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Abstract

Applied researchers often use tests based on contingency tables in preliminary data analysis
and diagnostic testing. We show that many of such tests may be alternatively implemented
by testing for coefficient restrictions in linear regression systems (as a rule, employing the
Wald test). This unifies the theories of regression analysis and contingency tables, sheds
more light on intuitive contents of contingency table tests, and provides a more convenient

and familiar tool for practitioners.
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1 Introduction

Often in their research applied economists and financiers use tests associated with contin-
gency tables (see a review in Kendall and Stuart 1973, chapter 33). Such tests are designed
for verifying independence or homogeneity properties of original data or regression residuals,
and are heavily used in preliminary data analysis and diagnostic testing. For example, the
phrase “contingency table” leads to 185 and 61 hits in the “advance search” (performed in
July 2008) in JSTOR economics (31 journals) and finance (7 journals) collections, respec-
tively. Some of associated tests are even more frequently mentioned.

The tests related to contingency tables are performed by utilizing particular often com-
plex formulas and a table of (usually) the x? critical values. In this paper, we show that
typically they may be alternatively implemented via a system of linear regressions. The
x* tests are asymptotically equivalent to Wald tests, while standard normal tests (which is
a rarer situation) are asymptotically equivalent to t tests, performed in certain regression
systems. Such reformulation is useful for a number of reasons, both for econometric theory
and econometric practice. First, this unifies the regression analysis with the theory of con-
tingency tables. Second, the bridge between the two theories sheds more light on intuitive
contents of contingency table tests and test statistics. Third, running regressions may be
more convenient and familiar for econometric practitioners.

Some remarks on notation used now follow. The sample size is denoted by n. Bars denote
taking sample averages, i.e., for example, a;; =n~'>.}  a;;. By ||6Li||f:1 we mean a column

ith  ;th

. . 0 L2 .
¢ x 1 vector with i element a;. By laill;L; —; we mean an {1 x { matrix whose i, j

1
element equals a; ;.

The paper is structured as follows. Section 2 describes notation specific for contingency
tables. The most widely used test for independence is presented in section 3. Tests for

accordance with distributions including the famous Pearson goodness-of-fit test are discussed

in section 4. More rarely used tests for a symmetry in contingency tables are examined in



section 5. Section 6 is devoted to popular tests based on ranks, such as the Kruskal-Wallis

and Spearman tests. All proofs are relegated to an appendix A.

2 Two-way contingency tables

We consider a two-way (¢, + 1) x (¢, + 1) contingency table. The state space €2, of one
variable, x, is partitioned into the cover {Ki}fjl ; similarly, the state space (2, of the other

variable, y, is partitioned into the cover {A; }ﬁfll . Let us denote
L.=1@eck), L;=I(yecd;), L;=IxcKk)I(yecAl;)
where I () denotes the indicator function. Let

7TZ‘7.:PI'{CC€K1‘}, W.?j:PI'{yEAj}, 7Ti7j:PI'{I€KZ‘,y€Aj}7

and define
Ly ) tp by
Ty = H7Ti,~”i:17 Ty = Hﬂ-‘,j”jyzl T = H7ri,j“i:1j:1'
We assume that 7; ; > 0 for all ¢ and j.
The contingency table looks as follows:
Yy
Al A || Ay | A |9
K, P1a P12 T D1y, DP1e,+1 P,
K, D21 D22 s P2, P2, 4+1 D2,
T
Kzz Deg1 De. 2 T DPeg ey Doy ey+1 De, -
K1 | Poav11 | Pat12 | 0 | Pty | Protigy+1 | Dot
Q, P P2 || Py Dty +1 1




The figures in the tables are empirical probabilities of falling into corresponding cells
bij = Ei,j
and marginal empirical probabilities
Di,. = Ez’,-, b= EJ-

In many applications, each K; is an interval [k;_1, k;) and each A; is an interval [\;_1, \;),
where —00 = kg < Ky <+ < Ky, < K1 = +00 and —00 = Ao < Ap <00 < A, < Agq1 =
+oo. When ¢, = ¢, and K; = A; for all i, the contingency table is referred to as one
with identical categorizations. However, rows and columns of a contingency table need not

correspond to partitionings of a real axis, and categorizations need not be identical.

