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Although mean-variance optimization (MVO) is over 40 years old, its use as an applied portfolio
management tool has only recently become extensive. Its origins are well-known: Harry Markowitz, a
University of Chicago graduate student in search of a dissertation topic, ran into a stockbroker who
suggested that he study the stock market.* Markowitz took the advice and proceeded to write a pioneering
article and book, and receive a share of the 1990 Nobel Prizein Economics.” Perhaps the most compelling
example of Wal Street acceptance of this framework is the fact that several PC-based portfolio

optimization programs, caled optimizers, dot the financial product landscape.

Although the conceptual foundation of optimizersis solid and their use has greatly enhanced the portfolio
management process, they are difficult to use properly. Uncritical acceptance of MV O output can result in
portfolios that are unstable, counterintuitive, and ultimately unacceptable. In this chapter, we review the
limitations of MV O (both from a theoretical and a user-oriented perspective) and provide procedures for
estimating the necessary inputs (expected returns, standard deviations, and correlations) for MV O when

used as an asset allocation tool.
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Section 1: Limitations of MVO

The beguiling effecis of estimation error

An optimizer derives the security or asset class weights for a portfolio that provides the maximum
expected return for a given level of risk; or, conversely, the minimum risk for a given expected return.

The inputs needed for MVO are security expected returns, expected standard deviations, and expected
cross-security correlations. If the inputs are free of estimation error, MVO is guaranteed to find the

optimal or efficient portfolio weights. However, because the inputs are statistical estimates (typically

created by analyzing historical data), they cannot be devoid of error. This inaccuracy will lead to
overinvestment in some asset classes and underinvestment in others® For example, consider two asset

classes, A and B, which differ only in that As true expected return is slightly lower and its standard
deviation slightly higher than B's. The returns to assets A and B do have identical correlations with the
returns on each of the other assets under consideration for the portfolio. Asset B is the preferable asset of
the two, and without estimation error it would dominate A. However, due to estimation error, asset A
might have arestimated expected return that is higher and an estimated standard deviation that is lower
than that of B. In this case, optimizer-generated results will always erroneously select a higher portfolio

weight for asset A than for B.
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FIGURE 1.1 Efficient Frontier in the Absence of Estimation Error
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FIGURE 1.2 Efficient Frontier with Estimation Error
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Estimation error can aso cause an efficient portfolio to appear inefficient. For example, Figure 1 shows a
graph of the efficient frontier (the set of efficient portfolios for different levels of risk) and a portfolio P.
Without estimation error, portfolio P is inefficient because it lies below the frontier; i.e.,, the MVO
agorithm has identified other portfolios that can achieve the same expected return with less risk.

However, the presence of estimation error renders Figure 1 inadequate. Figure 2 is a more accurate
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depiction of reality; the "true" efficient frontier is somewhere between the two bands. This means that

portfolio P may well be efficient.

The width of the band is proportionate to the estimation error of the inputs. For example, the band widens
as the expected return increases.” This reflects the fact that portfolios with low expected returns tend to be
dominated by short-term fixed income securities for which the MV O inputs are estimated with more

confidence.

One approach to limit the impact of estimation error is to use constrained optimization. In a constrained
optimization the user sets the maximum or minimum allocation for a single asset or group of assets. Constraints are

used to prevent assets with favorable inputs from dominating a portfolio to the extent that it violates common sense.

Unstable solutions

A related problem with MV O is that its results can be unstable; that is, small changes in inputs can result
in large changes in portfolio contents.® Instability inhibits the use of MVO for actual asset alocation
policy decisions. Assume one uses an optimizer for asset alocation recommendations on a quarterly
basis, with revised estimates of inputs prepared each quarter, resulting in new alocation
recommendations. Because of instability, an update that leads to a small change in the expected return or
standard deviation of an asset class can lead to a radically different portfolio alocation, not only for the
asset class with the changed parameters, but for al of the classes under consideration. These potentially
large quarterly changes in the portfolio composition will encourage unwarranted turnover and justifiably

erode confidence in the quality of the allocations.

In order to minimize dramatic changes in recommended portfolio composition sensitivity analysis can be

used. This technique involves selecting an efficient portfolio and then altering the MV O inputs and seeing
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how close to efficient the portfolio is under the new set of inputs. The goal is to identify a set of asset

class weights that will be close to efficient under several different sets of plausible inputs.

FIGURE 1.3 Efficient Frontier with Estimation Error

Expected Return

Standard Deviation
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Reallocation costs

Two portfolios are indicated in Figure 3. Portfolio A is within the band that encompasses the true frontier
while portfolio B is below it. Both portfolios have the same expected risk, but A has the higher expected
return. It would seem that the manager of portfolio B should alter the portfolio’s allocation to match that

of A. But issuch apolicy warranted?

