
Investment Theory
Problems
Option and futures strategies 

1. State and prove the put-call parity for European options on dividend-paying stocks.

2. Prove the put-call relation for American options assuming no dividends are paid:

S – X <= C(S,t,T,X) – P(S,t,T,X) <= S – XP(t,T),

where P is the value of an American put, C is the value of an American call, S is current stock price, X is the exercise price, T is the exercise date, and P(t,T)<=1 is the discount factor. How will these inequalities change if the underlying stock pays dividends with present value D?
3. Use a payoff table to prove the following relation for the exercise prices X2 > X1:

c(., X1) - c(., X2) <= P(t,T) (X2 - X1),

where c is the value of a European call, T is the exercise date, and P(t,T)<=1 is the discount factor.

4. Prove that the value of a European put option is a convex function of its strike price.

5. Show that a portfolio of long positions in (simultaneously expiring) options is worth at least as much as an option on the portfolio of the underlying stocks.

6. Consider an “as you like it” option, where the holder has the right to choose between a European call and a European put, which have the same maturity date and strike price, at any time during a two-year period. When is it optimal in the two-year period to make the choice? Does the answer change if the holder can choose between two American options?

7. According to the reliable information sources, the stock of Zidan&Co is unlikely to experience large price moves in the nearest future. Construct an appropriate strategy of call options on Zidan’s stock with different strike prices and same maturity, which would limit your losses in case of significant stock price moves and give you positive payoff if the stock price doesn’t change much. Depict the payoff of your strategy as a function of the stock price, taking into account that the price of a call option is negatively related to its strike price.

8. Consider the forward contract for delivery of Microsoft shares in one year. The current bid and ask prices of Microsoft are $50 and $50.5, while the lending and borrowing annual rates based on ask and bid prices for US Treasury bills are 3.5% and 3.6%, respectively. Derive the no-arbitrage bounds for the forward price. Which additional considerations may explain why the actual forward price at the market sometimes falls outside these bounds?
No-arbitrage pricing 

1. Demonstrate how derivatives (say, options or futures) can be used to complete financial markets. How would you price such derivatives?

2. Explain the difference between ‘pricing assets by utility’ and ‘pricing assets by no-arbitrage’. To which types of assets do these two approaches apply?

3. Consider an economy with three assets, whose payoff matrix D and vector of prices p are given below: 
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 The market is in equilibrium. When new assets are introduced, the market remains in equilibrium and the price vector given above does not change.

a. A financial analyst wants to know the price of an asset, whose payoff is the maximum from the payoffs of three available assets. Does this asset have a unique equilibrium price? If yes, what is this price? If no, give the lower and upper bounds for this price.

b. Consider two new assets with payoff vectors (0, 0, 0.5, 1.5)T and (0, 0, 1.5, 0.5) T. What is the maximum difference between the equilibrium prices of these two assets?

c. Suppose that all states of the world occur with the same probability. What are possible pricing kernels?

4. Consider an economy in which many assets are traded. The prices of these assets in the next period depend on the realized state of the world, which can take one of four values, s = 1, 2, 3, 4. The probability of the fourth state is 0.4, while the other states are realized with probability 0.2 each. The payoffs of three of many assets in the four states are given in the table:

	
	
	
	Payoff in period t+1

	
	Prob.
	Asset 1
	Asset 2
	Asset 3

	State 1
	.2
	1
	1
	1

	State 2
	.2
	0.9
	0.9
	1

	State 3
	.2
	1.1
	1.1
	1

	State 4
	.4
	1.4
	1.2
	1

	Price in period t
	
	1.075
	1.015
	0.95


a. Using these data, determine the no-arbitrage price of the call option on the second asset with the exercise price 1.1, which expires in period t+1. (The payoff of the call option on some asset is equal to the maximum between zero and the difference between the price of this asset and the exercise price at the option's expiration date).

b. Determine the prices of the Arrow-Debreu securities.

c. Explain why the no-arbitrage argument is not sufficient for determining the price of the call option on the second asset with the exercise price 0.95, expiring in period t+1.

d. Determine the minimum price of the call option described in (c) under the absence of arbitrage opportunities.

e. Calculate the price of the call option described in (c), assuming the validity of the CAPM and that asset 1 represents the market portfolio.