3 Tests for independence

The classical x2-test statistic for independence between the variables x and y (to be more

precise, for no association between x and y) is equal to

Lo+18y+1 ( o ')2
Xtony o e (3
i=1 j=1 PiP-j

and is asymptotically distributed as x? (¢,¢,) .

Theorem 1 The \? test (3.1) is asymptotically equivalent to an OLS-based Wald test for
the nullity of all slope coefficients in a linear multiple regression of 1. ; on I; . with a constant

in each equation, i.e. for the null
HO:/Bji:Oa Z:]-v agl’v jzla 7€y
in the regression system
125
Li=a;+ Y Buli.+n, j=1- 10, (3.2)
i=1

Alternatively, ;. may be regressed on 1. ; rather than 1. ; are regressed on I; ..



When the contingency table is 2 x 2, the test for independence can be run using only one
bivariate regression. In the economics and finance literatures, the test for independence is
usually applied to 2 x 2 tables, for example, in Knetsch and Sinden (1984), Greenwood et al
(1991), Brown et al (1996), Artis et al (1997), Pecorino and van Boening (2001). In some
studies, however, larger tables are considered, e.g., and 3 x 2 tables in Battalio et al (2001),
2 x 5 and 2 x 4 tables in Eckel and Grossman (1998), 5 x 3 in Russo et al (2001), and 5 x 2

and 5 x 4 tables in Bouckaerta and Dhaene (2004).

4 Tests for accordance with distribution

The previous x? test may be also interpreted as a test for homogeneity of ¢, + 1 subsamples

ylr € K, i.e. that the conditional distribution of y does not depend on z. Suppose now

Ly+1

jo, are known a priori. Then the y? test, whose statistic can be

that the marginals {r.,}
modified to take account of this knowledge, may be interpreted as a test for accordance of
¢, + 1 independent subsamples with a known multinomial distribution. The modified test

statistic is equal to
gz""l ZZ’J+1

X2 —n Z Z (pi,j _pi,-ij) : (43)

. .7T. .
i=1 j=1 Pi, T j

and is asymptotically distributed as x? ((¢; + 1) ¢,).

Theorem 2 The \? test (4.3) is asymptotically equivalent to an OLS-based Wald test for
the nullity of all coefficients in a linear multiple regression of I. ; — . ; on I; . with a constant

in each equation, i.e. for the null
Hoi()éj :sz:07 2217 7&1)7 .]:17 7€y
in the regression system

t
L,—m,; :aj+26ji]1i,-+77j’ j=1,- 0, (4.4)
=1



Remark 1 The regression from theorem 2 is the same as that from theorem 1. However,
the set of restrictions is expanded by additional ¢, restrictions of equality of the intercepts in
(3.2) to the known a priori y-marginals. This explains the additional ¢, degrees of freedom

in the asymptotic x* distribution.

When /7, = 0, the contingency table essentially becomes one-way, and there is only one
subsample y|z € €2,. Then the test is called the Pearson (1900) test for goodness of fit,
and it simply verifies if the sample is drawn from a given multinomial distribution. The test

statistic becomes Pearson’s
Ly+1 2

2 _ (P — ;) '
Syl ELE (5)
Jj=1 ’
and is asymptotically distributed as x? (¢,).

