?, 02, and y,. using the above approach each one of these variables is eliminated with the end

result of
EP (1= (A2 L) (1 — ATAYL) (1 — (AY)? L) (1 — AYL) (1 — A9L) V2 =M
¢ (A7) ( nALL) (A7) ( nL) ( nL) t+5h,h .

The constant M may be obtained from computing the unconditional expectation of integrated
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volatility
(1= (7)) (1= A7AY) (1= (41)%) (1 = A}) (1= A7) B [(hi)*] = M.

and other spot variables:

EP[(Wn)’] = (af)? B [o}] + 20567 E” [otu] + (7)° EF [47]
+ (A1 +2a7cf) p+ (Az + 205¢f) i+ (As + (6)?)
(1= (A7) B” [oks] = 247B7E” [o7u| + (BY)” E” |y]]
+(ar + 247C) p+ (az + 2B{CY) o+ (as + (CF)*)
(1= ATAD) E (o7 puen] = ALBRE® [7] + ATCHp+ (ea + BICY + ALCY) p+ (e + C7CY),
(1= (A E |yia] = (e 424100 p+ (bs + (C1)°) -

B.4 Unconditional moments of the premia

Recall from (B.2) the representation of spot volatility and central tendency as infinite stochastic

integrals with respect to Brownian motions only. Integrating it over time interval H I get

t+H
Hyt,H :/ yudu
t
t+H u
=puH + 1, / / VYAl dW Y du
t —00

t+H u t+H t
cutt e, [ [ AL, [ [ mar v
t t t —00
t+H t+H 3 t+H
—uH +, [ \/y_< / Az_vdu> awy -+, | ¢y—< / Az_vdu> awy.
t v t

—0o0
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And for integrated stochastic volatility:

t+H
HVt,H :/ U,Zdu
t

t+H t+H
_,uH—Hyy/ / VYu By _, Wydu—l—no/ / o, A7 _ AW du

t+H t+H
=pH + 1y / / Vo By dWldu 4, / / Vo By dWdu
t —

t+H pt t+H
+ No / / UU dWUdu + No / / Jv Udedu
t —00
t t+H
=pH + ny/ N </ By_ du) awy + ny/ VYo (/ Bg_vdu> dw?
—00 t
t t+H t+H t+H
+ n(,/ O (/ AZ_Udu> aw, + 770/ Oy (/ AZ_Udu> awy.
—00 t t v

Define

o 1 t+H
7-if,t—i-H = Eny / Azfvdqh
t

v 1 t+H
7-t‘,t—i—H = Eny / BZ—vdua
t

1 t+H
- —, A7 du.
Stt+H H77 /t —e

With this notation,

t+H t
yt,H = W + / vV vagt+HdW3 + / V vatg+HdW37
t —00
t t+H
Vi = p+ / vV vat‘g-;-Hdeg + Yo vt+HdWy
—00 t

¢ t+H
—I—/ OuSt e+ AW +/ OuSu,t+ AW,
t

—00

¢ t+H
Vi —Ven = / VYo (Tt‘,/t+H - Tt,ct+H) AWy + / VYo (TXtJrH - TEt+H) dwy
t

—00

t t+H
+/ Uvgt,t—&—Hde +/ O'UQJ,H_HCZWUU.
t

— 00

Under the risk-neutral measure the integrated central tendency is

B K t+H t+H 5 5 K t t+H 5 5
HY,u = fiH +ny == / VYo ( / Az_vdu> AW + 1y == / VYo ( / Az_ydu> dwy,
o Jt v o J—o0 t
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and integrated volatility is

~ o [tHH tHH R
HV, g =iH + Ty / </ Z_Udu> dwy + ny;/ N </ BZ_Udu> awy
o Jt v
B t+H t+H .
+ 770/ Oy (/ Au_vdu> aw; + 770/ ot </ Az_vdu> aw,.
—0o0 t t v

Now, define two kinds of premia, volatility and central tendency:

VP = EZVuul—EF Veul,
CPuy = Ef [Yon| - B Von].