Depending on the asset classes within the two portfolios and the magnitude of the quantities involved, it
may be quite costly to implement a reallocation of portfolio B. Before reallocating, managers must make
a careful inventory of reallocation costs such as bid-ask spreads, price pressure (market impact) effects,
and transaction fees.® The correct policy may be to retain the current alocation despite its lack of

optimality.”
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The skepticism of the uninitiated

MV O is something of a black box. Of course, the box can be opened, but for many investors it is filled
with impenetrable statistics. Black boxes do have a clientele, but many investors are loath to invest on the
basis of trading and allocation systems that they do not understand. MV O is susceptible to this reaction
for two reasons. First, MV O is complex and prerequisites for understanding it include the formidable trio
of statistics, linear programming, and modern portfolio theory. Second, MV O can recommend allocations
that are perfectly defensible (from a theoretical standpoint), but may appear to be counter-intuitive. For
example, one of the great insights of MVO is that assets that are risky, when viewed in isolation, can
actually reduce portfolio risk if they have low correlations with the other assets in the portfolio. This
concept can be proved mathematically, but a surprisingly large number of otherwise intelligent people just
don't buy it. For example, because non-U.S. stocks have had historically low correlations with U.S.
common stocks and bonds, they typically receive alarge weight in efficient portfolios. However, the vast

majority of managers underinvest relative to these efficient weights.

Political fallout

The use of MV O for asset allocation may run counter to the interests of some employees within a money
management firm. Consider a scenario in which MV O isto be used by a money manager to alocate client
money to particular in-house funds. After creating the inputs for each fund and allowing the optimizer to
work its magic, each client (based on their degree of risk aversion) is assigned an optimal allocation of the
in-house funds. However, it is likely that particular funds will be shut out of most unconstrained
alocations. As a practical matter, it is unrealistic for a manager to employ an asset class specialist and not
alocate any capital to that asset class. Even if MVO excludes an asset class for reasons other than
estimation error, that is little comfort to the managers who are excluded. As a result, optimal alocations

are likely to be substantially modified.
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Section 2: Developing Mean-Variance Optimazation Inputs for

Major Asset Classes

Guiding principles

When devel oping models to estimate inputs investors should make estimates that are:

* Accurate -- within the limits imposed by the state of the art, investor tolerance of complexity, and

the amount of effort required to collect and interpret data.

« Timely -- they should be amenable to updating with reasonable effort and minimal delay.

e Consistent -- they should reflect long-run expectations, and not fluctuate wildly each time they

are updated.

» Comprehensible -- a knowledgeable person should be able to explain and justify the estimates in

easily understandable terms.

Upon which asset classes should one optimize?

Ideally, all assets in the world should be represented in the optimizer. However, many investors cannot or
do not want to invest in a particular asset class. MVO can ill be of benefit by providing superior
alocations among the remaining asset classes. For those investors who have broad latitude in selecting

assets, the more relevant question is: What are the major asset classes?

Stated simply, the major asset classes are those that make up the preponderance of world wealth: stocks,
bonds, cash, and real estate. However, within these broad categories are subgroups that have exhibited

unique behavior and that may deserve to be treated as separate asset classes. Deciding which subgroups
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qualify is admittedly more art than science and there is room for reasonable persons to disagree. In our

opinion, agroup of securities qualifies as an asset class when it meets the following two criteria:

« Diversfication -- there must be a broad range of individual securities within the group in
guestion. Without this criterion, every industry, economic sector, or individual stock and bond in

the world could be considered an asset class.

* A degree of independence -- experience with optimizers indicates that the analytical guts of MVO
have difficulty handling asset classes that have a correlation of 0.95 or higher. In fact, the
inclusion of highly corrdated assets is the principal cause of unstable solutions. Also, if two
groups of securities are highly correlated in the first place, they should not be treated as separate

asset classes.