Corollary 1 The Pearson test (4.5) is asymptotically equivalent to an OLS-based Wald test
for the nullity of all coefficients in a linear multiple regression of I ; — m.; on a constant in

each equation, i.e. for the null
Hy:0;=0,5=1,---,¢,
in the regression system
Lj—mij=aj+n;, j=1-- 4, (4.6)

Applications of the Pearson test in economics can be divided into two categories. In
the first category, frequencies of simulated values from an estimated model falling into pre-
specified bins are compared to a multinomial distribution implied by an assumed continuous
distribution, the latter possibly having shape parameters estimated. For example, Hsieh
(1989), compares his model’s residuals to normal, Student’s and generalized error distribu-
tions; Alaouze (1987) compares them to one- and two-parameter beta distributions using 10

bins. Most often, however, the reference distribution is uniform so that 7.; = 1/ (¢, + 1),



and the leading application is evaluation of conditional density forecasts (see, for example,
Chan and Maheu 2002 who use 100 and 70 bins; Bauwens et al. 2004 who use 20 bins). In
the second category of applications, one compares frequencies of model-generated predictions
falling into pre-specified bins to a multinomial distribution implied by an empirical density.
Examples are Merlo (1997) who uses 18 and 10 bins, Moffitt (1989) who uses 101 and 81
bins, Keane and Moffitt (1998) who use 112 and 24 bins, and Hyslop (1999) who uses 148
bins.

When the reference distribution has p > 1 nuisance shape parameters, applied researchers
follow the recommendation of the statistical literature which yields that the asymptotic
distribution of the Pearson statistic is unknown, but is bounded between two chi-squared
distributions, one with /,, and the other with ¢, — p degrees of freedom. Below we show
(i) that it is not necessary to estimate the nuisance parameters beforehand, and (ii) how to
modify the regression (4.6) to avoid their preliminary estimation. The resulting Wald test
statistic on the modified regression will have a chi-squared distributions with ¢, — p degrees
of freedom.

Note that the regression system (4.6) can be rewritten as
H.J:C‘éj—'—ﬂ'.’j—i‘?]j, jzl,"‘,gy.

Let us rewrite this system in a vector form as

L 12 L
jy:1 = Hajij:l + ||7T',j .

j=1"

|

- ot Il

and the associated test as Hy : ||ozj||§y:1 = 0. Suppose now that there is parameterization
m.; =m.;(6), where 6 is a p x 1 vector of unknown parameters indexing the shape of the
reference distribution.

Assume first that 7. ; () is linear in 6, i.e. ||7.; (9)||§y:1 = Iy + 1,0, where 1l is ¢, x 1

known vector, and II; is ¢, x p known matrix with full rank p. Substituting this into the



regression system yields
¢ ¢ ¢
Tl = llegll, + Mo + T + [|ny]|,2, - (4.7)

Estimation of «;’s and 6 jointly is not possible because they are not separately identified.
Let us denote by ® the (¢, — p) x ¢, matrix whose rows are the basis of the kernel of II;,

and pre-map both sides of (4.7) by ®. Then the system (4.7) becomes

q>(|

because ® annihilates I1;6, and the null becomes ® ||y, ||§y:1 = 0, which contains ¢, —p restric-

Zy
j=1"

I

o) = @ a5, + @l

')j

tions placed on «;’s. The associated Wald statistic therefore is distributed as x* (¢, — p) . In
a simple example with £, = 2 and p = 1, let [Ty = (0,0)", II; = (1,1)". Then @ is just added
to right sides of both equations of the system, and obviously oy, as and 6 are not separately
identified. The matrix ® is (1, —1), which pre-maps by subtracting the second equation from
the first, so the left side of the only emerging equation becomes I.; — I 5, while the right
side consists only of the (identified) intercept cr; — cva, so the null restriction is a; — ay = 0.
The associated Wald test is asymptotically x* (1). To summarize, when 7. ; () is linear in
6, one needs to exclude # from the system by taking a suitable linear transformation of its
equations and the null restriction, losing p degrees of freedom in the way.

