December 2006
Investment Theory
Final Exam
This is a closed-book exam. The first part takes 20 minutes, while the second one lasts for two and a half hours. Each question in the first part gives one point. Good luck!

Part 1

1. Compare the risk-neutral probability q of the upper stock price’s move in the binomial model with the actual one (p) in a typical market: (i) q>p (ii) q=p (iii) q<p (iv) neither of the above.
(iii), since the expected stock market return is typically higher than the risk-free rate.
2. How does an increase in the storage costs of oil affect the settlement price of oil forward?
increase
3. Which type of risk cannot be reduced via diversification?
systematic
4. What is the condition on the payoff matrix D in the static discrete-time model to guarantee the completeness of the market?
Rank(D) = # states
5. What is delta of the portfolio consisting of one long European put and one short European call?
-1 (this portfolio is equivalent to a short forward)
6. Describe the conditions under which the APT becomes equivalent to the CAPM.
Factor risk premiums are proportional to the market risk premium
7. Give definition of the implied volatility.
Stock’s variance such that the Black-Scholes price is equal to the market price
8. What is the slope of the capital market line, assuming that the risk-free rate is available?
Sharpe ratioi = (E[Ri]-RF)/σi
9. What is the correlation between the efficient portfolios and the pricing kernel?
-1
10. If the investor desires less risk than the market, he or she should buy stocks with (i) alphas of zero, (ii) betas less than 1, (iii) minimum idiosyncratic risk, (iv) neither of the above.
ii
11. Any asset … is overvalued. Fill the gap: (i) above the CML, (ii) below the SML, (iii) below the CML, (iv) above the SML.

iv
12. How many mutual funds (excluding the risk-free rate) should be in the market according to the APT?

As many as risk factors
Part 2
Black-Scholes’ formula for the call option’s price:
c0 = S0N(d1) – Xe-rT N(d2)





d1 = [ln(S0/X) + T(r+σ2/2)] / [σ √T], d2 = d1 – σ √T
1. (4 points) Consider two random variables, X and Y, and constant c. Prove that min(X, c) first-order stochastically dominates min(Y, c) if and only if X is weakly preferred to Y by all agents satiated at c (more precisely, agents with non-decreasing utility u(.) such that u(z) = u(с) for z>c).

2. (3 points) Consider a risk-averse investor who can choose from N assets with independently distributed returns that have identical means and variances. Show how she would compose her optimal portfolio.

Equal weights. Prove using the symmetry argument and concavity of the objective function. Naturally, this may be also shown formally to be the solution of the portfolio optimization problem: minimizing the portfolio’s variance given that the portfolio weights sum up to 1 (note that the expected return is constant and that the covariances are zero).
3. (3 points) Consider the European put option on a stock with no dividends, with the strike price K and exercise date T. Plot the current put price pt as a function of the current stock price St. Explain why pt is above zero in case when St = K. Explain what happens with the option’s price when St goes to zero or infinity. What changes if the stock pays a dividend before T?

4. (3 points) What is the relation between the implied volatilities measured on the basis of European call and European put with the same exercise price and date?
Equal, prove using the put-call parity, which holds irrespectively of the Black-Scholes model (see Hull below). 
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5. Benefits from international diversification 
a. Investors can benefit from investing in the emerging markets since they typically have relatively high returns and low correlation with the developed markets. The latter is especially important for achieving the diversification gains. There are several potential explanations why investors do not invest in the emerging markets as much as predicted by the theory: transaction costs, short-sale constraints, asymmetric information, presence of the omitted asset (e.g., real estate) in the investor portfolio that effectively substitutes the emerging markets, statistical measurement problem (peso problem: the crises leading to huge losses are rarely observed), and psychology.

b. The home bias described in (a) leads to underinvestment in the emerging markets and undervaluation of their assets. Rational investors may profit from this by investing their own money in these assets. Even better, they may act as a financial intermediary resolving some of the problems leading to the home bias, selling a diversified portfolio including these assets (e.g. as a global or emerging markets mutual fund) in the developed markets. 
6. Assume that the risk free rate per period r =4% and that the stock price evolves as follows:
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a. (4 points) Consider the upper node at t=1 (where the stock price equals 25). Assuming that the actual probabilities of going up or down are equal, compute the corresponding risk-neutral probabilities, state prices, and pricing kernel at this subtree.

