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MaTteMaTHYECKHI aHAJIH3

. DJIeMeHTbI TE€OPHUHU MHOKECTB

[loHsTMEe 0 MHOXecTBaXx M HX 3JsieMeHTax. [logMHOXecTBa. Onepauun Hazj
MHO)KECTBaMHZOG’be,U,I/IHEHMe, nepeceyeHue, pa3HoCTb. [lexap'roso IIpou3BeIEHHUE IBYX U
60J1e€ MHOXECTB; [IPpOeKIHH 3JIEMEHTA JEKAPTOBA ITPOU3BEJEHHS.

OTobpaxkeHUe OZHOr0 MHOXeCTBa B Jpyroe; 06/1acTb ONpejesieHns, 06J1acThb
3HavyeHuH, rpadpuk otobpaxkeHus. ToxAecTBEHHOe OTOOpaKeHHWe MHOXecTBa B cebs.
O6pa3 aseMeHTa WJM MHOXeCTBa M3 006s1acTH omnpejeseHus; (MOJHbIM) npoobpas
3JleMeHTa WJW MHOXecTBa M3 06JsacTH 3HavyeHUH. Komnosuuus (cynepnosuijus)
0TOOpaXKeHHUH.

B3anMHO oZiHO3HA4YHbIe 0TOOpaKeHUs (BJ10KEeHUs) U 0TOOpaxeHHUst «Ha» (HakpbiTHs). 06-
paTHOe oTobpakeHue. PaBHOMOLIHble (3KBUBaJIEHTHble MO0 MOLIHOCTH) MHOXeCTBa.
Ko- He4yHble M cueTHble MHOXkeCTBAa. CYETHOCTb MHOMECTBA palMOHAJbHBIX YHCE.
MOIIHOCTb MO/MHOMECTBA CYETHOT0 MHOXeCcTBa. MOIHOCTb KOHEYHOI0 MJIM CYETHOTO
006 beiMHEHHNSI CYETHBIX MHOXECTB.

Yucaosasg npamass R u apudmernueckoe npocrpancrso R "

BeujecrBeHHble (eHcTBUTeNbHbIE) uMcaa. OTKPBITbIA, 3aMKHYTbIH, MOJYOTKPbITHIM
oTpe3ku.[loHATHEe MaKOpaHTbI (BepXHEW I'paHUlbl) U MUHOPAHTbI (HWXXHEH TpaHMllbI)
NOJAMHOXe- CTBa BelleCTBEHHbIX 4YMCeJ, OTPAaHWYEHHOro (CBEpXy, CHHU3Y) MHOXECTBa,
HaubOJIbIIEr0 ¥ HaMMEHbLIero 3JieMeHTa MHOXeCTBa, (TOYHOH) BepXHeW U HHIKHEeH
rpaHem.

CBOMCTBO MOJIHOTbI YMCJOBOM MPSIMOM: TeopemMa O CYLeCTBOBAHUM BepxHeH
(HMXKHeN) rpaHM M TeopeMa O HENyCTOTE MepecevyeHUs] BJIOKEHHbIX OTPE3KOB.
[I10THOCTL MHOKe- CTBa palMOHAJIbHBIX YKCeJ KaK MOJMHOXeCTBa YUCI0BOH NMpsiMOH.
HecueTHOCTb OTpe3Ka YUCJAOBOU NPSIMON; MOLUHOCTb KOHTHUHYyMa.

ApudmeTnueckoe (YMCI0BOE, KOOpAMHATHOEe) mpocTpaHcTBo R". Onepauuu ciaoxeHus
3/1e- MeHTOB (BeKTOpoB, Touek) R" M yMHOXKeHUsI UX Ha yKci0. [IoHsATHE OrPAaHUYEHHOTO
MHOXe- cTBa B R".

CaBoiicTBa MHOKECTB HA YHCJI0BOIT psiMoii u B R"

[TonsATHE E-0KPECTHOCTH TOYKH HAa YMCI0BOM npsiMod. OTKphIThIM napasienenunes 8 R"
KaK JleKapTOBO TNpPOMU3BeJleHHe OTKPbITBIX YMUCJIOBbIX OTpe3KoB. O6liee MNOHATHE
OKPEeCTHOCTH TOYKHM 4YHCJOBOM mNpsAMOM M TO4YkM mnpocTpaHcTBa R". CucTeMbl
KyOU4YeCKHX U 11apOBbIX E-0KPECTHOCTEH.

BHyTpeHHl/le, BHEIIHHWE U 'PaHUYHbI€ TOYKH MHOX>ECTBaA. BHyTpEHHOCTb, BHEIIHOCTb
W TpaHHUlla MHOXeCTBa. I/IBOJIl/IpOBaHHbIe KU TipeaeJibHble TOYKH MHOXKeCTBa.
OTKprTble W 3aMKHYTbl€ MHOXeCTBa. TeopeMbI 00 06'b€[LVlHeHHH U nepecevyeHuu
OTKPBITBIX U 3aMKHYTbIX MHOXECTB. 3aMblKaHMe MHOXKeCTBa. JlonosiHeHUs K OTKPBITBIM H
3dMKHYTbIM MHOX>€CTBaM.