Now consider the general case when 7. ; () may be nonlinear in 6, and its Jacobian II; is
of full rank at 6y, where 6, is the true value of 6. Substituting the known functional form of

7. («9)||§y:1 into the regression system yields
¢ ¢ ¢ ¢
Tl = llogllsy + g (@), + (|l - (4.8)

Because 7. () is nonlinear, a;’s and # are identified and may be estimated jointly from
(4.8) by using Nonlinear least squares (NLLS). The null hypothesis is still Hozj||§y:1 =0,
which contains ¢, restrictions. The associated Wald test, however, asymptotically behaves
as a x* (£, — p) random variable rather than a x?(¢,) one, because &;’s and 0 are asymp-

totically linearly dependent so that the asymptotic variance has a rank of only ¢, — p. This



t

happens because the linearization of 7. ; (f)[/;2, in a vicinity of 6o yields |7 ; (0) b=

=1

7. («90)||§y:1 +II; (0 — 0g) + 0 (0 — Bp). The rest of the logic remains as in the linear case.
This requires that the Wald statistic be constructed using the generalized inverse of the
asymptotic variance of estimates. To summarize, when 7., (#) is nonlinear in 6, one needs
to jointly estimate &;’s and 6 and test the original null, remembering the loss of p degrees

of freedom.

5 Tests of symmetry

In this subsection we analyze two tests for symmetry in contingency tables with identical
categorizations. We have not found any examples of their use in applied econometric practice,
so we consider these tests partly for completeness, partly in hope that they will eventually
be used by economists.

Stuart (1955) suggested a test for homogeneity of the marginal distributions of x and y.
Formally, the null is

Hy:mi.=m; t=1,--- ¢,

which automatically implies also m/y1. = 7. ¢41. The test is based on the ¢ x 1 vector of

differences p;. — p.;, i =1,--- (. Let d,, = ||p;. — p.,i||f:1 . The test statistic is
Qn = nd;lV_ldm

0
where V' = ||V%,j||f:1j:1, and Vz‘,z‘ = pi,. + P — 2pi,i - (pz _p-,i)za V%,j = —DPij — Pji —

(pi. — i) (pj. —p.j), @ # j. Under Hy, @, is asymptotically distributed as x? (¢).

Theorem 3 The Stuart Q,, test is asymptotically equivalent to an OLS-based Wald test for
the nullity of all intercepts in a linear multiple regression of I,. —I.; on a constant, i.e. for
the null

Ho:ozl-:(),izl,H-,f



in the regression system

L.

)

_H',i:ai+ni7 2217 7‘6' (59)

Bowker (1948) suggested a test for complete symmetry of the contingency table. Such
symmetry implies a stronger equivalence between the two classifications than equality of
marginal distributions. In fact, it is the two conditional distributions that are compared.

Formally, the null is
Hy:mij=mj;,t=2,--- 4+1, j=1---,1—1

The test is based on ¢ (¢ 4 1) /2 differences p; ; — p;i, i =2,--- ,{+1,j=1,--- ,i—1. The

test statistic is

2
(pij — Pji)
=2 o1 Pig T Di

Under Hy, U, is asymptotically distributed as x* (¢ (¢ + 1) /2).

Theorem 4 The Bowker U, test is asymptotically equivalent to an OLS-based Wald test for
the nullity of all intercepts in a linear multiple regression of I, ; —I;; on a constant, i.e. for
the null

Hy:a;=0,i=2-- (41 j=1-- i—1

in the regression system

Lij—li=aj+n,, i=2--(+1 j=1--,i-1 (5.10)

6 Tests based on ranks

Often researchers carry out testing for independence or homogeneity using rank transformed
data rather than the original data, the idea being to compare more objective “ordinal”
data characteristics instead of “cardinal” ones. Below we review two class of tests based on

ranks — the Kruskal-Wallis test and the Spearman rank test. Both are used in a number

10



of economic and financial applications: for example, Bizjak and Coles (1995), Theodossiou
(1996), Krigman et al (1999), Moel and Tufano (2002) use the Kruskal-Wallis test, and
Selten et al (1997), Attanasio et al (2000), Dickens (2000), Chance and Hemler (2001) and
many others use the Spearman rank correlation coefficient.

