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Problem

Consider a zero mean stationary autoregressive model of order k with IID innovations
having variance σ2:

yt = ρ1yt−1 + ρ2yt−2 + · · ·+ ρkyt−k + εt.

It is well known that the efficient GMM estimator of ρ = (ρ1 ρ2 · · · ρk)
′ based on the

instrumental vector zt = (yt−1 yt−2 · · · yt−k yt−k−1 · · · yt−`)′ consisting of the last ` > k lags
of yt, effectively exploits information in the most recent k lags of yt (see, for example, Kim,
Qian and Schmidt, 1999). In other words, the instruments yt−k−1, · · · , yt−` are redundant
(see Breusch, Qian, Schmidt and Wyhowski, 1999) given yt−1, · · · , yt−k.

Prove the following more general proposition: when one uses the instrumental vector zt =
(yt−p yt−p−1 · · · yt−p−k+1 yt−p−k · · · yt−p−`+1)′ for p ≥ 1, the instruments yt−p−k, · · · , yt−p−`+1

are redundant given yt−p, · · · , yt−p−k+1.
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Suggested Solution

The vector of regressors is xt = (yt−1 yt−2 · · · yt−k)′. Let γj = γ−j = E [ytyt−j] and

Γj =
(
γj γj−1 · · · γj−`+1

)′
. The matrix of cross-covariances of xt and zt is

Qxz =


γp−1 γp · · · γp+k−2 · · · γp+`−2

γp−2 γp−1 · · · γp+k−3 · · · γp+`−3
...

...
. . .

...
. . .

...
γp−k γp−k+1 · · · γp−1 · · · γp+`−k−1


=

(
Ik Ok×(`−k)

)
(Γp−1 Γp · · · Γp+`−2) ,

where Im denotes m×m identity matrix, and Om1×m2 – zero m1×m2 matrix. The covariance
matrix of ztεt is

Vzε = σ2


γ0 γ1 · · · γ`−1

γ1 γ0 · · · γ`−2
...

...
. . .

...
γ`−1 γ`−2 · · · γ0

 = σ2 (Γ0 Γ1 · · · Γ`−1) .

The efficient GMM estimator based on the instrumental vector zt effectively uses the in-
strument optimal in the class of linear transformations of zt. This optimal instrument is
QxzV

−1
zε zt (see, for example, West, 2001). We will show that in the matrix QxzV

−1
zε the right

k× (`−k) submatrix is zero, so that the optimal combination of elements of zt involves only
first k entries.

Recall that the Yule–Walker equations for an AR(k) model contain the following recur-
sion:

γj = ρ1γj−1 + ρ2γj−2 + · · ·+ ρkγj−k, j ≥ 1.

This implies that

(Γp−1 Γp · · · Γp+`−2) = P (Γp−2 Γp−1 · · · Γp+`−3)

= · · ·
= Pp−1 (Γ0 Γ1 · · · Γ`−1) ,

where

P =

(
ρ′ 0′`−1−k

I`−1
0`

)
,

and 0m denotes zero m× 1 vector. Thus

Qxz =
(
Ik Ok×(`−k)

)
(Γp−1 Γp · · · Γp+`−2)

= σ−2
(
Ik Ok×(`−k)

)
Pp−1Vzε.

It follows that QxzV
−1
zε equals σ−2

(
Ik Ok×(`−k)

)
Pp−1, a matrix whose right k × (`− k) sub-

matrix is indeed zero.
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