TeopeMa o0 HenycToTe MepeceyeHHUs BJIOKEHHBIX 3aMKHYTBIX MapaJsjieselnuineson
(nonnota R"). IloHsTHe KOMNakTHOro (T. €. OrpPaHUYEHHOr0 W 3aMKHYTOIO)
MHOkecTBa B R" 1 Ha uncioBo# npsiMoid. HenycToTa nepeceyenust BJ0XKEHHbBIX HENMYCThIX
KOMIAKTHbIX MHOXecTB. TeopeMa O BblleJIEHUHM KOHEYHOTO OTKPbITOrO MOKPbITUS
KOMIaKTHOro MHoXecTBa B R" (Ha uncsioBol npsmoii R).
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4, Hpene.n nmocJjIeA0BaTCJIbHOCTH

MouaTue nocaegosatesbHocT Toyek R" (Mau Touek yucioBor npsamoit R) u ee npesena.
[lognocsef0BaTeIbHOCTY W TpejieJibHble TOYKM (YacTudyHble npegenbl). llpeaen
noAnocje- JOBaTEJIbHOCTH CXOAslleHcs mocaefoBaTesbHOCTH. Teopema boJsiblaHo—
BeitepuiTpacca 0 BblieJIEHUM CXOJsIeicsl MO/ANO0C/Ae/0BaTe/IbHOCTH U3 OrpaHU4YeHHOH
nocaefoBatespbHoctd Tovyek R". [loHsiTMe ¢yHAaMeHTasbHOW MOC/A€A0BaTeNbHOCTH
(nocneposaresbHocTd  Kowm).  JKBMBaJIeHTHOCTb — NOHATHH  cXojsdwedcs U
dyHaaMeHTaNbHOM MOCAe0BaTeNbHOCTH B R,

YucoBble noc/ae10BaTe/bHOCTH: CylieCTBOBaHHE NIpeaesa y MOHOTOHHOM OFpaHHHEHHOﬁ
1nocae0BaTEJIbHOCTH,; HpEAeﬂbelﬁ rnepexos B HEpaBEHCTBAX; MNOHATHUE BEPXHEro H
HHWXXHEro npezjeJa. TEOpEMbI 0 npejeJsie CyMMbl, pa3HOCTH, NPOU3BeAEeHU A, HaCTHOT'O ABYX
nocaenoBa- TeJIbHOCTEH.

5. Npenen pyuxuuu. HenpepsiBHOCTh PyHKIMI (0TOOpaKeHMIH)
Yucnosble (ckanspHble) GYHKIMM Kak oToGpakeHHs noAMHoxecTB R" uiu 4ucioBoM
npsi- MO# B 4Mc/I0BYy10 npsimyto. Onpesiesienne npeesa GyHKLMH B TOYKE Ha A3bIKe «E-0»;
NOHs- THE npejiesia Ha 6eCKOHEYHOCTH. ApudMeTHiecKre onepanuy HaZi GyHKLHUAMHU
c ob1e o6acTbio onpezeneHus. TeopeMbl 0 npejesie CyMMbl, pa3HOCTH, IPOU3Be/JeHUS,
yacTHOro AByX yHKIHH. [IpesesbHbIN Nepexo/| B HepaBeHCTBaXx.

OnpeziesieHre HeNpepbIBHOCTH GYHKIMHU Ha s3bIKe «E-O», B TEpMUHAX Npejesa GyHKLUH
M Ha s3blKe T[OCJe/l0BAaTEJbHOCTEH; HMX 3KBMBaJIeHTHOCTb. HempepbIBHOCTH
Cyneprno3uliMy HernpepbiBHbIX QYHKLHH.

OrpaHMYeHHOCTb HENpEepbIBHOW YUCA0BOM (QYHKUMKM M JOCTHIKEHHE €K CBOEro
HanboJibllle-TO ¥ HaMMEHbIEro 3HaYeHHWH Ha KOMNakTHOM MHoxecTBe B R" (Teopembl
Beiepurpacca).

[loHsiTHE paBHOMEPHOU HEeNpPepbIBHOCTH YUCJI0BON QYHKIIMK HA HEKOTOPOM MHOXECTBE B

R" uau R'. PaBHOMepHas HenpepbIBHOCTb HENpPepbIBHOH GYHKIMK Ha KOMIAKTHOM MHO-
KecTBe.

OyHKLMOHaIbHbIE I0C/e/]0BaTeNbHOCTH. [loTOue4yHas U paBHOMepHast CXOAUMMOCTb QYHK-
LIMOHAJIBHOM  TocC/ief0BaTebHOCTH.  HempepblBHOCTb  QYHKLMM,  sBJAsSIOUEHCS
MOTOYEYHBIM MpeJ/ieJIOM PaBHOMEPHO CXOJsleics 1mocaej0BaTe/IbHOCTH HelpepbIBHBIX
byHKUMH.

6. UncaoBble GYHKIHH OAHOr0 (4YHCJA0BOI0) apryMeHTa
OHOCTOpPOHHHME NpeZiesibl ¥ KJaccuduKalus ToyeK pa3pbiBa. [loHsiTHe mpesesia Ha —00 U
+00. MoHOTOHHbIe QYHKLHUH; BUAbl pa3pbIBOB MOHOTOHHOU ¢yHKuHU. Teopema o
Cylle-CTBOBAaHWU M HENIPEPbIBHOCTH 06paTHON QyHKL M H.

[Ipeaenbl

. sin(x) . INT 4 In(1+x) . e*—1 ., (14x)%—1
lim,_o — limy e (1 + ;) ,limy o — lim,_o — lim,_,o———.

HenpepbIBHOCTb 3JIeMEeHTapHbIX QYHKIMUH.

TeopemMa 0 NpPOMEXYTOYHbIX 3HaueHUsIX OQYHKIMHU, HeNpepbIBHOM Ha OTpe3Ke
(Teopema Kouu).

7. Muddepenunposanue gpynxumii B R’
[IpousBoaHas, ee reoMeTpUueCKUi U GU3UYECKUH CMBIC; OAHOCTOPOHHHE TPOU3BO/IHbIE,
6ecKkoHeuHble NPOU3BOAHbIe. HenpepbIBHOCTh QYHKIMH, MMeloll el Npou3BoAHY10. [[pouns-
BO/IHAsl CyMMbl, MpPOM3BEJEHUS, 4YacTHOTrO [ABYX GQYHKUMHK. [Ipou3BojHasg CJI0XKHOM
¢yHkuuu. [lpousBojHble 37eMeHTapHbIX GyHKUMH. [lepBbin auddepeHuuan U ero
reoMeTpUYeCKUi CMbICII.