Suppose that k random samples of size ny,...,n; are tested for identity of distributions
they come from. Let the vector of ranks (r11,....71ny, o, Tk 1s--s Thin,) correspond to the
pooled sample (of length n = 2521 n;j). Let j index samples, while i index observations
within a sample. The sums of ranks for the separate samples is denoted by R; = > 17, ;.

The Kruskal-Wallis test statistic is

k 2
1 n+1
KW — .
(n — 1 n Z n; ( n3>
J=1
Let asymptotically n — oo and min;jn; — oo so that \; = limuyin;n; 00 1 /n # 0 for

j =1,...,k. Under these circumstances, KW is asymptotically distributed as x? (k —1).

The Kruskal-Wallis test may be run via a linear regression.

Theorem 5 The Kruskal-Wallis KW test is asymptotically equivalent to an OLS-based

Wald test for the nullity of all intercepts in a linear multiple regression of r;; — ”;rl, Jj =
1,--- ,k—1, on a constant, i.e. for the null
Hy:0;=0,57=1,--- k-1
in the regression system
rj,i—";lzaﬁmj, =1, k-1, (6.11)

with observations running from ¢ =1 to i = n; for equation j.

Remark 2 A similar, but different, situation is considered in statistical literature. A fixed
number s of products are ranked by a fized number k of experts. Denote by K; ; the ranking

that the expert j gave the product i (K, ; varies from 1 to s), and by N; j the number of times

11



the product i received ranking j.
The Friedman test statistic

s k 2
12 s+1
F=—— K. — k
ks(s—l—l)Z(Z K 2 )

J=1 \j=1

is used to test for homogeneity of products. It is asymptotically distributed as x* (s — 1) as
the number of experts increases. It is possible to show by following the same steps as in the

proof of Theorem 5 that F' is asymptotically equivalent to an OLS-based Wald test for
Hy:a;=0,9=1,--- ,s—1

i the regression system

s+1
2

Kij— =a;+n;, =1 ,5—1, (6.12)

with observations running from j =1 to j = k.

5 e w kN2
A=— Ni;i——1] ,
k 1( 7 s)

i=1 j=

The Anderson test statistic

asymptotically distributed as x> ((5 — 1)2) as the number of experts increases, is used to test
for homogeneity of products. It is possible to show by following the same steps as in the proof

of Theorem 1 that A is asymptotically equivalent to an OLS-based Wald test for
H()ZOéi,j:O, Z,j:]_, ,S—]_
wn the regression system
k o
Nij——=aij+n,, &j=1--,s—1, (6.13)
s
with one observation per equation.

Suppose the vector of ranks (R, ..., R,) corresponds to a random sample of length n.

The Spearman rank statistic p is defined as

R0

1=

12



Theorem 6 The Spearman rank statistic p is equal to n+ 1 times the OLS slope coefficient

in a linear regression of R; on a constant and observation number 1
with observations running from 1 =1 to i = n.

As a consequence, an OLS-based t test for the null Hy : § = 0 may be used to test for
independence of elements in a given sample, which is often realized in practice by informally
comparing p to zero.

The pairwise Spearman rank correlation coefficient p between two vectors of ranks (Ry, ..., R,,)’
and (51, ..., Sp)" corresponding to two random samples of length n is defined as

S0 (S; - ) (R, - R)
S 5= S By - R

Theorem 7 The Spearman rank correlation coefficient p is equal the OLS slope coefficient

in a linear regression of R; — R; on S; — S;
Rj — Rl = ﬂ (Sj — SZ) + n, (615)

with n? observations for all possible pairs (i, j) where each index runs from 1 to n. Alterna-
tively, one may switch S; — S; and R; — R; in the regression (6.15). A constant term may

be innocuously introduced into the regression (6.15).