With these criteriain hand, we judge the major asset classes (from the standpoint of a U.S. investor) to be:

e U.S. large-capitaization stocks

e U.S small-capitalization stocks

e Long-term U.S. Treasury bonds

e Intermediate-term U.S. Treasury bonds

e U.S Treasury bills
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Long-term U.S. corporate bonds

U.S. mortgage-backed securities

U.S. red estate

Non-U.S. equities

Section 3: Estimation Procedures for Long-Run Expected Return and Standard
Deviation U.S. large-capitalization stocks

We estimate the long-term expected return (from the perspective of a U.S. investor) on large-cap stocks
by using a “long-horizon” form of the Capital Asset Pricing Model (CAPM). This variation has the form

of the traditional Sharpe-Lintner CAPM, namely:

E[r] =i + B(E[r] - 1)

where E[f] is the expected return of asset;ijg the expected return on a risk-free security, 3 is the
measure of the systematic risk of asset i, ang]¥{iis the equity risk premiufhhe long-horizon model

retains the form of equation (1), buytis defined as the current yield (a proxy for expected return) on
long-term (20-year) U.S. Treasury boridéle use a long rather than a short maturity bond because we
require a default-free security whose maturity matches the time horizon over which one assumes that
investors commit their capital; typically this is a long peribMoreover, long-term bond yields are more

stable over time than short-term bond yields, producing more stable estimates.

We estimate the equity risk premium by subtracting the arithmetic mean of annual yield (income) returns

on long-term Treasury bonds from the arithmetic mean of annual total returns on stocks as proxied by the
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S& P 500. We use the income return on bonds because it is the completely risk-free portion of the return.
In contrast, the total return includes the return that can be attributed to capital gains and losses that result
from interest rate changes. In addition, bond yields have risen historically, causing unexpected capital
losses. There is no evidence that investors expected these capital losses, so the past total return seriesis

biased downward as an indicator of past expectations. The past income return seriesis unbiased.

On April 25, 1994, the long yield was 7.3 percent™ and the equity risk premium estimated over the years
1926 to 1993 was 12.3% - 5.1% = 7.2 percent.® Assuming a b of 1.00, this gives an expected return of

7.3% +1.00 " 7.2% = 14.5%.

Most estimates of expected standard deviation are based on past standard deviations. The question then
becomes one of selecting an appropriate historical period. For asset classes that have had accurately
measured returns and stable standard deviations, such as stocks, we estimate the expected standard
deviation by calculating the actual standard deviation of annual total returns over the entire period for
which good quality data are availabteShorter periods are not used because only long run data capture

the full range of possible (and by inference expected) return behavior. For example, without an
understanding of stock market performance during the 1920s and 1930s, the crash of 1987 would have
scarcely been imaginable. For the years 1926 to 1992, the standard deviation of annual total returns for

large-cap stocks was 20.5 percent.

U.S. small-capitalization stocks

Small-cap stocks have historically earned higher returns than large-cap stocks. For the years 1926 to
1993, large-caps had a 12.3 percent arithmetic mean total return compared with 17.6 percent for small-
caps:* We label this 5.3 percent difference theall stock premium. Our estimate of the expected return

for small-cap stocks is the small stock premium plus our estimate of the expected return on large-cap

stocks.
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Investors demand a small stock premium because small stocks have greater risk and it is reasonable that

investors expect compensation (in the form of a higher expected return) for bearing this additional risk.™

On April 25, 1994, we estimate the expected return on small-cap stocks to be 7.3% + 7.2% + 5.3% =
19.8%. As with large-cap stocks we use the standard deviation of past annua total returns over the
longest period for which we have good quality data to estimate the expected standard deviation. Using

annual total returns over the period 1926 to 1993, the standard deviation was 34.8 percent.

These estimates for expected return and standard deviation may seem large, but our definition of small
stocks includes stocks that are perhaps too small for many investors. In the event that an investor’s
definition of small stocks includes stocks larger than our definition it makes sense to reestimate the
expected return and standard deviation based on the capitalization range of small stocks under

consideration.

U.S. fixed-income assets
We estimate the expected return on each class of U.S. bonds (except mortgage-backed securities) by using

the general framework:

E[r] =r - MP+ DP

where E[r] is the expected return on a particular class of bonds, rf is the current yield on long-term Treasury bonds,

MP isthe maturity premium, and DP is the default premium.

The subtraction of a maturity premium accounts for the empirical observation that yield curves typically slope

upward. This phenomenon is explained by the liquidity preference hypothesis, which states that the price risk of
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longer bonds is more burdensome to investors than the reinvestment risk of rolling over short bonds. The higher

yields of long bonds are compensation to holders for bearing this risk.

The size of the maturity premium depends on the instrument. For Treasury bills, we estimate the maturity premium
as the difference between the arithmetic means of long-term Treasury bond income returns and Treasury bill returns
over the 1970 to 1993. We select this period because the presence of persistent inflation beginning in the early 1970s
and later, the termination of interest rate targeting by the Federal Reserve fundamentally transformed the behavior of
the U.S. fixed-income markets. As a result, we consider the data prior to 1970 of limited relevance when used a

forecasting tool.