Teopembl Posns, Jlarpanxka u Kowwu. [IpaBuso Jlonurtans. [IpousBogHble BbICIIMX
3



10.

11.

13.

nopsiiko. Popmysia Teitsopa (Maknopena). Pasnoxenune no dopmysne MaknopeHa
HEKOTOpPbIX 3Jie- MeHTapHbIX ¢yHkuui. [lpumenenne Jopmyael Teinopa ans
NPUGIMIKEHHBIX BbIUMCIEHUN 3HaueHUN QYHKUUU. [IpU3HAKK BO3pACTaHUs M YObIBaHUSA
GyHkuuu. [MoHATHE JIOKaJbHOTO M Trj06aabHOro 3KcTpeMyMa. CTalMoHapHbie TOYKH.
JlocTaTouHble YCI0BUS 3KCTPEMyMa.

Cnyyall OTCYTCTBMS MpPOM3BOJHBIX B OTAEJNbHBIX TOYKAX. Bbimykjble M BOTHYTbIe
dynkuyu,ux rpaduku. Touku neperu6a. PelieHre NpocTeH KX IKCTPEMalbHbIX 3a/a4.

[pou3Boaubie u Auddepenuuabl pyHKIHI HECKOJIbKNX nepeMeHHbIX (B R")

YacTHble npousBoauble. ludpdepenunpyemocts. [lepsbiit fuddepenunan. Ceasp audde-
PEHIIMPYEMOCTH W HemnpepbIBHOCTH. HeobxoanMoe ycnoBue AnddepeHLHpyeMOoCTH,
Jl0- CTaTO4YHOE ycaoBue AnddepeHupyeMocTH (B TepMUHAX CylleCTBOBaHMS ¥ CBOMCTB
yacT- HbIX NpPOU3BOAHBIX). KacarenbHas NJOCKOCTb M HOpPMajb K MOBEPXHOCTH.
[IpousBojHas 1no HampasjieHHio. 'pasneHT. OpPTOroHa/JIbHOCTb I'PaJiMEHTa MHOXECTBY
ypoBHs. JluddepeH- yupoBaHue CA0XHOM GyHKIMM. YacTHble NMPOMU3BOJHbIE BbICLIMX
nops/AKoB. JlocTaTouHble YCJ0BMS paBEHCTBA CMELIaHHbIX NPOM3BOJHBIX. Popmy.a
Teiisopa. Teopema 0 HesIBHOM QYHKLIMH.

Metoabl onTumusanuu B R"

[ToHsATHE IKCTpeMyMa (JIOKaJIbHOTO MaKCUMyMa MJIH JIOKaJlbHOI'0 MUHUMYMa). JKCTpEeMyM
NMpH OTCYTCTBUM OrpaHUYEHUH; HEOOXOAUMbIe U JOCTAaTOYHbIE YCJOBHUS JIOKAJIbHOIO
9KC- TpeMyMa. IKCTPEeMyM NMpPH HaJUYUU OrpaHHYeHUH B GopMe ypaBHEHHH (YCIOBHBIM
3KCTpe- MyM); METO/] MHOXHTeJieH JlarpaHiKa; J0CTaTO4YHbIe YCJI0BUA IKCTPEMyMa IpH
HaJU4YuKU orpaHuyeHUi. [IpuMeHeHHe MeToZa MHOXxUTesed JlarpaHka AJs NMOUCKA
HauboJiblIero (HavMMeHblIero) 3HayeHUsl QYHKUMM Ha OrpaHUYEHHOM 3aMKHYTOM
MHOeCTBe, 3a/JaHHOM CUCTEMOU ypaBHEHU .

Heonpenenenublii HHTErpaJl

[lonsiTHe  mepBooGpa3HOM M HeompezeJeHHOro  MHTerpasna.  CBoicTBa
HeomnpezeseHHOro HHTerpasa, TabJsula HWHTerpajsoB 3JieMeHTapHbIX OQYHKIHM.
[lpyemMbl MHTErpupoBaHHUs. MHTerpupoBaHue palMOHaIbHbIX JApobGel, NpocTenlux
MppalnoHaibHbIX PYHKIMH, TPO- CTEHIIHUX TPAHCLEeHAEHTHbIX QYHKLIHH.

OnpeaesieHHbIH HHTErpaJl

3ajavya OThICKaHHMs MJIOLAAY KPUBOJHUHEHHON Tpaneyuu. OnpezesieHHbI HHTErpaa Kak
npejen uHTerpajbHbix cyMmM. Cymmel Jlapby. Kputepuit uHTerpupyeMocTu. UHTErpUpye-
MOCTb HeNpepbIBHbIX (YHKLMH, MOHOTOHHBIX OrpaHUMYEHHbIX QYHKLHUH, OYHKUMH C
KOHeY- HbIM YMCJIOM TO4YeK pa3pbiBa. CBOMCTBA onpe/iesieHHOro uHTerpaJja. Teopema o
cpeaHeM.CyliecTBOBaHMe nepBo06pa3Hoi HenpepblBHOW GyHKIMHK. Popmysa HeloToHa—
JlelibHu1la. 3aMeHa nepeMeHHOM Mo/ 3HaKOM HHTerpaJia. UHTerpupoBaHue 1o 4acTsam.