As a consequence, an OLS-based t test for the null Hy : S = 0 may be used to test for

independence of two given random samples.

Remark 3 In the context of the previous remark, the Umbrella test statistic

U= k‘(s—l (s+1) (Z 2 Kis = SH))

=1 gj=1

13



asymptotically distributed as N(0,1) as the number of experts increases, is used to test for
homogeneity of products. It is possible to show that U is asymptotically equivalent to an
OLS-based t test for

Hy:6=0

in the regression

with observations running fromi,7 =1 toi=s,7 = k.

7 Conclusion

We have shown that many tests related to contingency tables may be alternatively im-
plemented via a system of linear regressions. Such reformulation is useful for a number of
reasons. This unifies the regression analysis with the theory of contingency tables; the bridge
between the two theories provides intuition on contingency table tests and test statistics;

and finally, running regressions may be more familiar for practitioners.

14
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A Appendix: proofs

Proof. [of Theorem 1] Let us represent X? as

. Ly 2
X_2 _ Z i: (pij — pi,-p-,j)Z n (pi,éerl - pi,.p.,eyﬂ) (A1)
2
+ - (Pe,+1,5 — pemﬂ,-p.,j)Q i (pew+1,éy+1 - peﬁl,p.,gy“)
= De,+1,-P- 5 Dey+1,- Pty +1

Let us analyze the numerators in the second, third and fourth terms in (A.1). Note that

Zy Zy
DPiy+1 — PiP-y+1 = (pz - ZPi,j) - Pi, (1 - ZP,j)
j=1 j=1

ey
= - Z (pij — pip-j) -
j=1
Similarly,
125
Pep+1,j = Plp+1,-D-5 Z (pz,] pi,.p ,g)
i=1
Finally,
Ew éy KJ/ éy
Plot1,6y+1 = Pl Pty+1 = (1 - Pij = ) _Di. — ZP-,j)
i=1 j=1 i=1 j=1
o £y
i=1 j=1
Kz Zy
= - Z Z (pij — piD-j) -
i=1 j=1

The denominators in all terms in (A.1) asymptotically have probability limits

p
pi,.p.,j — 7Ti’.7T.’j,

K’y
Di,-D- by +1 = i, (1 - ZW-,J') ;
j=1
Lz
Peo+1,-D- 5 & (1 — ZW@.) T 4y
i=1
Dly+1,-D-0,+1 2 <1 - ZR;‘) (1 - Zm) :
i=1

Jj=1
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Therefore, the X? statistic is asymptotically equivalent to

2
le ( j=1 pz,j Di p]))

X2 4 X2 2 (pij — pi D,
AT = Ly ) Ly —
Z = om (1 Sm)

=1 j=1 j= 17T

(Th, Sl (o~ piw)
(1-ms) (1= )

2
b ( i=1 pz,] pi,-p»,j))

j=1 (1—2 L1 i, )W,j

+

+

Note that

Pij — Di.D-j = Hi7.]1.’j - E'?.]I,J' = (Hz, — E’) (H.J' - H.’j).

Now we can represent X2 as a quadratic form of the type

X? = ng'Eg,
where
£ = £,0¢,
& = | -T2,
& = Ly —L4l[Z

i.e. £is {,l, x 1 vector containing values of (]1Z — E,) (]I.,j — E,j)7 with index j running faster

than index i. The ¢,¢, x {,¢, matrix = contains weights implied by the formula for X2 and

is equal to
l 1\ t oyt
= = diag ® diag § — + diag 7
Tis ) i=1 i) j=1 Ti)izy 1= 0
/ Ly /
7 ® diag { } + - - a
1=205m idim 1=300m. 1=y
= Zp Q oy,
where




The inverse of = equals

= = ‘/z®vy7

/
x)