All subsequent questions refer to the derivatives at t=0.

b. (6 points) Find no arbitrage bounds for the price of a straddle (call + put) with strike 17.

c. (3 points) Assuming that the price of call with strike 20 is 2 and that the price of binary call (paying 1 if the stock price is above the strike) with the same strike, find no-arbitrage bounds for the price of put with strike 23.

d. (4 points) Assuming that the price of European put with strike 17.36 is 0.5, find no-arbitrage bounds for the price of American put with the same strike. Draw a figure showing how this price depends on the risk-free rate r>0.

e. (3 points) Assuming that the price of knock-out put (the put, which becomes worthless if the stock price hits the barrier) with strike 20 and barrier 17 is 0.8 and that the price of put with strike 17 is 0.2, find no-arbitrage bounds for the price of American call with strike 20.

f. (2 bonus points) Discuss what happens in the market if r=25%.

Solution 

a) Risk neutral  probabilities q(up)=(1.04-0.96)/(0.24)=1/3 q(down)=1-q(up)=2/3; 
state prices S(up)=p(up)/1.04 = 0.32; S(down)=0.96-S(up)=0.64; kernel Pi(up)= S(up)/p(up)=0.32/(1/2)=0.64

b) Straddle17=Call17+Put17={Call Put Parity}= S0– K/(1+r)^2+2 Put17 =20 – 17/(1.04)^2 + 2(17-15.36) P20->16 P16->15.36/(1.04)^2={ P16->15.36=2/3}=4.28+2.02 P20->16. Solving the following incomplete system {25(1- P20->20 -P20->16)+20 P20->20 +16P20->16 = 20*1.04, P20->16 + P20->16 in [0;1] } we get that P20->16  is in [0; 7/15], then Straddle17 in [4.28; 5.23]

c) It is easy to see that according to selected tree hierarchy (no nodes between 20 and 24) Call23 = Call20 - 3  Binary Calls20. = 2-3*0.2=1.6. Call-put parity states that Put23 = K/(1+r)^2- S0 +Call23=23/(1.04)^2 - 20 +1.6 = 2.86. However, more keen analysis shows that for stated prides market is incomplete in this case.

d) q1=p(20->16)    q1* (1/(1+r)^2) *2/3*(17.36-15.36)=0.5 -> q1~=0.4; (17.36-16)*(r) > 2/3* (17.36-15.36)~=1.33 -> Put will be executed at t=1 -> it has value of (17.36-16)/(1+r)*q1=0.53; as for graph, price of  American option will be 0.5 then r<r_crit and a liner upward function of (1+r) then r>r_crit 

e) Knock out is not zero only on 20->20->19.2 (on this path it pays 0.8 – since price of this option is also 0.8 it is easy to see that market is incomplete) and Put is not zero only on 20->16->15.36  => state prices S20->20->19.2 = 1 and S20->16->15.36 = 0.2/1.64 = 0.122. P16->15.36 = 2 P16->19.2 then S20->16->19.2 = S20->16->15.36 /2 =0.06.  Put20= 0.8 S20->20->19.2+ 0.8 S20->16->19.2 + 4.64 S20->16->15.36 = 0.8+ 0.8*0.06+ 4.64*0.12= 1.4 => Using Call Put Parity Call20 = Put20 S0– K/(1+r)^2=1.4+ 20 – 20/(1.04)^2=2.9; Call20=American Call20 (see Hull or LN for prove of this lemma).

f) In this case the market is incomplete as risk free return is greater than risk asset return-> nobody will buy risky asset. All will invest in risk free asset. Note that option prices will not exist, in the risk neutral world prices don’t depend on investor’s utilities.

Note: of course, one may solve b)-e) simply computing risk neutral probabilities for each subtree however it is a much more time consuming method than the solution presented. 

7. Deriving the CAPM with taxes.
a. Using standard notation, the optimization problem of investor i can be written as

Maxw γi[w’μi + (1-w’l) RFi] – ½w’Σiw.

Solving this problem gives the optimal portfolio

wi = γi Σi-1 (μi-RFil) = γi (1 - τg,i)-2 Σ-1 [(1 - τg,i) (μ - RFl) – (τd,i - τg,i)(δ - RFl)],

which simplifies to

wi = θi Σ-1 (μ - RFl) – ηi Σ-1 (δ - RFl),



(1)

where θi = γi (1 - τg,i)-1 and ηi = γi (τd,i - τg,i) / (1 - τg,i)2 .

b. The market portfolio is a weighted sum of individual portfolios with a weight proportional to investor’s initial wealth W0,i:

wM = θM Σ-1 (μ - RFl) – ηM Σ-1 (δ - RFl),



(2)

where θM = Σi=1:IW0,iθi / Σi=1:IW0,i and ηM = Σi=1:IW0,iηi / Σi=1:IW0,i. 