Using the years 1970 to 1993, the maturity premium is estimated to be 8.6% - 7.2% = 1.4%. The maturity premium
for intermediate-term Treasury bonds is estimated as the difference between the arithmetic means of long-term
Treasury bond income returns and intermediate-term Treasury bond income returns. For the years 1970 to 1993 the

estimated premium is 8.6% - 8.3% = 0.3%.

A bond is a promise to repay a series of cash flows, but as many a junk bond holder has found, promises are not
always kept. To compensate for this risk, bonds with default risk must have yields high enough to cover the
expected loss from default and provide additional compensation for being exposed to the risk. We estimate the long-
run expected default premium by taking the difference between the arithmetic mean total returns of long-term
corporate and long-term Treasury bonds over the 1970 to 1993 period. We use the difference in total returns and not
income returns because only through the total return can an investor get an assessment of how defaults have affected
the return on an investment in a pool of corporate bonds. For the years 1970 to 1993 the estimated default premium

is10.5% - 10..2% = 0.3%. The resulting expected returns (and standard deviations) are summarized in Table 1.
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Expected Returns and Standard Deviations for U.S. Fixed-Income

Asset Classes

Fixed- Long-Term Maturity Default | _ | Expected| Standard
Income Treasuiry Premium Premium| | Return | Deviation
Asset Class | Bond Yield

girl‘fsasury 7.3% 1.4% 00%| =  59% 0.9%
Intermed-

term 7.3 | 03 |+ 00 | = 70 6.8
Treasury

bonds

Long-term

Treasury 7.3 - 0.0 + 0.0 = 7.3 12.1
bonds

Long-term

corporate 7.3 - 0.0 + 0.3 = 7.6 10.9
bonds

SOURCE: Long-term Treasury bond yield is fradall Sreet Journal, April 26, 1994; all other data is

from Ibbotson Associate¥earbook, op. cit..

We previously mentioned that the historical standard deviation of annual total returns over the longest
period for which is good data is available is the best estimate of expected standard deviation, provided
that the standard deviations have been reasonably stable and the returns are accurately measured.
However, the standard deviation of the U.S. fixed income market has not been stable. We believe that a
process shift has occurred. Figure 4 shows the standard deviation of total returns for rolling 15-year
windows covering the years 1926 to 1993. Beginning approximately in 1970 the standard deviations of all
fixed income series began to drift sharply upward. Because of this process shift, we estimate the expected
standard deviation as the annualized standard deviation of monthly total returns over the January 1970 to

March 1994 period®
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FIGURE 1.4 Standard of Total Returns over Rolling 15-Year Periods
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A more natural choice might be the post-1979 period. We do not use this period because it istoo short and

this most unusual period should be the sole basis for along-run projection.

U.S. mortgage-backed securities

When modeling the expected return on a mortgage-backed security (MBS) we are primarily concerned
with determining the premium investors require for bearing the prepayment risk inherent in an MBS
Unlike bonds which the holder can retain until maturity or a prespecified first-cal date, the mortgages
that back the security can be prepaid at any time. This poses arisk to the MBS holder. When interest rates

fall substantially, homeowners are highly motivated to prepay their current mortgages and refinance at
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lower rates. Prepayments cause MBS holders to receive their principal early and reinvest it at rates lower

than those they originally expected.

We estimate the prepayment premium by subtracting the arithmetic mean of annual income returns for
long-term Treasury bonds from the annua income returns from the Lehman Brothers Mortgage-backed
Securities Index. For the years 1976 to 1993 the estimated premium is 10.2% - 9.2% = 1.0%. Thisisa
relatively short time period (necessitated by the fact that the first MBS was created in 1970), but we
believe that it adequately captures the market-required compensation for bearing this prepayment risk
because the 1976 to 1993 period saw both rapid prepayments (roughly 1986-late 1993) and a dearth of
prepayments (late 1970s and early 1980s). The expected return is the current yield on long-term T-bonds

plus the prepayment premium, or 7.3% + 1.0% = 8.3%.

Since the January 1976 to March 1994 period is representative of conditions we expect to hold for the
long-run, we use the annualized standard deviation of monthly total returns over this period for our

estimate of 9.8 percent.