YuciioBble H pyHKIHOHAIbHBIE PSI/bI

[loHsiTHe 4YucAOBOrO psija MU ero cymMMmbl. Cxoasiupecs W pacxojsliuecs: psi/ibl.
[Ipumepsbl. Heobxoanmoe ycaoBue cxoauMocTH psaaa. Kpurepuit Komu cxoaumocTy psiza.
3HAKOMOCTO- IHHbIE U 3HaKollepeMeHHble pA/Abl. [I[pu3Haku cpaBHeHUs psajoB. [Ipu3aHaku
cxopumoctu [lanambepa v Kowu. UHTerpanbubii npusHak Kowu. [Ipusnak Jle6Hua
JUIS1 3HAaKOYe- peAyoluxcs psjoB. AGCOIOTHO U YCJIOBHO cxoAswuecs psabl. Teopema o
nepecTaHOBKe YJIEHOB YCJIOBHO cXo/sulerocs psizia (Teopema Pumana).

[loTroyeyHasi 1 paBHOMEpPHasi CXOAUMOCTb QYHKIMOHANbHBIX psiZioB. Heob6xoaumoe u
Jl0- CTaTOYHOE YCJOBHEe paBHOMEPHOU CXOAUMOCTH. [IpU3HAKM paBHOMepHOM
CX0JUMOCTH. TeopeMbl 0 paABHOMEPHO CXOASAIMXCS QYHKIMOHAJNbHBIX psiiax.

Crenennble psiibl
Pazgvyc ¥ TMpOMEXYTOK CXOJMMOCTH CTeneHHoro psja. Popmysbl Ajas onpejesneHus
paguyca cxogumocTH. [louseHHoe 4_AI/I¢(1)epeHLLHpOBaHHe M HUHTerpupoBaHHe



14.

1.2

10.
11.

12;
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1.3

CTeNeHHbIX Psi/I0B, HEM3MEHHOCTb paZivyca CXOAMMOCTH. PasjioeHue 3/ieMeHTapHbIX
¢yHukuuii B crenenHble psabl. Teopema BelepiuTpacca o npubavXeHUH HeNpepbIBHbIX
GyHKUMI MHOrOYJIEHAMHU.

O0bIKkHOBeHHbIE MH]depeHnaTbLHbIE yPABHEHHUS IEPBOI0 MOPAAKA

OnpezesieHue AuddepeHHanbHOr0 ypaBHeHUs NnepBoro nopsajaxa. [lonstue obuiero
1 YacTHOro peueHus. Teopema CyleCTBOBAHHMS U € AMHCTBEHHOCTH pellleHHs. YpaBHeHHUs
C pasze/soUMMUCS TepeMeHHbIMM M CBOAALIMeCS K HUM. JIMHelHble OJHOPOJHbIE M
HeoJ- HOPO/iHble ypaBHeHHUsl. Y paBHEHHs B MOJIHbIX AU depeHipaax.

Jlutepatypa
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JIuneiinas anreopa

. ManHubl H on€pauu ¢ HUMH

[loHsiTHe nNpsSIMOYroJbHOM MaTpPHLbl; ONEpalMM CJIOXKEHHS MaTpHl, YMHOXEHUS
MaTpHllbl Ha YKCI0, YMHOXKEHUSl MaTpul,. EAMHMYHAA W HyseBas MaTpuubl. TpakToBKa
npoctpaHcTBa R" Kak mpocTpaHCTBa BEKTOPOB-CTOJIOLOB MM NPOCTPAHCTBA BEKTOPOB-
CTPOK. YMHOXe- HUe MaTpHlbl Ha CTOJI6el, U CTPOKM HAa MAaTPHULYy KaK 4aCTHBIM cay4yan
YMHOX€eHHs MaTpul. CBOWCTBA acCOUUATUBHOCTH U JUCTPUOYTHBHOCTH ONepaLui ¢
matpuuamu. Onepauuss  TpPaHCIOHMPOBAHMSA;  TPAHCIOHUPOBAaHWE  CYyMMbl W
npousBezieHUs: MaTpul,. [loHATHE CUM- METPUYHON MaTPHLbL.

BexTopHble npocTpancTBa

O6uiee onpejeseHue (BelEeCTBEHHOr0) JIMHEWHOTO MPOCTPAHCTBA; IMpPUMEpPHL.
[lonsiTve cucTeMbl BEKTOpOB. JIMHeHHble KOMOWHALMM CHUCTEMbl BEKTOPOB; MOHSATHE
JIMHENHOM 3a- BACUMOCTH U HE3aBUCUMOCTH CUCTEMbl BEKTOPOB. YCJI0BHE COXPAaHEHMUS
JIMHEHHOM He- 3aBUCHMMOCTH IIpH psacmnpennn cucteMbl BeKTOpoB. Teopema o



JIMHEHHOM 3aBUCHUMOCTH CUCTEMBbI BEKTOPOB, JIMHENHO BbIpaxKaloluxcsa 4epe3 CUCTEMY C
MEHbIIWM YHUCJIOM BQKTOpOB.HOHHTHe paHra CUCTeMbl BEKTOPOB.

[ToHsATHe 6a3uca BEKTOPHOro mpoctpaHcTBa. KoneuHomepHblie npocTpancTsa. [IpuMepsl
6a3ucoB. PaBHOMOILHOCTb 6a3HMCOB (B KOHEYHOMEPHOM NPOCTPAHCTBE) W MOHATHE
pasMep- HOCTH. JIMHe#Has 3aBUCUMOCTb CUCTeMbl M3 N + 1 BekTOpa B N-MepHOM
NMpocTpaHCTBe. BO3MOXHOCTb AOMOJHEHUsl A0 6Ga3uca Ji060H JIMHEHHO He3aBHCHMMOM
CUCTeMbl BEKTOPOB. Ba3uc kak MakcMMasibHas IMHEHHO He3aBUCUMas CUCTeMa BEKTOPOB.
O/HO3HAYHOCTb pa3- JIOXKEHUs BeKTopa M0 JaHHOMY 06asucy; KOOpAMHAThI.
CoOTBETCTBME MEX/Jy BEKTOpPAaMHM M MX KOOpAMHaTaMW. TpakTOBKAa KOOpPAMHAT KakK
3J1leMeHTOB (KoopauHaTHOro) npoctpaHctBa R". CoxpaHeHue JIMHEHHON 3aBUCUMOCTH 1
He3aBUCUMMOCTH MPH MEepPexo/ie OT CUCTEMbl BEKTOPOB K CHCTEMe UX KOOP/AHWHAT.

