December 2006
Investment Theory
Final Exam
This is a closed-book exam. The first part takes 20 minutes, while the second one lasts for two and a half hours. Each question in the first part gives one point. Good luck!

Part 1

1. Compare the risk-neutral probability q of the upper stock price’s move in the binomial model with the actual one (p) in a typical market: (i) q>p (ii) q=p (iii) q<p (iv) neither of the above.
2. How does an increase in the storage costs of oil affect the settlement price of oil forward?
3. Which type of risk cannot be reduced via diversification?
4. What is the condition on the payoff matrix D in the static discrete-time model to guarantee the completeness of the market?
5. What is delta of the portfolio consisting of one long European put and one short European call with the same strike price and exercise date?
6. Describe the conditions under which the APT becomes equivalent to the CAPM.
7. Give definition of the implied volatility.
8. What is the slope of the capital market line, assuming that the risk-free rate is available?
9. What is the correlation between the efficient portfolios and the pricing kernel?
10. If the investor desires less risk than the market, he or she should buy stocks with (i) alphas of zero, (ii) betas less than 1, (iii) minimum idiosyncratic risk, (iv) neither of the above.
11. (bonus) Any asset … is overvalued. Fill the gap: (i) above the CML, (ii) below the SML, (iii) below the CML, (iv) above the SML.

12. (bonus) How many mutual funds (excluding the risk-free rate) should be in the market according to the APT?
Investment Theory Final Exam, Part 2

Black-Scholes’ formula for the call option’s price:
c0 = S0N(d1) – Xe-rT N(d2)





d1 = [ln(S0/X) + T(r+σ2/2)] / [σ √T], d2 = d1 – σ √T
1. (4 points) Consider two random variables, X and Y, and constant c. Prove that min(X, c) first-order stochastically dominates min(Y, c) if and only if X is weakly preferred to Y by all agents satiated at c (more precisely, agents with non-decreasing utility u(.) such that u(z) = u(с) for z>c).

2. (3 points) Consider a risk-averse investor who can choose from N assets with independently distributed returns that have identical means and variances. Show how she would compose her optimal portfolio.

3. (3 points) Consider the European put option on a stock with no dividends, with the strike price K and exercise date T. Plot the current put price pt as a function of the current stock price St. Explain why pt is above zero in case when St = K. Explain what happens with the option’s price when St goes to zero or infinity. What changes if the stock pays a dividend before T?

4. (3 points) What is the relation between the implied volatilities measured on the basis of European call and European put with the same exercise price and date?
5. Benefits from international diversification 
a. (3 points) Explain why investors from developed countries can benefit from investing in the emerging markets. Explain why they do not invest in the emerging markets as much as predicted by the theory.
b. (2 bonus points) Explain how the home bias described in (b) may affect asset prices and how rational investors may profit from this.
6. Assume that the risk free rate per period r =4% and that the stock price evolves as follows:

[image: image1]
a. (4 points) Consider the upper node at t=1 (where the stock price equals 25). Assuming that the actual probabilities of going up or down are equal, compute the corresponding risk-neutral probabilities, state prices, and pricing kernel at this subtree.
All subsequent questions refer to the derivatives at t=0.

b. (6 points) Find no arbitrage bounds for the price of a straddle (call + put) with strike 17.
c. (3 points) Assuming that the price of call with strike 20 is 2 and that the price of binary call (paying 1 if the stock price is above the strike) with the same strike, find no-arbitrage bounds for the price of put with strike 23.
d. (4 points) Assuming that the price of European put with strike 17.36 is 0.5, find no-arbitrage bounds for the price of American put with the same strike. Draw a figure showing how this price depends on the risk-free rate r>0.
e. (3 points) Assuming that the price of knock-out put (the put, which becomes worthless if the stock price hits the barrier) with strike 20 and barrier 17 is 0.8 and that the price of put with strike 17 is 0.2, find no-arbitrage bounds for the price of American call with strike 20.

f. (2 bonus points) Discuss what happens in the market if r=25%.

7. Consider the setup of a standard CAPM with a risk-free asset RF. The only modification is that investor i’s dividends are taxed with a rate τd,i, while her capital gains are taxed with a rate τg,i. For simplicity, we assume that the dividend yield of each asset k δk is known in advance. If μ is the vector of the expected before-tax returns and Σ is the corresponding covariance matrix, we can write the vector of investor i’s expected after-tax returns as
μi = (μ - δ)(1 - τg,i) + δ(1 - τd,i)

and the covariance matrix of investor i’s expected after-tax returns as

Σi = (1 - τg,i)2 Σ.

Assuming that the risk-free rate is taxed with a dividend rate, investor i’s after-tax risk-free rate is 

RFi = (1 - τd,i)RF.

a. (4 points) Write and solve investor i’s optimization problem.
b. (5 points) Derive the CAPM equation in beta form.
c. (3 points) Give the qualitative interpretation of these results and discuss the differences with results of the standard CAPM. How does investor’s optimal portfolio depend on her tax rates? What happens when the dividend and capital gain tax rates are equal? How many mutual funds are needed in the equilibrium? Specify these mutual funds.
8. (5 bonus points) Suppose that Apple is trading at $75 per share. Derive the no-arbitrage bounds on the price of a derivative that pays exactly one dollar at the moment when Apple’s stock price hits $100. You may ignore Apple's dividends, assume a risk-free rate of zero, assume that all assets are infinitely divisible, ignore any short sale restrictions, taxes or transactions costs. 
9. (5 bonus points) Compare the "delta" of a standard European call option with the delta of a barrier option, e.g., a "down-and-out" call option.
t=2





t=1





t=0





S=15.36





S=19.2





S=20





S=24





S=30





S=16





S=20





S=25





S=20








PAGE  

