Investment Theory Final Exam, 
Module 2, December 2005
This is a closed-book exam. The first part takes 20 minutes, while the second one lasts for two and a half hours. Each question in the first part gives one point. Good luck!

Black-Scholes’ formula for the call option’s price:
ct = Ste-qT N(d1) – Xe-rT N(d2)





d1 = [ln(S/X) + T(r-q+σ2/2)] / [σ√T], d2 = d1 – σ√T
Part 1

1. How does the transition from the actual to the risk-neutral probability distribution affect the asset’s volatility: (i) ↑ (ii) ↓ (iii) = (iv) ‘?’
2. How does an increase in the underlying asset’s dividend yield affect the current prices of forward and European put option (with fixed delivery/exercise prices)?
3. How will an increase in the negative skewness of stock returns (a larger number of negative outliers) affect the graph of the implied volatility as a function of the option’s strike price?
4. Specify the restriction(s) on the future payoff of the self-financed portfolio if there are no arbitrage opportunities (in the static discrete-time model).
5. What is the put option’s delta according to the Black-Scholes model (assuming no dividends)?
6. What is the main drawback of the APT from an empirical (application) point of view?
7. Define two measures of risk-adjusted performance of a mutual fund.
8. Describe how a synthetic futures with the delivery price K can be constructed from call and put options.
9. Which line describes the relationship between the assets’ expected returns and systematic risks?
10. What assumption(s) about the investor preferences does the APT make?
11. (bonus) What can you say about the number of redundant assets in the static model with 5 states of the nature and 8 assets?
Investment Theory Final Exam, Part 2

1. (5 points) Prove that the current price of an American call with strike K always exceeds its intrinsic value (max [St-K, 0]), assuming that the underlying asset with the current price St pays no dividends.
2. Consider a usual set-up of the CAPM. Assume that investors incur transaction costs for the full size of their position in each asset.
a. (2 points) How will the introduction of fixed transaction costs (per one stock) move the minimum-variance frontier and affect the CAPM beta equation?
b. (2 points) Same question with transaction costs proportional to the stock prices.

c. (3 points) Same question with transaction costs proportional to the asset prices and being larger in case of short sales than in case of long positions.
d. (3 bonus points) Formulate the general optimization problem of finding analytically the efficient portfolios a la Markowitz under the conditions of (c) (write the objective function and all relevant constraints).

3. Consider a usual set-up of the CAPM. 

a. (1 point) Consider two assets with betas equal to 1 and 2. Construct a portfolio of these assets with beta equal to 3.

b. (1 point) Consider an asset with beta equal to 2 and a risk-free asset. Construct a portfolio of these assets with beta equal to 3.

c. (1 point) Consider two assets with betas equal to 1 and 2 and a risk-free asset. Assume that short sales are not allowed. Derive betas that are available to market participants.

In the two-factor APT world, consider 3 assets with the following factor sensitivities (betas): (1, 2), (2, 1) and (3, 3). Assume that the risk-free asset is not available.

d. (1 point) Derive the 2-dimension set of factor sensitivities (x, y) that are available to market participants. How will this set change if the 2nd asset is not available?

e. (1 point) Assume $100 is invested in the 1st asset, $200 in the second one, and $200 in the third one. Derive factor sensitivities of the portfolio.

f. (1 point) Assume in (e) that the investments are made for the long term (i.e. they cannot be sold). Assume that additionally $100 is available and may be invested in the assets. Is it possible to construct portfolio with factor sensitivities (3, 2)?

g. (1 point) Assume that short sales are not allowed. Derive the set of available factor sensitivities. How will this set change if the 2nd asset is not available?

4. Consider call option on a stock with current price S. Plot relationship between option’s greeks (sensitivities of the current option’s price to the underlying parameters, given below) and S. Discuss intuition. (Hint: consider cases when option is in-the-money, out-of-the-money, and at-the-money.)
a. (1 point) Delta (sensitivity to S)
b. (2 points) Vega (sensitivity to volatility of S)
c. (2 points) Theta (sensitivity to time before the exercise date)
d. (2 points) Gamma (sensitivity of delta to S, i.e., second derivative of the current option’s price w.r.t. S)
a. (3 points) Suppose that X is weakly preferred to Y by all agents. Is it true that for any random variables X, Y and a constant c (i) the random variable X1=min(X, c) is weakly preferred to Y1=min(Y, c), (ii) X2=max(X, c) is weakly preferred to Y2=max(Y, c) by all agents?
b. (3 points) Suppose that X is weakly preferred to Y by all risk-averse agents. Is it true that for any random variables X, Y and a constant c (i) the random variable X1=min(X, c) is weakly preferred to Y1=min(Y, c), (ii) X2=max(X, c) is weakly preferred to Y2=max(Y, c) by all risk-averse agents? 

c. (3 points) Same question as in (a), with c being a random variable.
5. Consider options on the stock currently traded at 250. This stock pays unknown dividends. 
a. (3 points) Suppose that the prices of European call options (with the same maturity date) with strikes of 200 and 300 are 55 and 10. Derive the no-arbitrage bounds for the European call option with strike 275.
b. (4 points) Are the upper and lower bounds from (a) feasible? If yes, construct for each of them an example of a risk-neutral distribution of the future stock price that leads to the option price being equal to this bound. If not, prove this fact.
c. (3 points) Suppose that the prices of European put options (with the same maturity date) with strikes of 200, 275 and 300 are 30, 65, and 85. Derive the no-arbitrage bounds for the European call option with strike 275.
6. Consider the following 4 period binomial tree describing the process for some exchange rate.

[image: image1]
Current exchange rate is 10. Each year it either goes up by 20% or goes down by 10%. The probabilities of moving up and down are different but constant across time. One period risk free rate in the economy is 8%. 

a) (1 point) Find risk-neutral probabilities.

b) (3 points) Consider a Bermudian call option on exchange rate with strike 10, which can be executed in the 1st and 3rd periods (Bermudian option is the intermediate option between European and American ones – it can be executed only at several fixed points before maturity). Find the current value of this option. 

c)  (3 points) Consider a knock-in put option on exchange rate with strike 12 and barrier 8 (Knock-in option is the European option that can be executed only if exchange rate is higher than the specified barrier). Find the current value of such an option. Try to guess whether its price is higher or lower than the price of a usual option with the same strike. Explain. 

d) (1 point) Find the price of the forward on the exchange rate with the delivery price of 12.

e) (3 points) Consider the tree with only the first 3 periods. Suppose there is one more state of nature possible – when the price remain unchanged. Find the value of the option from (c).

Assume now that exchange rate either goes up by 22% or goes down by 8%. Assume risk-free rate is 10%.

f) (1 point) Discuss (no calculations!) what would happen with risk-neutral probabilities and option prices.

7. (3 points) Consider a bond with embedded put option (i.e. the bond holder has a right to receive face value at the specified time before maturity). How would you price put option which is embedded in bond using the binomial tree?
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