[loHATHE MOANPOCTPAHCTBA, COBCTBEHHOrO MojnpocTpaHcTBa. KoHeuHOMepHOCTH
MOJ- MPOCTPAHCTBA KOHEYHOMEPHOro0 MPOCTPAHCTBA; HEPAaBEHCTBO MeXJy HX
pa3mepHOCTAMH. JIMHelHas 060J04Ka CUCTEMbl BEKTOPOB KaK MOANPOCTPAHCTBO. PaHr
CUCTEMbl BEKTOPOB M Pa3MepPHOCTb ero JMHeHHOW 060s04kH. JInHelHble (adduHHBIE)
MHOT006pa3usi Kak CABMIM NOJANPOCTPAHCTB; aHAJOTHSl C NPSMbIMM M NJIOCKOCTAMH B
TpeXMepHOM IreOMeTPUYECKOM NPOCTPaHCTBE.

OnmepalMy C MOANPOCTPAHCTBAMM: MepeceyeHWe W BeKTOpHasa cyMmma. [loHaTue
npsiMoOM CyMMbl ABYX (M 6osiee) mojnpocTpaHcTB. CBSI3b pa3MepHOCTEM CyMMbl U
rnepeceyeHusi € pa3MEepHOCTAMU UCXOAHBIX (ABYX) NOANPOCTPAHCTB; CAy4Yal NpsMon
CyMMBlI.

Cucrembl JTHHEITHBIX (aJredpanvyecKux) ypaBHeHmil

[IpeacraBsieHMe COBOKYNMHOCTH HEM3BECTHbIX CHCTEMbl JIMHEMHbIX ypaBHEHUH WU
npaBbIX YacTel kak BeKTOpoB B R" (B ¢popme BEKTOPOB-CTO/IGI0B WM BEKTOPOB-CTPOK).
MaTpuua cUCTeMbl U MaTPUYHO-BEKTOpHas ee 3anuch. [IpeacTraBieHre npsMOyroibHOM
MaTpHlibl B BU/le CEMENCTBa ee CTOJIOL0B UJIM CEMEHCTBA CTPOK; TeOpeMa O COBMAaZleHUH
PaHroB 3THX CeMeWCTB (TeopeMa O paHre MaTpHIlbl); paHI MaTPHLbl, PAaHT CHUCTEMbI
ypaBHeHUH. [loHsATME 0 MaTpHULaX MMOJHOTO paHra. Belpox/aeHHble U HEBbIPOXK/EHHbIEe
KBaJlpaTHble MaTpUlbl. TPaKTOBKA CUCTEeMbl JIMHEWHbIX YpaBHEHUM KaK 3a/layu o
pa3JioKeHHUH NPaBOMW 4aCTH MO CTOJOLAM MaTPHLibl CHCTEMbL. YCJOBHE CyL|eCTBOBAHUS
pewieHusi npu J060M npaBod yacTH (A1 J@HHOW MaTpHULbl CUCTEMbI) U YCJIOBME
e/IMHCTBEHHOCTH WJIM OTCYTCTBHMSl pelleHMss B TepMHHax paHra matpuubl. Teopema
Kponekepa-Kanesu.

MHOXeCcTBO  pelleHMH  OAHOPOAHOM  CUCTeMbl JIMHEWHBbIX ypaBHEHUH  Kak
noanpoctpaHcTBo B R, ero pasmepHoCTb; 6a3uc . MOANPOCTPAHCTBA pelleHHH
(pynpameHTanbHasA cUCTeMa pe- WEHUH) M 3aluCcb 06Llero pewenus B Gopme JHHEHHON
KOMOMHALMKU C HeompezeJeHHbIMH Ko3adpduuueHTaMmu. Bo3aMOXKHOCTb 3aZiaHusi J11060T0
noanpoctpaHcTBa B R" kak MHOXecTBa pelleHUH HEKOTOPOW CHUCTEMbl JIMHEHHbIX
O/ZIHOPO/IHBIX YPaBHEHHUH.

CBsiI3p MHOXKECTBa pelleHUH COBMECTHOH HEOJHOPOJHON CUCTEMbl U COOTBETCTBYIOLIEH
el 0JHOPOZHOM CUCTEeMbl; 3aNUCh 0611ero peueHus. [Ipsmas u runepnockoctb B R",
Bo3- MOXHOCTb 3aJjaHusi Jwboro suHerHoro (adpduHHoro) MHoroo6pasus B R" kak
MHOXeCTBa pelleHU HEKOTOPOW CUCTEMbI JIMHEHHbIX YPaBHEHHUH.

CucteMbl JIMHEMHbIX YpaBHEHMH C KBaJ|paTHOM HEBbIPOXKAEHHOW MaTpUleH;
CyleCcTBO- BAaHHWe U eJHWHCTBEHHOCTb peuieHus. [loHsiTUe O6paTHOW MaTpUIbl; ee
CylIeCTBOBAHUE U €JUHCTBEHHOCTbD /1J151 110601 HEBBIPOXKJAEHHOW MaTPULbl U OTCYTCTBHE
JUIST BBIPOXKAEHHOW MaTpulpbl. HeBbIpoXAeHHOCTL 06paTHOW MaTpUIbl; MOBTOpPHOE
obpalieHue. YMHOXeHWe CHUCTEMbl JIMHEHHbIX ypaBHEHUWW Ha HEBBIPOXKAEHHYIO
KBa/IpaTHY0 MaTpULy KakK 3KBHMBa- JIEHTHOe npeobpa3oBaHue CUCTeMbl. Mcnosb3oBaHue
9KBMBaJIEHTHBIX Npeo6bpa3oBaHUM /1 BBIUYMCIEHUS] paHra MaTpHULbl U TOMCKA 06Iero
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pelleHusi CHCTEeMbl IMHEHHbIX ypaBHEHHH.