U.S. real estate

The return on red estate is logicaly and empirically related to inflation. Because real estate prices are a
large component of the most common inflation measure (the Consumer Price Index), such alink is almost
unavoidable. Primarily for tax reasons, real estate price appreciation exceeded economy-wide inflation
rates in the 1960s, 1970s, and much of the 1980s. As the various federal tax reform acts were enacted, the
tax motivation to hold real estate eroded in the late 1980s. Real estate prices subsequently fell, while
economy-wide inflation rates continued to be positive. Despite this divergence, the historica
correspondence of real estate price returns and inflation rates has been reasonably close. For the period
1978 to 1993 semiannua returns on the Frank Russell Property Index and inflation have had a correlation

of 0.6.
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Our model for estimating the expected total return on real estateis:

E[rnominal, real estate] = E[rreal, real estate] + [pl]

where E[Mmomina, real estate] 1S the expected nominal return to real estate] E[rrea, rea esae] 1S the expected real

return to real estate; and E[pi] isthe expected inflation rate.

To estimate the expected rea total return, we subtract the arithmetic mean annual inflation rate from the
arithmetic mean annual total return on the Frank Russell Property Index. For the years 1978 to 1993, this
is 2.9 percent. We use this value as our estimate of the real total return on real estate. To arrive at an
expected nomina total return for rea estate, expected inflation should be added to the 2.9 percent
expected real total return. Based on a recent long-run inflation estimate of 4.6 percent,’® we arrive at an

expected nominal total return on real estate of 7.5 percent.

Estimates of the standard deviation of real estate fall in a broad range from a level near that of Treasury
bills to one comparable to the stock market. Because most real estate return indexes are appraisal-based
and suffer from smoothing of volatile underlying returns, very low risk measures are commonly seen. In
optimization, such a measure would allocate almost the entire portfolio to real estate over a broad range of

expected portfolio standard deviations. This result defies logic and contradicts observed market behavior.

The other extreme position, that real estate is as risky as the stock market, is aso unlikely to be realistic.
Investors are likely to require compensation in the form of a higher before-cost expected return in order to
bear costs such as illiquidity and high transaction and information costs.' If real estate is as risky as the
stock market, it would have to beat the stock market by a large margin in order to be held by rational

investors. In fact, rea estate has had returns that are between those of stocks and bonds. For the years
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1978 to 1993, commercial real estate had an estimated compound annual total return of 11.5 percent,
compared to 15.1 percent for stocks, 10.8 percent for long-term Treasury bonds, and 10.6 percent for
intermediate-term Treasury bonds. For the years 1926 to 1991, residential real estate had an estimated
compound annual return of 9.0 percent, compared to 10.4 percent for stocks, 4.8 percent for long-term

Treasury bonds, and 5.1 percent for intermediate-term Treasury bonds.

We believe that, like long-run returns, the risk of unleveraged rea estate is between that of stocks and
bonds. The expected cash flows from real estate are composed of (1) rents, which resemble coupon
payments on a bond and (2) capita gain/loss on sale, which resembles the capital gain/loss on a non-
dividend-paying stock. With cash flow attributes similar to those of both stocks and bonds, real estate
investors face both bond- and stock-like risks. This implies that the risk of real estate must logicaly be

between that of a stock and that of abond.

One way of estimating the volatility of real estate is by using a REIT (Real Estate Investment Trusts)
index. REITs are companies or closed-end funds whose assets consist almost exclusively of rea estate.
These companies are listed on stock exchanges and consequently, their value each day represents the
market’s assessment of the value of the property holdings. A REIT index therefore has the potential of
more accurately representing the volatility of real estate than an appraisal-based series. However, because
REITs are traded on an exchange, they may be more volatile than the underlying real estate because of

stock market-induced volatility.

A solution to this problem has been suggested by S. Michael Giliberto.® In this approach, a portfolio is
created that consists of a broad-based REIT index and a short position in the S& P 500. The short position
in the S& P 500 will, in effect, subtract the effects of broad stock market movements from the REIT index.
The standard deviation of the portfolio should then be a more accurate estimate of the volatility of the

underlying real estate.
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Applying this approach over the period January 1972 to March 1994 provides an estimate of 13.8 percent

for the volatility of real estate.”*

Global equities

We estimate expected returns on foreign equity markets by using the global CAPM . Because the United
States has a very long data history with which to calculate the equity risk premium, we use it as a
baseline. The world equity risk premium is then given by the U.S. equity risk premium divided by the

beta of the U.S. equity market on the world equity market, or

RPworia = RPus / s

8.1% =7.2%/0.89

where RRoiq IS the expected equity risk premium for world equities over the U.S. riskless rate; RPUS is
the U.S. equity risk premium (estimated previously as 7.3 percent); bUS (estimated to be 0.91) is the beta

of U.S. equities on a market capitalization-weighted world equity ifidex.

