November-December 2005

Investment Theory
Home assignment 1
due by November 28, 6pm
should be handed in the mailbox and/or sent via e-mail to the lecturer and TA,
Dinara Bayazitova (dbayazitova-at-yandex.ru) or Andrei Vashevnik (andrew-at-disco.ru)
1. Consider an “as you like it” option, where the holder has the right to choose between a call with strike price X and a put with strike Y, which have the same maturity date. Denote the price of a European “as you like it” option as pc(X,Y), and American one’s as PC(X,Y). The price of a European call is c(X), European put - p(Y), American call - C(X), and American put - P(Y).

a. (1 point) Compare the price of European “as you like it” option, which has the same strike for call and put, with the sum of the prices of European call and put options, which also have the same strike , i.e., pc(X,X) with p(X)+c(X). 

b. (1 point) Compare the price of American “as you like it” option, which has the same strike for call and put, with the sum of the prices of American call and put options, which also have the same strike , i.e., pc(X,X) with p(X)+c(X).
c. (2 points) Compare the price of European “as you like it” option with the sum of the prices of corresponding European call and put options, i.e., pc(X,Y) with p(X)+c(Y).
d. (2 points) Compare the price of American “as you like it” option with the sum of the prices of corresponding American call and put options, i.e., pc(X,Y) with p(X)+c(Y). 
e. (3 points) Find the price of European “as you like it” option, i.e., pc(X,Y), in terms of the prices of standard European call and put options (with different possible strikes).
f. (2 points) Consider three risk-neutral agents. Agent 1 holds American “as you like it” option, which has the same strike X for call and put. Agent 2 holds American call with strike X. Agent 3 holds American call and American put, both with strike X. Suppose that stock price has grown to the level above X. Who of these agents will be the first to exercise his option, and who will be the last? 

g. (2 points) The same question as in (f), assuming identical risk-averse preferences for the agents. 
2. A stock price is currently 100. Over each of the next two years one of the following will happen: the stock will go up by 30%, go up by 10%, or go down by 20%. The price of a one-period zero-coupon bond with face value 1 is 0.95. The price of a two-period zero-coupon bond with face value 1 is 0.9025(=0.95*0.95).

a. (4 points) Find the lower and upper bound on the price of a two-period European put option on this stock with the strike 104.

From now on, suppose that the current price of a one-period call option on the stock with the strike 115 is equal to 6.

b. (3 points) With this additional information, can you compute the price of the option from (a)? If not, compute the new upper and lower bound.

c. (2 points) Suppose it is known that the risk-neutral probabilities of stock moves are the same at both periods and across the states in the second period. Find the price of the option from (a).

d. (3 points) Suppose that the risk-neutral probabilities of stock moves can vary across periods, but do not depend on a particular state during the second period. Do you still have sufficient information to compute the price of this option? Explain in words, how you will compute it if you are given the price of a two-period European call with strike 100.

e. (4 points) Getting back to the setting of (b), suppose that you can observe quotes on two-period European call options with strikes equal to the multiples of 10. Explain how you can infer the price of the option from (a) using as few quotes as possible.

f. (4 points) Prove formally that the number of quotes you were using in (e) is the minimal possible number.

3. Suppose that a stock with a current price of $100 paying no dividends has expected return of 10% and standard deviation of 15% p.a. The continuously compounded risk-free rate is 5% p.a. 

a. (2 points) Construct a binomial tree, which would imply the same first two moments of the stock price distribution (e.g., according to the Cox-Ross-Rubinstein approach). 
b. (Bonus, 1 point) Same question as in (a), assuming that the stock pays continuous dividend yield of 3% p.a.

c. (Bonus, 1 point) Same question as in (a), using another approach.

d. (6 points) Consider a European down-and-out barrier call option on the stock with the barrier of $95, strike of $110 and the exercise date in one year. This option ceases to exist if the price reaches the barrier before the exercise date and becomes vanilla call otherwise. Using a multi-period binomial tree from (a), find the price of this option using Monte-Carlo method. Compare the price obtained under different assumptions about the number of periods in which you divide the year. [Hint: do not forget to use risk-neutral probabilities in the simulations.]
e. (Bonus, 3 points) Same question as in (d), assuming that the stock pays $10 dividend in 6 months from now.
4. (6 points) Choose a blue chip foreign stock and download data on several call or put options, which have the same exercise date but different strikes (e.g., Microsoft, IBM, General Electric, etc. from http://biz.yahoo.com/opt/stat1.html, where you first need to choose a stock, and then go to ‘Options’ link). Compute the implied volatilities of these options and plot them against the strike. Do you observe options smiles? Explain the possible reasons for the (possible) non-horizontal shape of this function. In particular, compare the empirical distribution of the stock’s price with the log-normal distribution and discuss whether this is consistent with the observed implied volatilities. (Bonus, 2 points) Compare the implied volatilities with other forecasts of the volatility for the corresponding period (e.g., by GARCH).
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