December 2006
Investment Theory
Home assignment 2 (
due by December 16
can be completed in groups of 2 students, should be handed in the mailbox and sent via e-mail to the lecturer and TA
1. Risk aversion and portfolio choice
Consider an economy with two types of financial assets: a risk-free asset with return RF and a risky asset with return RS. Note that E[RS] > RF.

Agents are risk-averse. Let Y0 be the initial wealth. The purpose of this exercise is to determine the optimal amount a to be invested in the risky asset as a function of the absolute risk aversion (ARA).

The objective of the agents is to maximize the expected utility of terminal wealth: Maxa E[U(Y)]

where U’>0 and U’’<0, Y is the wealth at the end of the period.
a) (1 point) Determine the final wealth as a function of a, RF and RS.
b) (2 points) Compute the first order condition (FOC). Is this a maximum or a minimum?
c) (3 points) We are interested in determining the sign of da*/dY0. Calculate first the total differential of the FOC as a function of a and Y0. Write the expression for da*/dY0. Show that the sign of this expression depends on the sign of its numerator.
d) (1 point) You know that ARA = -U’’/U’. What does it mean if ARA’ = dARA/dY < 0?
e) (2 points) Assuming ARA’ < 0, compare ARA(Y) and ARA(Y0(1+RF)): 
is ARA(Y) > ARA(Y0(1+RF)) or vice versa? 
Don’t forget there are two possible cases: RS.≥ RF and RS.< RF.
f) (2 points) Show that U’’(Y0(1+RF) + a(RS-RF)) (RS-RF) ≥ -ARA(Y0(1+RF)) U’(Y0(1+RF) + a(RS-RF)) (RS-RF) for both cases in (e).
g) (3 points) Finally, compute the expectation of U’’(Y) (RS-RF). Using the FOC, determine its sign. What can you conclude about the sign of da*/dY0? What was the key assumption for the demonstration?
2. (6 points) Prove that all portfolios on the positively-sloped segment of the minimum-variance frontier of risky assets are positively correlated, while portfolios on the positively-sloped segment of the minimum-variance frontier are negatively correlated with portfolios on the negatively-sloped segment of the minimum-variance frontier below the orthogonal portfolio.
3. (8 points) The covariance matrix and expected returns of hi-tech stock index A, market index, and inflation rate are as follows: 
[image: image1.wmf]×

÷

÷

÷

ø

ö

ç

ç

ç

è

æ

=

÷

÷

÷

ø

ö

ç

ç

ç

è

æ

-

-

=

S

04

.

0

2

.

0

27

.

0

,

0004

.

0

0

0002

.

0

0

0064

.

0

008

.

0

0002

.

0

008

.

0

0101

.

0

m

. Assume that all stocks are priced according to two-factor APT with the market and inflation factors. Find the risk-free rate and write the security market line equation. Compute the Sharpe ratio of A. Does A belong to the mean-variance efficient frontier? Consider a mutual fund with the expected return of 0.33 and covariances with the market return and inflation rate of 0.0096 and 0.0008, respectively. Would you advise to invest in this fund?
4. Deriving CAPM with normally distributed returns
There are two periods in the model. In the first period, the portfolio is chosen. Its return is realized and consumed in the second period. The utility function u of a representative investor is increasing and concave. The investor maximizes the expected utility of the second-period consumption. He has initial wealth W, which can be split between a risk-free asset paying Rf and a set of n risky assets paying normally distributed return R=(R1,…,Rn)T (we assume that all assets have unit prices in the first period and that returns are in gross terms).

a)  (2 points) Suppose the investor invests amount yj in the j-th risky asset. Write down the second-period consumption in terms of y1,…, yn. Show that consumption is normally distributed.

b) (3 points) Write down the investor’s optimization problem. Derive the first-order conditions for the optimal choice of yj, j=1, …, n.

c) (7 points) Derive the CAPM equation and specify the market portfolio.

d) (3 points) Now suppose that there are m investors with different utility functions (k-th investor’s utility function is uk for each k=1,…,m). Will different investors necessarily choose the same portfolio in equilibrium? If not, how would you define the economy’s market portfolio in this case? Explain how you would derive the CAPM equation with this market portfolio. 

5. Consider five MSCI indices (each group chooses X and Y according to the file Code):

	· Russia, stocks
	· X - European index, stocks

	· US, stocks
	· Y – another index

	· Europe, sovereign debt
	


Construct an optimal portfolio of these assets for two horizons: 1 month (tactical allocation) and 5 years (strategic allocation).
a)  (5 points) Estimate (annualized) expected returns and covariance matrix for each horizon.
 Discuss the intuition behind the risk-return trade-off and covariances.
b) (10 points) Plot the minimum-variance frontier (MVF) of the five risky assets in (μ, σ) space and depict individual assets. Describe the global minimum variance (GMV) portfolio. 
c) (10 points) Suppose now that the risk-free rate is available, which is equal to the average T-bill return over the sample period. Find tangent portfolio and depict the new minimum-variance frontier. Find zero-beta portfolio on the MVF of the risky assets.
d) (5 points) Assuming that the tangent portfolio is the market portfolio, depict SML and individual assets. 
e) (5 points) Suppose that you made a mistake in estimating one of the covariances and its true value is by 30% larger that the old one. Find the market portfolio and plot the CML and SML under the new conditions. Discuss the sensitivity of the results.

f) (5 bonus points) Add the hedge fund index to the portfolio. Plot the new MVF. Discuss whether (and which) investors will benefit from adding the new asset. 
� You may use Stein’s lemma: if the random variables x and z are jointly normally distributed and f is a differentiable function then cov(f(x),z) = E(f’(x))cov(x,z); also remember that the weights of assets in the market portfolio should sum up to 1.


� You can use different models for the two horizons: e.g., ARMA and GARCH (or EWMA) for the one-month horizon and simple long-run averages for the five-year horizon.
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