Risk premiums for individual country or regional equity markets can then be estimated by multiplying the
country's or region's beta by 8.0 percent. The expected total return for a U.S. investor is obtained by
adding the country equity risk premium to the current yield on long-term Treasury bonds. Table 3
provides current estimates of the beta, equity risk premium, and expected total return to the U.S. investor

for several regions.

Our calculation of expected return does not involve currencies in any way. The implicit assumption is that
currency fluctuations have no expected return overldhg-run. Currency fluctuations do, however,
increase the variability of returns. Therefore, our estimate for expected standard deviations (presented in

Table 3) are calculated are based on returns converted to U.S. Hollars.
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Region E\S/\e/t;l(()jn World quity Expected Equity Standqrd
Risk Premium Total Return Deviation
Market
MSCI World 1.00 8.1% 15.4% 19.1%
MSCI EAFE 1.04 8.1 15.7 23.4
MSCI Pacific 1.10 8.1 16.2 29.9
MSCI Europe 0.95 8.1 15.0 23.0

* Expected equity total return is calculated by adding the expected return on U.S. long-term Treasury
bonds (6.9 percent as of month-end April 1993) to the equity risk premium for each region. The regional

equity risk premium is calculated as the world equity risk premium multiplied by the beta of that region.

SOURCE: Returns used to calcul ate these estimates are from Morgan Stanley Capita International .

As stated previoudly, for asset classes that have had accurately measured returns and stable standard
deviations, such as stocks, we estimate the expected standard deviation by calculating the actual standard
deviation of annual total returns over the entire period for which good quality data are available. Shorter
periods are not used because only over the long run do the data capture the full range of possible (and by

inference expected) return behavior.

For asset classes such as U.S. large- and small-capitalization stocks this approach works well because a
long time period is available. However, for global equities high quality data exist only since 1970. Since
during this period equities have exhibited lower volatility than over the 1926 to 1992 period as a whole,
an estimate based solely on the last 23 years would cause non-U.S. equities to appear to be much more
attractive than their U.S. counterparts. In order to put both sets of equities on more equal footing we

adjust the observed volatility of non-U.S. equities over the 1970 to 1992 period as follows:

6n0n—USregi0n, long-term = (a‘lon-US region, 1970-1993 / 6S&P 500, 1970-1993) * 6S&PSOO, 1926-1993
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where @on-us region, longterm 1S OUr €stimate of the long term standard deviation for a particular non-U.S.
region; Gonus region, 1970-1903 IS the actual standard deviation of the region's annual total returns over the
period 1970 to 1992;s8p 500, 10701003 IS the actual standard deviation of the S&P 500 over the period 1970
to 1992; and & psoo, 1026-1003 IS OUr estimate of the long-term expected standard deviation on the S&P 500
which we calculated using data over the period 1926 to 1992. Our estimates for four regions are given in

Table 3.

Section 4: Calculating the Correlation Matrix

The asset class correlation matrix is based on the historical correlation of monthly total returns for each
pair of assets. These correlations are shown in Table 4. Using a long time period is usually preferable, but
there can be process shifts in correlation coefficients. For this reason, our estimate of correlation for every

pair of assets does not necessarily use the longest period for which good data is available.
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Correlation Matrix for Major Asset Classes*

u.s.
Large
Cap

u.s.
Small
Cap

Non-
U.S.

Long-
Term
Treasury
Bonds

Intermed-
Term
Treasury
Bonds

T-Bills

Long-Term
Corporate
Bonds

Mortgage-
Backed
Securities

UsS.
REITs

Stocks

U.S. large-

cap 1.00

u.S.

small-cap | 0.85 1.00

Non-U.S. | 0.51 0.45 1.00

Fixed
income

U.S.
Long-
Term
Treasury
Bonds 0.37 0.22

024 | 1.00

u.s
Intermed-
Term
Treasury

Bonds 0.27 0.15 0.17 | 0.86 1.00

u.sS
Treasury
Bills

-0.06 | -0.07 |-0.11 | 0.06 0.15 1.00

u.S.
Long-
Term
Corporate
Bonds

0.41 0.27 024 | 0.92 0.85 0.04 1.00

u.s.
Mortgage-
Backed
Securities

0.32 0.19 0.19 | 0.89 0.90 0.09 0.93 1.00

Real
edtate

u.S.
REITs

0.62 0.75 041 | 031 0.26 -0.06 | 0.38 0.33

1.00

* Correlations are calculated using monthly (quarterly in the case of U.S. real estate) total returns over the
longest period for which relevant data on each pair of assets is available. These periods are: 1926 to 1992

for U.S. large- and small-cap stocks; 1970 to 1992 for U.S. long- and intermediate-term Treasuries, T-
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bills, and U.S. long-term corporate bonds; 1970 to 1992 for global stocks; January 1976 to 1992 for U.S.
mortgage-backed securities; and 1978 to 1992 for real estate. The proxy for global stocks is the MSCI

World Index denominated in U.S. dollars.