5. Consider an economy with three assets, whose payoffs in the three states of the world realized in the next period are given in the table below. The last row of this table gives the current prices of these assets. 

	
	Asset 1
	Asset 2
	Asset 3

	State 1
	1.3
	0.9
	1.2

	State 2
	1.4
	1
	1.3

	State 3
	0.9
	1.3
	1

	Current price
	1
	1.2
	1.05


a) How many assets with linearly independent payoff vectors are required to make this market complete? Is this market complete? 

b) Determine the prices of the Arrow-Debreu securities. What is the condition for excluding arbitrage opportunities?

c) Consider a call option on the second asset with the exercise price equal to 1. Does this option have a unique no-arbitrage price? If yes, what is this price? If no, give the lower and upper bounds for this price.

d) Suppose that the price of this option is equal to 0.222. Find the risk-free rate and risk-neutral probabilities of each state.

6. A stock price is currently 50. It is known that in two months it will be either 53 or 48. The risk-free rate is 10% per annum with continuous compounding. 

a) Consider a European put option with a strike price of 49. What is the delta of this option? Find the value of this option by constructing a replicating portfolio.

b) Find risk-neutral probabilities and state prices. Verify that you get the same answer by calculating the value of the option based on the risk-neutral probabilities and state prices. 

7. A stock price is currently $40. Over each of the next two three-month periods it is expected to go up by 10% or down by 10%. The risk-free interest rate is 12% per annum with continuous compounding. 

a. What is the value of a six-month European put option with a strike price of $42?
b. Calculate the delta of this option at each node.
c. What is the value of a six-month American put option with a strike price of $42?
d. How high should be the strike price to make it optimal to exercise the American put option immediately?

8. A stock price is currently 100. The stock price process is exactly the same in each of the following two years. Over each of the next two years it is expected to follow up one of three paths: go up by 20%, remain on the same level, or go down by 10%. The price of a risk-free bond, which yields a unit payoff in two years from now, is 0.907. 

a) What is the minimum number of assets in the complete market if (i) no trade is allowed before the end of the second year, (ii) such trade is allowed? 

b) Using the trinomial model, compute the risk-neutral probabilities and find the value of the European put option, which has a maturity of 2 years and strike price 120, if the price of the European call option with the same strike price and maturity is 3.48. 

c) Specify for this option at the initial node the replicating portfolio consisting of the stock, the two-year bond, and the European call option with the same strike price and maturity. Using the put-call parity, verify that you get the same value of the European put option as in (b). 

d) Find the value of the American put option with the same maturity and strike price as in (b).

9. A stock price is currently 120. Over this coming year it is expected to go up by 50% or down by 50%. Over the following year it is expected to go up by 70% or down by 30%. The annual risk-free interest rate is 10%. There are no arbitrage opportunities.

a) Using the binomial model, find the value of the European put option, which has a maturity of 2 years and strike price 120. 

b) Specify the replicating portfolios for this option at each node.

c) How would the value of the option change if it was American?

d) Discuss whether you could use the Black-Scholes model to give a more accurate estimate of the price of the European put option.

10. Consider an option on a non-dividend-paying stock when the stock price is $30, the exercise price is $29, the risk-free interest rate is 5%, the volatility is 25% per annum, and the time to maturity is 4 months. Use the Black-Scholes stock option pricing model to answer the following questions.
a. What is the price of the option if it is a European call?
b. What is the price of the option if it is a European put? Verify that put-call parity holds.
11. Consider a European call option on a stock paying dividend of $0.5 in two months and five months. The current share price is and the exercise price are equal to $40, the stock price volatility is 12% per month, the continuously compounded risk-free rate is 9% per annum, and the time to maturity is six months.
a. What is the present value of the dividends?
b. What is the value of this option?
12. A stock price is currently 100. Over each of the next two years one of the following will happen: the stock will go up by 30%, go up by 10%, or go down by 20%. The price of a one-period zero-coupon bond with face value 1 is 0.95. The price of a two-period zero-coupon bond with face value 1 is 0.9025(=0.95*0.95).

a. (4 points) Find the lower and upper bound on the price of a two-period European put option on this stock with the strike 104.