Onpeuen HTEJIb MAaTPHIBI

OnpejesuTesnb KBapaTHONH MaTpuLbl. HeM3MEHHOCTb Onpe/iesInTess PH TPaHCIOHUPO-
BaHUM MaTpulibl. CMeHa 3HaKa OnpejesnTeis NPU NepecTaHOBKe JBYX CTPOK HJIM
ZIByX CTOJIGL[0B MaTpHMiibl. JINHEHHOCTb ONpeAesUTeNs N0 Kax/0i CTPOKe U KaKAOMY
cTonbuy. PaBeHCTBO HyJIO ONpejesuTess Kak Heo6X0JMMOe M J0CTaTOYHOe YCJIOBHe
BBIPOX/IEHHOCTH MaTpHlbl. OnpejenuTe/]b NpPOM3BEAEHHS MaTpHMl, ONpeJeSuTeb
00paTHOM MaTpPHULbL.

[loHAITME MHHOpPAa MPOM3BOJILHOIO TNOpAJAKa; ONpejeJeHHe paHra MaTpHlbl B
TepMHHaX MUHOPOB. AJire6panyeckye J0NO0JHEHHUS 31IeMEHTOB MaTPHLbl U GOPMYJibl
pa3JioXKeHHsl ONpe/ie/IuTeNs 0 CTPoKe Mau cToJb1y. Popmynbl Kpamepa ans pelueHus
CUCTEMbl JIMHEH- HbIX YpaBHEHHWH C KBAZpaTHOM HEBBIPOX/EHHOW MaTpHLeH.
[IpucoeiuHeHHast MaTpULA U ee CBSA3b C 06paTHOM.

Bbiuucienue ompenenavTesd nyTeM npeo6paaoBaHnﬂ MaTpHIbI.

. JInHeiiHble onepaTopbl

JluHelHbIM onepaTop Kak JiMHelHHOe OToGpakeHMe BEKTOPHOro mnpocTpaHcTBa X B
BeKTOp- Hoe mnpoctpaHcTBo Y; npumepbl. CoBokymHocTb L(X, Y) Bcex nMHeHHBIX
onepaTopoB M3 X B Y Kak BeKTOpHOe npocTpaHcTBo. O6pa3 U AApO JIMHEHHOro
oneparopa. Cyneprno3uyus JUHEHHBIX OIIepaTOPOB.

Marpuua JauHeiHoro omepartopa W3 X B Y a8 UKCHpPOBaHHBIX 6a3uCOB 3ITUX
npoctpaHcTB. COOTBETCTBHE MexJAy JAeHCTBUSAMM HajJ, OnepaTopaMM M HajJ HX
MaTpUIlaMK; MaTpHLa Cy- eprno3rliMU OnepaTopoB. MaTpHlibl nepexo/ia Npu CMeHe
6a3ucoB B X U Y, UX HEBbIPOXK- IEHHOCTb; Npeobpa3oBaHMe MaTpPHLbl JIUHEHHOIO
ornepaTtopa npu cMeHe 6a3HCOoB.

JIuneiinpie npeodpa3oBaHus BEKTOPHBIX IPOCTPAHCTB
JIuHe#Hble OMepaTopbl, JEHUCTBYIOLME W3 BEKTOPHOro NpocTpaHcTBa X B cebs;
TOX/IeCTBEH-HbIH onepaTop; npeobpa3oBaHue No06Us A5l UX MAaTPHUL, IPpU CMeHe 6a3uca

B X. O6paTHbIi onepaTop ¥ ero MaTpula; ycJoBHe 06paTUMOCTH OnepaTopa B TEPMHUHAX
ero sijjpa 1 obpasa.

VHBapHaHTHbIE NOANPOCTPAHCTBA onepaTtopa. UHBapraHTHOCTB 06pasa W si/jpa oneparTopa.

CoGcTBEHHBbIE BEKTOPbI M COOCTBEHHbIE YMC/IA JIMHEHHOTO OnepaTopa M €ro MaTpHIbl.
Xapak- TepUCTUYECKUH MHOro4JeH MaTpHUllbl OlepaTopa, ero HeUM3MeHHOCTb TMpH
npeo6pa3oBaHuM 10/06usA. ChnekTp omnepaTopa M MaTpHlbl, €ro COBMaJeHHe C
MHO€ECTBOM HYyJIeH XapaKTepUCTHYeCKOro MHorouseHa. Cob6cTBeHHOe MOANPOCTPAHCTRO,
COOTBET- CTBYIOI€€ JAaHHOMY COOCTBEHHOMY YU CJIY.

JluHelHas HE3aBUCUMOCTb CUCTEMbl COOCTBEHHBIX BEKTOPOB, COOTBETCTBYIOLIMX Pa3HbIM
COOCTBEHHBIM 4YHCsaM. Matpulubl (JMHEHHble oOmnepaTopbl) MNPOCTOM CTPYKTYPbI;
JlMaroHa/jib- HbIH BHUJ MaTpulbl B 0a3uce M3 COOCTBEHHBIX BEKTOPOB (MpHBeJeHHE
MaTpULbl NPOCTOM CTPYKTYpbl K JMHaroHajbHOMY BHJy Npeobpa3oBaHUeM MOA00USs).
Co6CcTBEHHBIE YMC/Ia U COOCTBEHHbIE BEKTOPBI ONlepaTopa NpoeKTUPOBAHHS.