SOURCE: Ibbotson Associates, Inc. for U.S. large- and small-cap stocks and U.S. long- and intermediate-
term Treasuries, Treasury bills, and U.S. long-term corporate bonds. Morgan Stanley Capital International

for global stocks. Lehman Brothersfor MBS. Frank Russell Company Property Index for real estate.

Interestingly, as world capital markets became more integrated, one might suspect that correlations
between U.S. and non-U.S. equities would have become higher, but the data suggests otherwise. Table 5
illustrates correations of monthly total returns between non-U.S. stocks and U.S. large- and small-cap
stocks for subperiods covering January 1970 to June 1992. Thereis no clear, across-the-board increase in

correlations.

Correlation of Non-U.S. Stocks with U.S. Large- and Small-Cap Stocks:

Monthly Total Returns*

U.S. Large-Cap | U.S. Small-Cap
Stocks Stocks
1970-1974 0.56 0.58
1975-1979 0.51 0.38
1980-1984 0.59 0.60
1985-1989 0.45 0.41
1990-1992 0.49 0.31

* Non-U.S. stocks proxied by the MSCI World (excluding U.S.) Index.

SOURCE: Morgan Stanley Capital International and Ibbotson Associates, Inc.
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Summary
Effective use of mean-variance optimization in a practical settingrequires an appreciation of its
limitations. The procedures for estimating stable, long-term inputs for mean-variance optimization

described in this paper will help to make the inherent limitations of MV O less onerous.
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Section 5: Footnotes

L For this and other financial folklore see Peter L. Bernstein, Capital Ideas. The Improbable
Origins of Modern Wall Sreet, New York: The Free Press, 1992.

2. Harry M. Markowitz, "Portfolio selection," Journal of Finance, March 1952; Portfolio Selection:
Efficient Diversification of Investments, New York: John Wiley & Sons, 1959.

3. For a more complete development of this argument see Richard O. Michaud, "The Markowitz
optimization enigma: Is 'optimized’ optimal?' Financial Analysts Journal, January-February
1989, pp. 33-34.

4, For a comprehensive empirical study of estimation error on a portfolio of 100 stocks see Harbans

L. Dhingra, "Effects of estimation risk on efficient portfolios. A Monte Carlo simulation study,”
Journal of Business Finance & Accounting, 1980.

5. See Michaud op. cit. p. 35.
6. Higher quality optimizers mitigate this problem by allowing consideration of reallocation costs.

7. Of course, the cost of reallocation is spread out over the time horizon of the investment, so that
reallocation may be warranted if the portfolio isintended to be held for along time.

8. In the Sharpe-Lintner CAPM (John Lintner, "The valuation of risky assets and the selection of
risky investments in stock portfolios and capital budgets', Review of Economics and Satistics,
February 1965 and William F. Sharpe, "Capital asset prices: A theory of market equilibrium under
conditions of risk", Journal of Finance, September 1964) the risk-free asset is assumed to have a
short maturity.

(3 is scaled such that the market portfolio, or portfolio of all risky assets, (the S&P 500 has been
traditionally used as the proxy for this portfolio) has a 3 of 1.00.

The equity risk premium is the return in excess of the risk-free rate which investors expect to
receive as compensation for their taking the investment risk of a typical stock instead of investing
in a risk-free security such as a U.S. Treasury issue.

9. The long-horizon variation was suggested by Roger G. Ibbotson and Stephen A. Ross. It is
described in Ibbotson Associates, In8ocks, Bonds, Bills, and Inflation 1993 Yearbook™,
Chicago, 1993 (annually updates work by Roger G. Ibbotson and Rex A. Sinquéfieldictice,
we use the shortest, noncallable, current coupon bond with a maturity not less than 20 years. As
of April 1994 we used the 7% percent T-bond maturing May 2016.

10. Trading volume suggests that some investors have short time horizons, but most of this activity is
the mere substitution of one security for another. Investors typically commit their capital to the
market, if not a particular security, for the long run.

11. Wall Sreet Journal, April 26, 1994,
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12. The source for al historica data on U.S. large- and small-cap stocks, Treasury bonds, and
corporate bonds is Ibbotson Associates op. cit..