V. = diag{m };", — o

!/

: ¢
Vy = diag{m;}\, —mm,

which can be easily established by direct multiplication.
To summarize,

X2 A n (fx ® fy)/ (V:c & V;;)_l (gx ® €y) ’

which is (up to substitution of V, and V, by their sample analogs) a Wald test statistic for
testing the null hypothesis of joint insignificance of all slope coefficients in a linear multiple
regression of I ; on [;. with a constant in each equation. Indeed, the standardizing matrix
V; ® V,, contains variances and covariances of “regressors” and “dependent variables” under

their independence, because

var (I;.) = m;. — 7}

COU(]Iily.,]Ii%.) =TTy, Ty,

and similarly for entries of V.
The last conclusion follows from the symmetry between z and y. R
Proof. [of Theorem 2] The proof goes along the same lines as that of Theorem 1. Let us

represent X? as

X_2 — (pZJ — pl:ﬂ-:]) + Z (pivéy—i_l B pi,~7T-,£y+1) (AQ)

n T e
i=1 j=1 Pi. T i=1 Pi, Tty +1

<

y ' rossn  prn )
(Pes+15 — Peot1,T5) 4 Pasign 7 Pt Tt

| Pe+1,T. 5 Pep+1, T 0y+1

_|_
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Let us analyze the numerators in the second, third and fourth terms in (A.2). Note that

Ly Ly
Digy+1 — Pi, T 0,41 = (pz - ZPi,j) - Di, (1 - Zﬂ—',j>
j=1 j=1
fy

= =) (i —pimy),s

J=1

Ly lx
Pez+1,j — Plo+1, T = (p,j - ZPi,j) - (1 - sz) .5
i=1

i=1
Lo

= =Y pij—pim )+ —75),

=1

T

by Ay Ly Ly
sz‘,j - sz - Zp,j)
i=1 j=1

i=1 j=1

L) (5

Ly Ay £y

= =Y i—pimg) =Y (pg—my)

i=1 j=1 j=1

Dlpt1,y+1 — Plpt1, Ty 41 = (1 —

Therefore, the X2 statistic is asymptotically equivalent to

2
5 e ¢ s by o
XaxX ~ (pij — pi7y)° Y (ZFl (Pis pz"ﬂ"”)>
n n i—1 j=1 i Mg =1 T, (1 - Zf-y:l 77-,j)
) Ly 2
y <Zi:1 (pij — pi,mg) — (g — 7%‘))
+
j=1 (1 -3 Wz) T
e by 4 2
(Zi:l > i1 pig = pipm ) + 3250 (py — 7%‘))
+ .
¢ t,
(1 - ij:1 7T~,j) (1 =it 7Tz>
Note that

pm — pi7.7T.7j = ]Iif (]I.J' — 7T.7j)
and

p'vj - 7T"j = T 7T7.]
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Now we can represent X2 as a quadratic form of the type

X? = ng'Zg,
where
§ = §,®¢&,
1

gx = < o )7

|]Iiw i=1
ey

gy = H]I',j - ﬂ-ijj:l'

The (¢, +1) ¢, x (¢, + 1), matrix = contains weights implied by the formula for X2, and

is equal to
E=5, 5,
where
1 Ly,
1-5% 1— S
= — - Zz—l T4, ; Zz—l i,
v Lo, 11" Le,ly, ’
7 diag 7
x . x
1= Tio )= 1=220 mi
l /
_ 1 Y Leyly,
=, = diagq— 7
Tjli=1 11— Ejy—l T

The inverse of = equals

1 e

E:r = 5
7, diag {m,.}fil

E, = diag {7r.7j}fy:1 — 7ry7r’y,

which can be easily established by direct multiplication.