EBK/IMI0BBI IPOCTPAHCTBA

[lonsatue 6GuavMHeitHoN ¢opmbl. CKansipHOe NpoM3BeJeHHE; €BKJIMAO0BO MPOCTPAHCTBO.
CraH-apTHOe cKaJisipHoe npou3BeieHue B R"; npuMepsb! Apyroro Bei6opa cKaisipHOTO
npousBejeHus. /[JiMHa BEKTOpa U yros MexJAy BeKTopaMu (IpU JaHHOM BbiGope
ckassipHoro npousBegeHus). HepaBencrBo Komn—ByHsikoBckoro (HepaBeHCTBO

[lIBapua).

[TonsaTue OPTOrOHAJIbLHOCTH  BEKTOPOB; JIMHEeMHasi He3aBUCUMOCTb CHUCTEMbI
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HeHyJIeBbIX [0NapHO OPTOTOHAJbHBIX BeKTOpOB. [lpolecc opTOroHaiMsaluu ¥
Cyl|eCTBOBaHKE OPTO- HOPMUPOBAHHOTrO 6a3uca. BeipaxeHHe cKaJlspHOro Npou3BeeHHUs
JIByX BEKTOPOB uYepe3 WX KOOPAMHATbI B OPTOHOPMHUpPOBaHHOM 6asuce. OpToroHanabHoe
JIOTIOJIHEHHE NOANPOCTPaH- CTBA; OPTOTOHAJIbHbBIN TPOEKTOP.

JluHelHble  OMepaTopbl, COXpaHsWLIMe CKajlsipHOe [pou3BeAieHHe (M30MeTpHs
eBKJIMJIOBbIX ~ MPOCTPAHCTB); MX  MaTpullbl B  OPTOHOPMMPOBAaHHOM  Ga3uce
(opToroHa/sbHbIE MATpHLbl).

HeBbIpOK/IeHHOCTb OPTOTOHA/NbHBIX MaTPHLL, COBNa/leHHe 06pPaTHOW W TPAaHCMOHUPOBaH-
HOH, NPOM3BEJEHHE OPTOTOHA/NbHBIX MaTpul. OnpejesuTenb W COGCTBEHHble 4YMCJA
OpTOro- HaJIbHOW MaTpHIbl. MaTpulbl MepecTaHOBKH, MAaTpHLbl BpallleHHs, MaTPHLLbI
OTpaXKeHHSl.

CamoconpsbkeHHble (CHMMeTpHYHble) OnepaTopbl, CAMMETPUYHOCTb MX MaTpHL] B
OpTO- HOPMHUpOBAaHHOM  Ga3uce. OpTOroHa/JbHOCTb  COOGCTBEHHBIX  BEKTOPOB,
COOTBETCTBYIOLMX pa3IMYHbIM CO6CTBEHHDBIM yucsIaM. CyuiecTBoBaHHE
OPTOHOPMHPOBAHHOIO 6a3K1ca, COCTOSI- L1er0 U3 COBCTBEHHBIX BEKTOPOB CHMMETPHUYHOTO
onepatopa. [lpuBesieHHe CHMMETPUYHOM MaTpulbl K JUaroHajJbHOW ¢opme
npeo6pa3oBaHHUEM nozo6us c OpPTOroHabHOM MaTpulei nepexoza.
CaMOCOMpsHKEHHOCTb OPTOTOHAJNLHOIO NpoeKTopa. Kiaccupukaius CMMMeT- pUUHBIX
MaTpul] N0 WX CIEKTpPY: MOJOXUTEJbHO (OTpHULATe]bHO) ONpejesieHHble; HEOTPHU-
1laTeJIbHO (HenoJI0XKUTEIbHO) omnpe/iesieHHbIe WJIH N0JIyonpe/ie/IeHHbIE;
Heomnpe/iesIeHHbIe.

KBaapaTnunbie popmbl

Keagpatuynas ¢opma. 3agaHue KBaZpaTUYHOH GOPMbI NPH MOMOLIM CUMMETPHYHOM
MaT- pulbl. [[peobpaszoBaHue MaTpHULbl KBaApaTUYHO! GOpPMBI IPU 3aMeHe NepeMeHHbIX.
[Ipu- BejeHMe KBaApaTU4HOW QOpMbI K KaHOHMYEeCKOMY BHAY (C AuaroHajbHOH
MaTpuLei) npe- o6pa3oBaHUEM llepeMeHHbIX C OPTOrOHAJIbHOM MaTpHULleH nepexoja.

Jlurepatypa

bexknemuiwes /l. B., Kypc aHanumuyeckoli eeomempuu u nuHeliHol anzebpel. M.: dusmatiut, 2004.

bexksemuiuesa JI. A, [lerposuy A. 10., Yy6apoB . A., CbopHuk 3aday no aHanumu4eckoli
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CkopusikoB JI. A., InemeHmel nuHeliHol anzebper. M.: Hayka, 1980.

lunos I. E., Mamemamuueckuli aHanu3. KoHeyHomepHble nuHeliHble npocmpaHcmsa. M.:
Hayka,1963.

Teopusi onTHMH3ALHH

KOHC‘!HOMeprle 3aJa4Yy ONITHMH3 AU

Yc10BMS peryJisspHOCTH W He06X0AMMble YCI0BMSA NEepPBOro nopsjka B 3ajayax ONTHMH3ALNH
C KOHEYHbIM YHCIOM [epeMEeHHbIX W OrpaHWyeHWd. Posb BOTHYTBHIX (BBINYK/BIX) M
KBa3MBOTHYTHIX (KBa3uBbIMYyK/AbX) OYHKLUMH B 3ajayax oNnTMMHM3aluuu. HenpepbiBHas
3aBUCMMOCTb OT [MapaMeTpa B 3ajjayax ONTHMM3aUuu: TeopemMa bepxe o Makcumyme.