From now on, suppose that the current price of a one-period call option on the stock with the strike 115 is equal to 6.

b. (3 points) With this additional information, can you compute the price of the option from (a)? If not, compute the new upper and lower bound.

c. (2 points) Suppose it is known that the risk-neutral probabilities of stock moves are the same at both periods and across the states in the second period. Find the price of the option from (a).

d. (3 points) Suppose that the risk-neutral probabilities of stock moves can vary across periods, but do not depend on a particular state during the second period. Do you still have sufficient information to compute the price of this option? Explain in words, how you will compute it if you are given the price of a two-period European call with strike 100.

e. (4 points) Getting back to the setting of (b), suppose that you can observe quotes on two-period European call options with strikes equal to the multiples of 10. Explain how you can infer the price of the option from (a) using as few quotes as possible.

f. (4 points) Prove formally that the number of quotes you were using in (e) is the minimal possible number.

Choice under uncertainty

1. Suppose that U is an increasing, concave utility function and that X is weakly preferred to Y by all risk-averse agents. Prove that Var(Y)>=Var(X). Consider the special case where outcomes of risky assets are normally distributed. Prove that if U is a concave function, then Y is more risky than X if and only if Var(Y)>=Var(X).

2. Suppose that investors have utility functions belonging to the class 

U(x) = x – ax3, a > 0, 
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Is variance a sufficient statistic for the ranking of alternative investments with identical mean returns for this class of utility functions? If not, find a measure (i.e., a function of the moments of the return distribution) that will allow you to decide whether x is more risky than y (for E[x]=E[y]).

3. Establish a condition similar to the second-order stochastic dominance for a non-satiated, risk-loving investor to prefer one risky asset X to another risky asset Y (such that E[X]=E[Y]).
Portfolio theory

1. Let there be two securities with rates of return r1 and r2. Suppose that these two securities have identical expected rates of return and identical variances. The correlation coefficient between r1 and r2 is ρ. Show that equally weighted portfolio achieves the minimum variance independently of ρ.

2. Explain what happens to the proportion invested in a given individual asset along the efficient frontier. (Hint: differentiate the vector of optimal portfolio weights wrt the mean return of the portfolio.) What happens to the covariance between returns on individual assets and returns on efficient portfolios along the efficient frontier?

3. Let  p be a frontier portfolio, and let q be any portfolio having the same expected rate of return. Show that 
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4. Let fj, j=1,2,…,n, be efficient frontier portfolios. Suppose that for an efficient portfolio p we have 
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b. Show, that 
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(see 3.8.2 from Huang, Litzenberger).
CAPM 

1. Explain the line of CAPM reasoning that the market portfolio is on the efficient frontier.

2. Discuss the interpretation of the Jensen and Sharpe performance measures. Under which conditions are these suitable measures of investment performance?

3. You may hear the statement “the CAPM is not designed to price options.” Do you agree with this statement? Motivate your answer.

4. Is CAPM relative or absolute pricing model? (In the former, one security is priced given the prices of others, while in the latter each security is priced by reference to fundamental sources of risk.) Motivate your answer.

5. Consider the problem of asset pricing during multiple periods t=1,...,T. Any asset pricing model with a pricing kernel M can be written in the unconditional form 1 = E[Mt Ri,t] or in the conditional form 1 = Et-1[Mt Ri,t]. Does the conditional asset pricing model imply the unconditional one? Does the unconditional asset pricing model imply the conditional one? Specify the relevant conditions, if necessary.