To summarize,

X?2n (6, ®E) (B, 0 E) " (£, ®€,).
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which is (up to substitution of E, and E, by their sample analogs) a Wald test statistic for
testing the null hypothesis of joint insignificance of all coefficients in a linear multiple regres-
sion of I. ; — 7. ; on I; . with a constant in each equation. Indeed, the standardizing matrix
E, ® E, contains expectations of cross-products of different “regressors” and expectations
of cross-products of different “dependent variables” under independence of “regressors” and
“dependent variables”. W
Proof. [of Theorem 3] The conclusion is obvious, because (), already has the form of the
Wald test, and V' is a sample analog to var (H]L - HZHf:ll) u
Proof. [of Theorem 4] The pivotization in the Wald test statistic equals the variance matrix
of the £ ({4 1) /2 x 1 vector of differences I, ; — I;;, i =1,--- £ +1,j=1,---,i—1, ie.
var (H]I” — Ljll |21 ;:) , where the variance of each element I, ; — I,; equals

var (I ;) + var (I;;) + cov (L; ;,1;;) = 5 (L — i) + w50 (1 — mj5) + 27, 57
which under Hj is asymptotically

Tij + M-

The covariance between element I; ; — I, ; and I, , — I, where k£ # j or ¢ # m equals

cov (L; j, L k) — cov (I; j, Ly m) — cov (L, Ly i) + cov (L4, Li )
= 2(m jTmp — TijThm — Tj.iTmk + TjiThm)
= (mi; — i) (T — Thm) = 0.

‘ i—1
/41 i—1 . /41 . . .
Hence, var (H]IU — Lll [ j:l) equals diag {{m’j + it , and its inverse is

i—1
diag {{(77” + 7Tj7i>_1}lfi_11 } , which is exactly the weighting system in U,,. W
=1)

Proof. [of Theorem 5] The vector containing all &; is equal to

X 1 < n+1 1 R n+1
O; = — T — = — S — N )
J n] — Js 2 nj J ) 2

To compute the asymptotics for this vector, we need the covariance matrix for the vector

k—1
1R;/m 52, -
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Under the hypothesis of independence, each rank r;; is distributed multinomially on

1,2, ...,n with equal probabilities, therefore

) n+1 n®—1
RIS B0 py LE

Now, for ji # jo or iy # iy

2
Cov[rjl,iwrjz,iz] = £ [E [le,h‘rjz,iz] sz,iz] - E [TM]
"1 ) n+1\> n+1
Z n (Z n— 1) ( 2 ) 12
=1 1#£l

Then also

n; 2
1 n? —n;
Zm] = —var[rj ] + = covlryi, 1]

k-1 1 Bl
4 N O,diag{—} — U1l | -
i=1 12 Aj) o
k-1 -1
12 1
W = =& diag{—} — ity | @
n Ai )i

k-1 k-1)’
12 [ e g, Al (23)
= —« l1ag G S 1
n ! 11—

j=1

2
12 &= ) n+1\> 12 (&N n+1
= = R —p.—— i R —n.
n — ”?( J n; 9 ) +n)\k (; n; J n; 2

Obviously, the first term is asymptotically equivalent to

k-1 2
1 n+1
— (R, - .
(n—1 nznj( nj) ’

Jj=1
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which is the first £ — 1 terms in K'W. The last term is asymptotically equivalent to

which is the last, k™, term in K. ®

Proof. [of Theorem 6] The sample slope coefficient is in the regression (6.14)

Z?:l (Z - Z) (Ri _ R)
DDA

where 7 is the average over observation number, i.e. 7= (n + 1) /2, and R is a sample average

3:
rank, i.e. R =7 Then > (i —7)> = (n — 1)n(n+1) /12, and

. = n+1 n+1l\ p
p= (n—l Z( >(Ri_ 2 )_n+1’

=1

Proof. [of Theorem 7] The sample slope coefficient is in the regression (6.15)

2= (55 = 5i) (B — i)
Y (Si-8)t

because by construction the averages of regressors and regressands over the n? observations

B =

are zero. Taking into account that Y ", | (S; — S =3 o1 (R — R )* by construction of
rank vectors, we get B = p. When an additional constant term is included in the regression,

its estimate is exactly zero because the sample averages of both sides equal zero. W

25