In order to compute these premia, find the respective conditional expectations. First, the

historical expectation of central tendency:

t t+H
5 Yl =+, [ ( / Az_vdu) awy,
t

— 00

and the risk-neutral expectation:

t+H B
[Hyt H} NH"'??y/ </ AZ—vdU> dwy

i 4, / ( | Az_vdu) (AW = Ayr/Fodt)
. t+H I LHH

=pH +n,—~ N </ Aﬁydu> dWY — Ny — Yo (/ szdu) dv.
Ko J -0 t k t

o —00

Now find the conditional expectations of integrated volatility under the P measure:

t t+H t t+H
EF[HV, ;] = pH + 1, / Vo ( / Bg’vds> AWY + 1, / oy ( / Agvds> dW?e,
t t

— 00 —0o0

and under the () measure:

t+H 5 5 t t+H B B
EP [HV, 5] =iH + nyT / Na» ( / Bg’vds> AWY + 1, / o ( / A;’Uds> dW?
0 —00 t

=pH +ny7 / t Vi ( / B;’ud8> (AW = Xy v/yudv)

o0

+ 770/ o (/ Ag_vds> (AW — N\yo,dv) .
—00 t
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By taking the difference between two expectations of the central tendency I find the premium

related to central tendency shocks:

CPoy =E? [Vin] = EL YVin)
t

~ 1 t+H Ky - y y
= (,LL - :u) + Eny \/E /tv (I%Au—v - Au—v) du de

1 K, t t+H -
— E)\ynyk— Yo Al du | dv.
o J —00 t

Write one of the terms separately and represent it as a sum of purely deterministic and purely

stochastic integrals:

t t+H N t v t+H 5
[ ( / szds) w= (u+ny / m/xzudwg) ( / szds) v
—00 t —00 — 00 ¢
t t+H B
L / ( / A?;_vds> dv
—00 t
t v t+H B
+ ﬁy/ (/ VY AY (/ Ag_vd8> dej) dv
—00 —00 t
t t+H B
:Iu/ (/ Agvd8> d'U
—00 t
t t t+H B
+ 1y / VYu ( / Ay ( / A§Ud3> dv> dW?.
—0o0 u t

Making the substitution leads to the following expression for the central tendency premia:

1 K t t+H -
CPy = (i —p) — =pu\n f/ / AY_ dsdv
t,H ( ) oY yﬁg s
1 t t+H P
_ B JA?J_ —AY )d dW¥Y
+ Hny ooﬁ([ (/%a u—v uU—v U) Wv

1 Sk [ t , t+H - ,
— E)\yny%— N Al Al_,ds | du | dWY.
o J—c0 v t
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Now compute the volatility premium:

VP, y =E? Viu) — Ef [Vou]
1 K t t+H _ 1 t ) t+H N
=(pn—p) — E)\ynyf?o /_oo Yo </t Bgvds> dv — Ekgno /_Oo o, (/t A‘S’vds> dv

1 t t+H K~
_ 2R° _B° Y

+ H77y /—oo \/E (/t‘ <Ra s5—v s—v) dS) de
1 t t+H B

+ H%/ Ty </t (AS_U — AS_U> ds) dw?.

—00

Represent next to last term as a sum of purely deterministic and purely stochastic integrals:

t t+H B t t+H ~
/ " ( / B;’_Uds> dv =p / ( / Bf;'_vds> v
—00 t —00 t
t t t+H
+ 1y / VYu ( / AV, < / B;’_Uds> dv) dw?.
—0o0 u t
Do the same for the last term in volatility premium:
t i+H t v
[ ([ i [ (e [ o
—00 t —00 — 00
v t+H
—H]g/ auAgudW5> (/ A;’vds> dv
—00 t
t  pt+H
= / / A7 dsdv
—oo J it
t v +H
+ ny/ / VYuBy_., (/ A;’_vds> dWldv
—0o — 0o t
t v +H
o[ e ([ ez
—o00 J —o0 t
t  pt+H
= / / A7 dsdv
—oo J it
t t t+H
+ T]y/ VYu (/ By, </ A;’_Uds> dv) awy
—0o0 u t
t t t+H
+ 1o / Oy ( / A7 ( / A;’vds> dv) dwe.
—0o0 u t
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Making the substitution leads to the following representation of volatility premium:

t+H _ 5
VPog=(it— / / yny ;‘_U + )\UnUAg_U) dsdv

1 t+H
770/ Oy (/ AO,U - Ag7v> dS) de
1 t t+H B
- AU AU o
H)\ana /_Oo o (/U e (/t 5_ud3> du) aw,;
1 t t+H K
_ UBU — RB° d AWY
n Hny/ ﬁ(/ (& ) s> e
2 Ko t t+H
)\ z / Vo (/ AY_, (/ B;’_uds> du> awy
“HY YRo J oo Vi " ]
1 t t t+H
- H%%Uy/_ N (/ By, </t A;’uds> du) awy.
Taking into account that the unconditional means of three premia are