Premultiplying (2) by e’jΣ and w’MΣ, one obtains the expressions for covariance between asset j and market portfolio and variance of the market portfolio:

Cov(Rj, RM) = e’jΣwM = θM (E[Rj] - RF) – ηM (δj - RF),

Var(RM) = w’MΣwM = θM (E[RM] - RF) – ηM (δM - RF),

where δM = w’Mδ. Now it is easy to derive the beta equation of CAPM with taxes:

(E[Rj] - RF) – (ηM/θM)(δj - RF)] = βj,M [(E[RM] - RF) – (ηM/θM)(δM - RF)].

(3)

c. Thus, the introduction of taxes in the model leads to a minor modification in the equilibrium condition: the expected excess return corrected for tax effects is proportional the market risk premium also corrected for tax effects. Note that the standard CAPM equilibrium still holds if the dividend and capital gain tax rates are equal for each investor (in this case ηi = ηM = 0). Equation (1) implies a three fund separation. Each investor can invest in 3 funds only: the risk free asset, the standard tangency fund with weights Σ-1(μ - RFl) and a fund that aims at dividends only: Σ-1(δ - RFl). Naturally, investors for whom the dividend tax rate is higher (τd,i > τg,i) go short in the dividend fund. 

8. (5 bonus points) Suppose that Apple is trading at $75 per share. Derive the no-arbitrage bounds on the price of a derivative that pays exactly one dollar at the moment when Apple’s stock price hits $100. You may ignore Apple's dividends, assume a risk-free rate of zero, assume that all assets are infinitely divisible, ignore any short sale restrictions, taxes or transactions costs. 
Solution. You are an investment banker. Assume there exists a derivative security that promises one dollar when APPLE hits $100 for the first time. If this security is marketable at more than $0.75, then you should issue 100 of them and use $75 of the proceeds to buy one share of APPLE. If APPLE ever hits $100, sell the stock and pay $1 to each security holder as contracted. You sell the securities, perfectly hedge them, and still have money in your pocket. By no-arbitrage, the security cannot sell for more than $0.75. 

The converse is that if this security costs less than $0.75, you should buy 100 of these securities financed by a short position in one APPLE share. For this to establish $0.75 as a lower bound on the security price (and, therefore, to pinpoint the price at $0.75—the solution given to the interviewee by the Wall Street firm), you need to assume that you can roll over a short position indefinitely. This assumption seems reasonable for moderate amounts of capital. However, it is not clear to me that this is a reasonable interpretation of "ignore any short sale restrictions" when larger quantities of capital are involved. As one colleague said to me: "If it were possible to short forever, I'd short stocks with face value of a billion dollars, consume the billion, and roll over my short position forever." This seems to be an arbitrage opportunity. We conclude that $0.75 is a clear upper bound by no-arbitrage, and thus $1 cannot be the correct answer. Whether or not $0.75 is also a lower bound is arguable (but it seems to make sense for moderate amounts of capital). The more sophisticated second solution technique also establishes $0.75 as the value of the security.

9. (5 bonus points) Compare the "delta" of a standard European call option with the delta of a barrier option, e.g., a "down-and-out" call option.
Solution. Delta is the sensitivity of the call price to underlying. This means that the option's delta is just the slope when you plot call value, c(t), against underlying value, S(t). Now, everything you can do with a down-and-out option, you can also do with a standard option. On top of that, you still have a standard option in your hands in cases where the down-and-out gets "knocked out." It follows that the standard call is more versatile than the down-and-out call and must be more expensive. Thus, the value of the standard call must plot above the value of the down-and-out call for any value of the underlying. However, the two calls have the same value for very large S(t)—because the down-and-out option is unlikely to get knocked out. Both valuation curves are smooth, so the down-and-out call's valuation curve must be steeper [it starts lower than the standard call and "finishes" in the same place for high S(t)]. A steeper valuation curve when plotted against the level of underlying means precisely that the delta is higher for the down-and-out call than for the standard call. 

t=1





t=0





S=15.36





S=19.2





S=20





S=24





S=30





S=16





S=20





S=25





S=20





t=2








PAGE  

