November-December 2005

Investment Theory
Home assignment 2
due by December 18, 11am
should be handed in the exam and/or sent via e-mail to the lecturer and TA,
Dinara Bayazitova (dbayazitova-at-yandex.ru) or Andrei Vashevnik (andrew-at-disco.ru)
1. In a two-asset world, assets X and Y are characterized by the following variance-covariance matrix and expected returns vector:
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a. (2 points) What is the expected return of a zero-beta portfolio, given that 50% of the market index portfolio is invested in asset X and the rest in asset Y?
b. (1 point) What is the vector of weights in the global minimum variance portfolio?

c. (3 points) What is the covariance between the global minimum variance portfolio and (i) the zero-beta portfolio, (ii) the market index? Derive the covariance between the global minimum variance portfolio and an arbitrary portfolio.
d. (1 point) What is the equation of the security market line?
2. Consider the setup of a standard CAPM with a risk-free asset RF. The only modification is that investor i’s dividends are taxed with a rate τd,i, while her capital gains are taxed with a rate τg,i. For simplicity, we assume that the dividend yield of each asset k δk is known in advance. If μ is the vector of the expected before-tax returns and Σ is the corresponding covariance matrix, we can write the vector of investor i’s expected after-tax returns as

μi = (μ - δ)(1 - τg,i) + δ(1 - τd,i)

and the covariance matrix of investor i’s expected after-tax returns as

Σi = (1 - τg,i)2 Σ.

Assuming that the risk-free rate is taxed with a dividend rate, investor i’s after-tax risk-free rate is 

RFi = (1 - τd,i)RF.

a. (4 points) Write and solve investor i’s optimization problem. 

b. (5 points) Derive the CAPM equation in beta form.

c. (3 points) Give the qualitative interpretation of these results and discuss the differences with results of the standard CAPM. How does investor’s optimal portfolio depend on her tax rates? What happens when the dividend and capital gain tax rates are equal? How many mutual funds are needed in the equilibrium? Specify these mutual funds.

3. Choose a three-year period from 1999 up to now and a set of all Russian common stocks with data available during the whole period (use the file IT05HA2data.xls with weekly dollar prices, downloadable from the website of the course http://www.nes.ru/~agoriaev/InvTheory.htm).
a. (8 points) Plot the minimum variance frontier of stocks in your sample based on data during the whole sample period using each of the four methods of computing the covariance matrix: (i) directly estimated, (ii) the covariance matrix computed as a function of the directly estimated correlation matrix and vector of variances estimated using exponentially decreasing weights or GARCH, (iii) similarly to (ii), assuming same correlations for all stocks within the industry (take stocks of the same industry, compute individual pairwise correlations within the industry and across the industries and then assign the average correlation to each stock), and (iv) covariances based on the market model:

Ri,t - RF,t = αi + βi (RM,t – RF,t) + εi,t,



(1)

where we assume E[εi]=0, E[εi(RM – RF)]=0, E[εiεj]=0 for i≠j. Discuss the differences in the results. Choose the method which seems optimal and motivate your choice; answer the subsequent questions in (a) and (b) based on its results. Specify the global minimum-variance (GMV) portfolio and discuss which factors can explain weights of different stocks in this portfolio. Discuss how weights of individual stocks change as you move away from GMV along the efficient frontier.
b. (2 points) Suppose now that the risk-free rate is available, which is equal to the average LIBOR3m rate during the sample period. Find the tangent portfolio and plot the new efficient frontier. [Hint: you should put stock and bond returns to the same frequency.]
c. (4 points) Run time series regressions (1) for the stocks in your sample using either RTS or MSCIRU as a market index. Plot the security market line. Test the null hypothesis of alpha being equal to zero (i) separately for individual stocks and (ii) jointly for all stocks. Discuss several alternative interpretations of the results.

d. (2 points) Choose a Russian equity mutual fund (ПИФ акций) with data available throughout the sample period. Depict it in the capital market line and in the security market line. Evaluate its performance using CAPM as a benchmark. Is it worthwhile to add it to the portfolio of Russian stocks in your sample?
e. (bonus, 3 points) Repeat (a)-(d) for the annual periods and discuss the time variation in results.

f. (bonus, 3 points) Construct an optimal portfolio of stocks with the same mean return as that of the tangent portfolio in (b) (or any other meaningful portfolio) using a two-stage approach. In the first stage, find an optimal portfolio within each sector (e.g., different industries, or first-echelone vs second-echelone, or government-controlled vs private companies). In the second stage, construct an optimal portfolio of the sectoral portfolios found before. After aggregating the results across individual stocks, specify the optimal portfolio holdings of individual stocks. Compare the results with those in (a).
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