1 t t+H P 5
B WPl = G-n-gn | [ AynnyZﬁ/\gnoAZv) dudv,

EP[CP.y) = / / Ay y~ Y dsdu,

EP[TP] = —p / / HH My (BL, = A2) + Ao A2, ) dsd,
all in all the premia may be represented as
CP.y = EY[CP.pg]+ / Yows WY,
VPy = EY VPl + / t Ty AW + / VYo dWY,

t
TPt,H - EP [TPth] + / O yWy tdWU / \/%wv tdWy
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where

t+H
va,t = 770/
t

t+H P K t t+H ~
ngt - ny/t <~UAZU - AZU> du - Aynz%ﬁo AZ—U (/t\ Agud8> du,

t pt+H ~ _
_ / (Aynj’;"Az_ng_uds v )\Unannyj_vAg_u> dsdu,
v t o

t+H K B 5
ety = o [ (5 (B - L) - (BT, - AL))ds

Ra
oK

tt t+H 5 5 5
_/ / ()‘yn lAZ—U (Bgfu - Ag—u) + /\UnanyBZvAgu> dsdu.
v t o

YR

With the introduced notation it is actually quite easy to compute second moments.

particular, the variances are
t 2
VP[CPy = p / (=5,) dv,
t 2
VRl = [ e+ (=h)] e
t 2
VPP = [ [+ (L)) o
The covariances are
t
COUP[CB7H,VPt’H] = u/ wgthtdv,
Cov” [OP,y, TP, ] = u/

Cov” [VP,y, TP, ] = M/ [(wv’t)z —i—thijt] dv.

48

In



The autocovariances are
Cov” [CP,yr, CPi_p 1
Cov” [V P, i,V Pyl

Cov" [TP, i, TP, _p.1)

t—h
c __C
Iu/ wv,twv,t—hdvﬂ
—0o0

t—h
v _V
,LL/ {wv,twv,tfh + wv,twv,tfh} dU?

—00

t—h
f

T T
{wv,twv,tfh + wv,twv,t—h} dv.

In addition I can compute unconditional moments of the integrated volatility and central

tendency. The means are clearly both equal to uH. The variances are

t+H

VP [yt,H] = /~L/ (TEHH
t
t+H

v Ven] = 1 / {
¢
t+H

VP Vewr —Veu| = M/ (TXtJrH -

t

t
+u/

The covariances are

COUP [Vt,Ha yt,H]

Cov? Vi, Ver — Vil
Cov” Vi, Virr — Vo)

2
(TXH—H) + (§v,t+H)2] dv + ,u/

2 Lo 2
) dv—i—u/ (TtHH) dv,

t

dv,

2 2
(Tt‘,/lf—i-H) + (Stevm)

—00

2
TUC:tJrH) +(§v,t+H)2 dv

2
[(Tt‘,/t-i—H - Tftw) + (gt,t-i-H)ﬂ dv.

t t+H

2 / Tt‘,/t+HTgt+HdU +u / TXt-&-HTEt—l—HdU?
—00 t

VP [Vt,H] — Cov” D}t,Hy yt,H] )

Cov” Viw, Vi) = VE Vil
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For h < H the autocovariances are

COUP [yt,H> yt—h,H]

Cov” [Vt,Ha Vt—h,H]

t—h+H
LC  C
2 / Tot+H Ty t— h+HdU

t—h
C C
+M/ Tt t+HTY t h+HdU+N/ Teat HTtht—ht A0,

o0

=

t—h+H
1% 1%
/ ( TottHTvt—h+H T §v,t+H§v,t—h+H) dv
T, d
T Tt 4 HTpt—ht H T Sti+HSv,t—htH | AU

1%
/ Tt et HTt—ht—htH T St,t+HSt—ht— h+H) dv
Cov” Wiwr — Ve, Vi — YVionnu| =

t—h+H
|4 C |4 C
H/ (Tv,t+H - Tv,t+H) (Tv,t—h+H - Tv,t—h+H) dv
t

t—h+H
§v,t+H§v,tfh+Hdv

C

% 1% c
(Tt,t+H - 7't,t+H) (Tv,t—h—i—H - Tv,t—h+H> dv

14 c % c
(Tt,t+H - Tt,t+H> (Tt—h,t—h—i—H - Tt—h,t—h-i—H) dv

Sttt HSt—ht—h+HAV.