6. Consider the minimum-variance frontier given by the equation s2(m)=3+(m–5)2, where m denotes the expected return and s2 denotes the variance of a portfolio.

a. Suppose that the market portfolio lies on the frontier and has the expected return 6%. Calculate the expected return and variance of the corresponding zero-beta portfolio. Write the zero-beta CAPM equation in beta form and draw a security market line.

b. Suppose that the risk-free rate is equal to 2%. What is the expected return of the market portfolio of risky assets in this case? Now suppose that investors can lend, but cannot borrow at the risk-free rate. Draw a capital market line. What is the range of the expected returns for which the two-fund separation result holds? 

c. Using the two assumptions of (b), find the Jensen’s alpha, the Treynor index and the Sharpe ratio of the market portfolio of risky assets and of a new mutual fund, which has market beta 1.4, the expected return 7% and variance 6. Which of these performance measures should be used by a mean-variance investor who wants to invest all his wealth either in the market portfolio or in the new mutual fund? What are the limitations of this measure under the current assumptions?

7. Consider an economy with N>>1 risky assets. Let l be Nx1 vector of ones, V be the NxN positive definite covariance matrix and R be the Nx1 vector of mean returns of risky assets (returns are defined in percentage points per year),  such that lTV-1l = 1/18, lTV-1R = 1/3, RTV-1R = 4. All assumptions of the CAPM are satisfied.

(a) Write an equation of the mean-variance frontier and draw an efficient part of this frontier. Determine the mean return and variance of the global minimum variance portfolio.

(b) Suppose that the annual risk-free rate is equal to 3%. Calculate the expected return and variance of the tangency portfolio. Write the zero-beta CAPM equation in beta form and draw a security market line.

(c) Assume that there is a mutual fund with mean return 4% and standard deviation 5% per year. Will any mean-variance investor include this fund to his optimal portfolio? Compute the Sharpe ratios of the market portfolio you found in (b) and this mutual fund and discuss how this information relates to your answer to the previous question. 

(d) Assume that there is no riskless asset and that short-selling is prohibited. Discuss how you would find a mean-variance efficient frontier. Will the two-fund separation result hold? Will the market portfolio be efficient?

8. Deriving the CAPM under exponential utility and normal return distribution. 

There are two periods in the model. In the first period, the portfolio is chosen. Its return is realized and consumed in the second period. The utility function of a representative investor is u(c)=-exp(-ac). If consumption is normally distributed, investor’s expected utility is E[u(c)]=E[-e-ac]= -exp(-aE(c)+(a2/2)σ2(c)). The investor has initial wealth W, which can be split between a risk-free asset paying Rf and a set of K risky assets paying return R=(R1,…,RK) T (we assume that all assets have unit prices in the first period and that all returns are in gross terms). R is distributed normally with mean μ and variance-covariance matrix Σ.

(a) Discuss whether this investor has a constant (absolute or relative) risk aversion. Give the interpretation.

(b) Let yk denote the amount (not fraction!) of investor’s wealth W invested in the kth risky asset, y=(y1,…,yK)T. Write the investor’s budget constraint and optimization problem. 

(c) Derive the first-order condition and the expression for the optimal amount to be invested in each risky asset. Using your answer to (a), explain why the investor’s wealth does not appear in this expression.

(d) Assuming that all investors are identical, derive the formula expressing the risk premium of each asset in terms of covariance between this asset’s return and return on the market (or, equivalently, the total wealth) portfolio. Find the risk premium of the market return and write the CAPM equation in beta form.

(e) Indicate how you would derive the CAPM under the following generalizations: (i) when investors have different risk aversion coefficients; (ii) when the number of periods is infinite. 

APT

1. Suppose that econometric analysis brought the conclusion that there are two factors explaining the cross-section of expected stock returns. Does this imply we can reject CAPM?
2. Consider the following two-factor model for the returns of three stocks. Assume that the factors and errors have zero mean and that the factors have variances of 0.01 and are uncorrelated with each other. 

rA = 0.13 + 6F1 + 4F2 + εA
rB = 0.15 + 2F1 + 2F2 + εB
rC = 0.07 + 5F1 - 1F2 + εC
a. Given that Var(εA)=0.01, Var(εB)=0.04, and Var(εC)=0.02, compute the variances of the returns on the three stocks as well as the covariances and correlations between them.

b. Compute the expected returns of the three stocks.

c. Write the factor betas, factor equations, and expected returns of the following portfolio: $10,000 invested in stock A, -$10,000 invested in stock B, and $5,000 invested in stock C.

d. How much should be invested in each stock to construct a portfolio with factor 1 beta equal to 1 and factor 2 beta = 0? What is the expected return of this portfolio?
3. What is the beta of an efficient portfolio with 
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4. Given the facts of the previous problem, and that the common stock of the Rapid Rolling Corporation has 
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, what is the systematic risk of the common stock? What is its unsystematic risk?