Cynepmoay/isipHble (QYHKUMM M MOHOTOHHAas 3aBUCMMOCTb OT MapaMeTpa B 3ajayax
ONTUMH3ALHUH.

HemnmoaBuikHbIE TOYKH

Teopembl Bpayapa/KakyTanu o HemoABmxKHON Touke. CxxMMalolMe 0To6paXKeHHs U TeopeMa
BaHaxa o HEmo/IBUXKHOM TOUKeE.

JAuHaMH4YecKoe NporpaMmMHpoOBaHue

YpaBHeHue bBessiMaHa W MeTOA JAMHAMMYECKOTO MNPOrpaMMUMpOBaHMA /sl 3ajad
ONTUMM3ALMK Ha 6ECKOHEYHOM OPU30HTE B JTUCKPETHOM BpeMeHU. YpaBHeHUs Jisiepa,
YCJIOBHSI TpPaHCBEpPCAJbHOCTH M  JOCTaTOYHble ycaoBus. llemn MapkoBa, uX
aCMMNTOTHYECKOe MOoBeJleHue, CTallMoHapHoe pacnpejesieHue. 3a/jla4u CTOXaCTHYECKOTro
JINHAMHU4Y€CKOTrO0 MpOorpaMMUPOBaHMUSI.

Jlureparypa

Berkovitz L. D., Convexity and optimization in R". John Wiley & Sons, 2002.
Ljungqvist L., Sargent T., Recursive macroeconomic theory. MIT Press, 2004.
Norris J. R., Markov chains. Cambridge University Press. 1998.
Rockafellar R. T., Convex analysis. Princeton University Press, 1970.

Sundaram R., A first course in optimization theory. Cambridge University Press, 1996.

Stokey N. L., Lucas, R. E., with Prescott E. C., Recursive methods in economic dynamics.
Harvard University Press, 1989.

Teopust BeposiTHOCTEH

OcHoBBI TE€OPpHUH BCpOHTHOCTei/'l. HpOCTei'HIIHC BE€POSATHOCTHBIE CXEMbI

JKCIIEpUMEHT CO CJy4alHbIM HMCX0J0M. BeposaTHocTHOe npocTpaHcTBO. CiydalHble
cobbiTHUs. /JlecTBUST ¢ coObITHUSIMM. KoOHe4yHble BepOSITHOCTHble MNPOCTPAHCTBA.
Ksnaccuueckasi BEpOATHOCTb. 31eMeHTbl KOMOMHATOPHUKH. ['eoMeTpHUyecKas BEpOSATHOCTb.
YcnoBHass  BeposiTHOCTb. Popmysa mnosHod BepoaTHocTH. Popmysa  baieca.
He3zaBucuMble cob6biTHUsI. OO6uiee BepOSATHOCTHOE INpocTpaHCTBO. Curma-aarebpa
CJlydalHbIX COOBITUH. BeposiTHOCTB, ee cBoicTBa. [IpofioskeHHe BEpOSITHOCTH € anre6psl
COGBITUM Ha MOPONKAEHHYIO el0 CUrMa-aarebpy.

Cay4aiinple BeJIMYHMHBI U ¢JIy4aiiHble BEKTOPbI

CnyyaiiHasi BeJMYMHA, ee pacnpejesieHre. [UCKpeTHble M HelpepbiBHblE CiydaHlHble
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BeJIMYMHbI. UMCJOBble XapaKTEPUCTUKHU CJAy4YaWHbIX BeJWYMH (Cpe/iHee 3HavyeHwue,
AMcriepcus, MeaMaHa W T..). [IpuMepbl JAMCKPETHBIX M HeNpepbiBHBIX CJy4anHbIX
BesiruMH. CayuyaliHble BEKTOpbI HX pacnpejesneHus. HesaBucumble —cjydalHble
BesIMYMHbL. KoBapuanuus, ko3 uuueHT Koppeasiiiuy. Ycl10BHOe pacnpe/eieHue.

IpousBoasimast pyHkuus. MHOroMepHoe HOpMaJibHOE pacrpe/eieHue

OnpezesieHue NMPou3BoAsLel QYHKIMM cydailHON BeJMYMHbI M CIy4aiHoro BekTopa. CBOUCTBA
NpoM3BOAAIIMX  QYyHKUMA. MHOromMepHoe HOpMaJbHOe —pacnpejesnenue. Ero cBOHCTBa.
Pacripe/ieieHust, CBsi3aHHble C HOPMaJIbHbIM pacnpeje/nenneM (xu-kBaapar, CToiogenTa, Puiiepa).
Jlemma Puuiepa.

IIpeneabHbIe TEOPEMBbI

Buabl cXoAMMOCTEH MNOCAe[0BaTe/JbHOCTEN CJAyYaWHbIX BEJMYMH: MOYTU HaBEpHoOe, B
CpeJjHeM, MO BEPOSITHOCTH, MO pacnpejesneHtio. CBA3b CXOAMMOCTH INPOHU3BOJSALIMX
GyHKUMHA U cXoAUMMOCTH pacnpeseseHWi. HepaBeHcTBo YebGblieBa. 3aKOH 60JIbUIMX
yuceJ. lleHTpanbHas npeaesbHast TeopeMa. HopmasibHoe npubavxKeHre GUHOMHUAIbHOTO
M MyacCOHOBCKOTO pacnpezeseHuid. ACHMITOTHYeCKasi HOpMaJlbHOCTb.

OcHOBBI TEOPHH CJIYHAHHBIX POLIECCOB

CnyyalHbli npouecc. KoHeyHOMepHble pacnpejesieHuss CJAy4alhHOro Inpouecca.
CrauuoHapHble NpoLecchl.
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