/
/
t

+u / St 4+ HSv,t—ht HAV
t
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For h > H the autocovariances are

Cov” [Viw, Vi nn)

Cov” [Vt,Ha thh,H]

t—h+H t—h
C C C C
,U/ Tt,t+HTv,t7h+HdU + N/ Tt,t+HTt7h,t7h+HdU7
t

—h —00

t—h+H
v ooV
H / (Tt,t+HTv,t—h+H + Stt+HSv,t—h+H ) dv
t—h

t—h
1% 1%
+:“/ (Tt,t+HTt—h,t—h+H + gt,t+H§t—h7t—h+H> dv,
— 00

Cov” [Vt,H — Vir, Viehg — yt—h,H] =

t—h+H
1% c v c
N/ (Tt,tJrH - Tt,tJrH) (Tv,tchrH - Tv,t7h+H) dv
t

>

t—h+H
—l—u/ St i+ HSv,t—h+HAV
t—h

t—h
\% C \%4 C
+u (Tt,t+H - Tt,t—l—H) (Tt—h,t—h—i-H - Tt—h,t—h—i—H) dv

—0o0

t—h
+N/ §t,t+H§t—h,t—h+HdU-

— 00

The covariances of the three premia with the central tendency are

t
COUP[CP,;H,yt,H] = u/ wgtTtherv,
t
Cov” VP g, Ven| = u/ thTfHHdv,
t
C’OUP[TPtH,yt,H] = ,u/ wf,tTEHHdv.

The covariances of the three premia with the volatility are

Cov [CPy Vi) = 1 /

t
c Vv
wv,tTt,t-i—Hdvv
o0
t

Cov® VP g, Vi) = u/ (thTt‘,/t_,_H“‘wu,tQ,t—&-H) dv,
t

Cov” [TPy,Vin) = u/ (watTt‘g+H+wv7t§t7t+H> dv.
—0oQ

Finally, the covariances of the three premia with the difference between the volatility and central
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tendency are

t
P c (v c
Cov” [CP u, Ve — Vin] = M/ Wyt (Tt,t+H - Tt,t+H) dv,
—0o
t
P vV (Vv c
Cov" VP, Veg — Ver) = M/ (wv,t (Tt,t+H - Tt,t+H) + Wv,tgt,t+H> dv,
—00
t
P T (.V c
Cov [Tpt,H> Vin — yt,H] = M/ (wv,t (Tt,t-i-H - Tt,t+H) + wvﬂfgt,t-i-H) dv.
—00

B.5 CLT for model innovations

Suppose that o? adapted to F; = 0 {02, 7 < t} is a solution of the following square-root SDE:
do? = (,u — Uf) dt + oy dWy,

where W, is a standard Brownian motion on (2, F, P) probability space. The solution may be

written in recursive form as
t+h
otn=n(1—e") +e ol + / e (B.3)
t
or in infinite stochastic integral representation
t
ol =p +/ o’ dW,,. (B.4)
Also define a variable ¢

t
X; = / o€ dW, > 0,
t—1

I argue that the above representation is general enough for the model in my paper. All inno-
vations, integrated variables, and their interactions may be reduced to the above form with a
appropriate change of parameters and consequitive recursive substitutions.

It is true that X; is a martingale difference sequence since trivially F;_; [X;] = 0. Also, X; is
L'-mixingale since unconditional expectation is equal to zero and I can take ¢; = 0 and &,, =0
so that

E ’Etfm [Xt” < cém

for all t and m > 0.

Lemma 1. X; is uniformly integrable.

52



Proof. Define
t
Y;:/ g€ dW,.

— 00

Use Ito’s Lemma (Karatzas & Shreve, 1997) for Y%

t s t
Yf = 2/ </ Uue“_deu> o.es W, +/ a?eQS_Qtds.

Take the expectation:
1
E [Yﬂ = oh <00
for all t. Hence, E [X?] < F[V}] < co. O
Lemma 2. Define Xo =T7! Zthl X;. Then, Xrp 0.

Proof. By Theorem 1 (Andrews, 1988, p.460) with the choice of ¢; = 0 and taking into account
uniform integrability of X, I immediately have T-' 7 X, % 0. O

Lemma 3. F[X?]=p(1—e7?) < 00.

t—1
E|X?] =p—2E l / oue AW, / Uue“_tqu]
_ILL—QE [/ 2€2u—2tdu]

—N—2M/ 2u 2tdu

=p(1-e?).