13. Methods such as ARCH (see, for example, Robert F. Engle, "Autoregressive conditiona
heteroscedasticity with estimates of the variance of United Kingdom inflation,” Econometrica,
July 1982) and GARCH (see, for example, Tim Bollerslev, "Generalized autoregressive
conditional heteroscedadticity," Journal of Econometrics, 1986) have been applied to estimating
standard deviation in a capital asset pricing setting (see, for example, Tim Bollerdev, Robert F
Engle, and J. Woolridge, "A capital asset pricing model with time-varying covariances,” Journal
of Political Economy, February 1988). While these types of models have garnered much interest
in recent years, no consensus as to the means or desirability of applying them in this context has
been achieved. Moreover, the inherent complexity and expense of preparing and updating
estimates based on these techniques prevents al but the most sophisticated investors from
employing them.

14. The returns to small-cap stocks for the period 1926 to 1980 are from Rolf W. Banz, "The
relationship between market value and return of common stocks,” Journal of Financial
Economics, November 1981. These returns represent a portfolio of stocks which comprise the 9th
and 10th deciles of NY SE stocks ranked by market capitalization. For 1981 the return is from
Dimensional Fund Advisors (DFA) which calculated the return in a method consistent with that
used by Banz. Since 1981 the returns are from the DFA Small Company 9/10 Fund. This fund
tracks the 9th and 10th deciles of the NY SE plus stocks listed on the AMEX and NASDAQ with
the same or less capitalization as the upper bound of the NY SE 9th decile.

15. Much of the incremental risk of small stocks is captured by their high beta relative to the S&P.
Using the regression:

Fsmall = [-bill = 8small * T'se.psoo - I-bin) + E

we estimate this gy to be 1.30 using monthly returns covering the period January 1926 to
December 1992. However, numerous studies (beginning with 8anat.) show a persistent
higher return_after adjusting for beta. We therefore use the difference of means approach to
estimate the small stock premium, rather than model it in a CAPM framework.

16. Note that for periods less than 30 years in length we use the annualized standard deviation of
monthly total returns. Using annual total return to compute a standard deviation would allow the
possibility of a single year exerting excessive influence on the estimate.

17. We do not include a default premium because these securities have virtually none. GNMAs have
an explicit guarantee by the federal government. MBSs issued by Freddie Mac carry a guarantee
of timely payment of interest and eventual payment of principal and those issued by Fannie Mae
have a guarantee of the full and timely payment of both principal and interest. While the federal
government has not explicitly done so, the market perception is that the federal government
would guarantee the solvency of these organizations if that solvency ever became questionable.

18. Ibbotson Associates forecasts long-term inflation by subtracting a forecast of the long-term real
riskless rate and an estimate of the maturity premium from the observed current 20-year T-bond
yield. This method is described more fully in Ibbotson Associafescit. The most recent
estimate is from Ibbotson Associat&sycks, Bonds, Bills, and Inflation 1994 quarterly market
reports, 1st quarter, Chicago, 1994.

Ibbotson Associates Page 26 Taming Your Optimizer: A Guide Through
the Pitfalls of Mean-Variance Optimization



19. A more complete analysis of the types of compensation investors may require for being exposed
to various characterigtics of assets can be found in Roger G. Ibbotson, Jeffrey J. Diermeier, and
Laurence B. Siegel, "The demand for capital market returns,” Financial Analysts Journal,
January-February 1984.

20. S. Michael Giliberto, "Measuring Real Estate Returns. The Hedged REIT Index," The Journal of
Portfolio Management, Spring 1993, pp. 94-99.

21. For our REIT index we used the NAREITAII index prepared by the National Association of Redl
Estate Investment Trusts. This market capitalization-weighted index composed of all taxqualified
REITslisted onthe NY SE, Amex, and NASDAQ.

22. Bruno Solnik ("An equilibrium model of the international capital market,” Journal of Economic
Theory, July-August 1974) first set forth such a model and the corollary three-fund separation
theorem. The three-fund separation theorem says that in an integrated multicurrency world where
CAPM assumptions hold, all investors will hold portfolios composed of long and short positions
in (1) the unhedged world portfolio of risky assets, (2) the investor's home-country riskless asset,
and (3) acurrency-hedged portfolio of foreign-country riskless assets.

23. The beta was estimated using the following regression over the period January 1970 to December
1992

Fus - Irpin = @us + Rus * M'wsci world = i) + E

where s are monthly returns on the S&P 500 r are monthly T-bill returns, angéc wong are
monthly returns on the MSCI World index.

24. For those investors who intend to hedge the exposure of their investments to exchange rate risk,
the estimated standard deviations in Table 3 are too high. The amount of adjustment is dependent
upon the degree to which exposure is hedged and the efficacy of the hedge. The cost of the hedge
must be deducted from the expected return.
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