5. Given the following variance-covariance matrix and expected returns vector (for assets X and Y, respectively) for a two-asset world:
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a. What is the expected return of a zero-beta portfolio, given that 50% of the index portfolio is invested in asses X and in asset Y

b. What is the vector of weights in the global minimum variance portfolio?

c. What is the covariance between the global minimum variance portfolio and the zero-beta portfolio?

d. What is the equation of the market line?
6. Given the following variance-covariance matrix, calculate the covariance between portfolio A, which has 10% in asset 1 and 90% in asset 2, and portfolio B, which has 60% in asses 1 and 40% in asset 2:
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7. Suppose that securities are priced as if they are traded in a two-parameter economy. You have forecast the correlation coefficient between the rate of return on Knowledge Mutual Fund and the market portfolio at 0,08. Your forecast of the standard deviation of the rates of return are 0,25 for Knowledge and 0,20 for the market portfolio. How would you combine the Knowledge Fund and a riskless security to obtain a portfolio with a volatility (beta) of 1,6?
8. You currently have 50% of your wealth in a risk-free asset and 50% in the four assets below:
	Asset
	Expected return on Asset i
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	Percentage

Invested in asset i

	i=1
	7,60%
	0,2
	10%

	i=2
	12,40%
	0,8
	10%

	i=3
	15,60%
	1,2
	10%

	i=4
	18,80%
	1,6
	20%


If you want an expected rate of return of 12%, you can obtain it by selling some of your holdings of the risk-free asset and using the proceeds to buy the equally weighted market portfolio. If this is the way you decide to revise your portfolio, what will the set of weights in your revised portfolio be? If you hold only the risk free asset and the market portfolio, what set of weights would give you an expected 12,5% return?
9. The market price of a security is $40, the security’s expected rate of return is 13%, the riskless rate of interest is 7%, and the market risk premium, 
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, is 8%. What will be the security’s current price if its expected future payoff remains the same but the covariance of its rate of return with the market portfolio doubles?

10. Suppose you are the manager of an investment fund in a two-parameter economy. Given the following forecasts:
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a. Would you recommend investment in a security with 
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? [Note: assume that this price change has no significant effect on the position of the security market line.]

b. Suppose that in the next period security 
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 has earned only 5% over the preceding period. How would you explain the ex post return?

11. Assume that the mean-variance opportunity set is constructed from only two risky assets, A and B. Their variance-covariance matrix is given below:
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Asset A has an expected return of 30%, and asset B has an expected return of 20%. Answer the following questions:

a. Suppose investor I chooses his “market portfolio” to consist of 75% in asset A and 25% in asset B, whereas investor J chooses a different “market portfolio” with 50% in asset A and 50% in asset B. Given these facts, what β will each investor calculate for asset A?

b. Given your answer to part (a) above, which of the following is true and why?

1. Investor I will require a higher rate of return on asset A, than investor J

2. They will both require the same return on asset A.

3. Investor J will require a higher rate of return on asset A, than investor I

c. Compute the zero-beta portfolios and the equation for the security market line for each investor.

12. Ms. Bethel, manager of the Humongous Mutual Fund, knows that her fund currently is well diversified and that it has a CAPM beta of 1,0. The risk-free rate is 8% and the CAPM risk premium,
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a. If her portfolio currently has a sensitivity to the first factor of 
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, what is its sensitivity to unexpected inflation?

b. If she rebalances her portfolio to keep the same expected return but reduce her exposure to inflation to zero (i.e. 
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), what will its sensitivity to the first factor become?
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