Proof. Write

[
Remark. Tt follows trivially from the previous Lemma that 77 S>7 | F[X2] = pu (1 —e2) > 0.
Lemma 4. The fourth moment of X; is finite, £ [X}'] < E[Y}}] = 3u < <.

Proof. Using the Ito Lemma for Y,* where Y; = ffoo . tdW, 1 obtain

t s 3 t s 2
V= 4/ (/ Uueudeu> aseStdWs+6/ </ aue“deu> i
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The unconditional expectation of this variable is

t s 2
/ (/ Jue”_deu> 0'2625_2tdS]
t s 2
:6/ E </ Uuase“_deu> ] R
t s
:6/ </ E [0503} 62“_25du> e 2 ds.

Write the expectation of the product of o and o2 separately using the representation in (B.3):

E[Y}'] =6E

E [Jiaﬂ =F :azEu [a?”

—F -O'Z (u (1 - es_”) + e o2 +/

u

s

eta, )

=F _/f (1 — 657“) + e ol 4 o2 /s UUeSUde]
=2 (1—e") + e "E o)) + E lazEu [ / s aveS“dWUH .

The last expectation above is zero. The second moment of o2 is

([ o)

t

=K [/ 012}62”_%0[111
t—OO
—u /

1
2u—2t

dv = —p.
e v 2,u

Hence,
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Plug this back to the expression of the fourth moment of Y;:

t s 1
E |:Y;4] :6/ (/ (MQ + <2 . M) ues—u) 62u—28du> 628—2td8

pabe 1

:6/ (/ (u262u23 4 (2 - u) /L€US> du) 62572td5
—:o —00 1

o (e

=3 L.

Hence, E [Y!] = 3u < oo. O

Remark. It follows from Lemma 4 that all moments below the fourth exist, hence part of the

Lemma 3 is redundant.
Lemma 5. It is true that T-' Y7 X2 5 (1 —e7?).

Proof. Write X, as a following difference:

t
X, :/ .t tdW,
t—1

t t—1
:/ oue' tdW, —e_l/ ot aw,

—00 —00

:Zt — eilzt,l .

The martingale Z; may be represented recursively as

t
Zy :/ o€t dW,
oo t

=17, +/ oue" tdW,

t—1

=e ' Z,q + M-

Using Ito’s Lemma for Z; I can represent it as an SDE:
dZt = —tht + O'tth.

Using Ito’s Lemma once again for Z? I can show that

dZ? =27,dZ, + 2d|Z, Z),
=2 (07 = 2¢) dt + 2Z,0,dW;.
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Plug in the infinite representation of o2 given in (B.4):

t
dZ? =2 (u + / o’ t W, — Zf) dt + 2Z,0,dW,

—00

ZQ(M—Zf)de(/t

—00

Uvev_tdWU> dt + 2Zt0tth-

Integrate this SDE from ¢t — 1 to ¢

72 =e 72 4 p (1 — 6_2)

t s s t s
+ 2/ e 2(t=9) (/ (av/ e”‘“du) dWU> ds + 2/ e 2(t=9) </ Zuauqu> ds
t—1 —00 v t—1 —00

=222 +u(1—e?) +5
Take the square of X; and substitute recursive expressions for Z; and Z;_1:

X2 =722 2,7, +e* 7% |
:26_223—1 + w (1 — e_2> + e — 26_2Zf_1 — 26_177tZt_1
=/ (1 — 6_2) + e — Qe_lntZt_l.

The first term above is the second moment of X;. The variables ¢, and 7; can be shown to
be mds and L'-mixingale analogously to X, itself. The term 7,7;_; is also a martingale and
L'-mixingale simply by the fact that Z,_; is measurable with respect to F,_;. This implies
that both 7! ZtT:l g, and 71 Zthl n:Zy—1 converge to zero in probability. This concludes the
proof. O

Proposition. It is true that VT X1 % N (0,1 (1 — e72)).

Proof. There are four conditions to be checked. The first, that the second moment is finite for
all t is proven in Lemma 3. The second condition that the average of second moments converges
to some positive constant holds trivially since the second moment is the same constant for all ¢.
The condition that E|X;|" < oo for some r > 2 and all ¢ is shown in Lemma 4 for r = 4. The
last condition, that the average of X; sqaured converges in probability to the avergae of second
moments, is proven in Lemma 5. Hence, all conditions of Corollary 5.25 (White, 1984, p.130)
are checked. O
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