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PREFACE

This manual is a third edition of the collection of problems that I have been using in teaching
intermediate and advanced level econometrics courses at the New Economic School (NES), Moscow,
for already a decade. All problems are accompanied by sample solutions. Approximately, chapters
1-8 and 14 of the collection belong to a course in intermediate level econometrics (“Econometrics
II1” in the NES internal course structure); chapters 9-13 — to a course in advanced level econometrics
(“Econometrics IV”, respectively). The problems in chapters 15-17 require knowledge of more
advanced and special material. They have been used in the NES course “Topics in Econometrics”.

Many of the problems are not new. Some are inspired by my former teachers of econometrics
at PhD studies: Hyungtaik Ahn, Mahmoud El-Gamal, Bruce Hansen, Yuichi Kitamura, Charles
Manski, Gautam Tripathi, Kenneth West. Some problems are borrowed from their problem sets,
as well as problem sets of other leading econometrics scholars or their textbooks. Some originate
from the Problems and Solutions section of the journal Econometric Theory, where the author has
published several problems.

The release of this collection would be hard without valuable help of my teaching assistants
during various years: Andrey Vasnev, Viktor Subbotin, Semyon Polbennikov, Alexander Vaschilko,
Denis Sokolov, Oleg Itskhoki, Andrey Shabalin, Stanislav Kolenikov, Anna Mikusheva, Dmitry
Shakin, Oleg Shibanov, Vadim Cherepanov, Pavel Stetsenko, Ivan Lazarev, Yulia Shkurat, Dmitry
Muravyev, Artem Shamgunov, Danila Deliya, Viktoria Stepanova, Boris Gershman, Alexander
Migita, Ivan Mirgorodsky, Roman Chkoller, Andrey Savochkin, Alexander Knobel, Ekaterina Lavri-
nenko, Yulia Vakhrutdinova, Elena Pikulina, to whom go my deepest thanks. My thanks also go to
my students and assistants who spotted errors and typos that crept into the first and second editions
of this manual, especially Dmitry Shakin, Denis Sokolov, Pavel Stetsenko, Georgy Kartashov, and
Roman Chkoller. Preparation of this manual was supported in part by the Swedish Professorship
(2000-2003) from the Economics Education and Research Consortium, with funds provided by the
Government of Sweden through the Eurasia Foundation, and by the Access Industries Professorship
(2003-2009) from Access Industries.

I will be grateful to everyone who finds errors, mistakes and typos in this collection and reports
them to sanatoly@nes.ru.

CONTENTS 11



12

CONTENTS



NOTATION AND ABBREVIATIONS

ID — identification

FOC/SOC - first/second order condition(s)

CDF — cumulative distribution function, typically denoted as F
PDF — probability density function, typically denoted as f
LIME — law of iterated (mathematical) expectations

LLN — law of large numbers

CLT - central limit theorem

[ 4y — indicator function equalling unity when A holds and zero otherwise
Pr{A} - probability of A

E [y|x] — mathematical expectation (mean) of y conditional on z
V [y|z] — variance of y conditional on x

C [z, y] — covariance between x and y

BLP, BLP [y|z] — best linear predictor

I, — k x k identity matrix

plim — probability limit

~ typically means “distributed as”

N — normal (Gaussian) distribution

X% — chi-squared distribution with k£ degrees of freedom

X2 (8) — non-central chi-squared distribution with k degrees of freedom and non-centrality
parameter ¢§

B (p) — Bernoulli distribution with success probability p

11D — independently and identically distributed

n — typically sample size in cross-sections

T — typically sample size in time series

k — typically number of parameters in parametric models

¢ — typically number of instruments or moment conditions

X, YV, 2 €&, & — data matrices of regressors, dependent variables, instruments, errors, residuals
L (o) — (conditional) likelihood function

¢y, (o) — (conditional) loglikelihood function

s (o) — (conditional) score function

m (o) — moment function

Qy — typically E[f], for example, Qur = E[z2'], Qge2 = E [g0gp€?] , Qom = E[0m/0], etc.
7 — Information matrix

W — Wald test statistic

LR — likelihood ratio test statistic

LM — Lagrange multiplier (score) test statistic

J — Hansen’s J test statistic
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Part 1

Problems
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1. ASYMPTOTIC THEORY: GENERAL AND
INDEPENDENT DATA

1.1 Asymptotics of transformations

1. Suppose that VT (¢ — 27) LN N (0,1). Find the limiting distribution of T'(1 — cos ¢).

~

2. Suppose that T'(¢p) — 27) < N (0,1). Find the limiting distribution of 7" sin ¢).

3. Suppose that T A x3. Find the limiting distribution of Tlog@.

1.2 Asymptotics of rotated logarithms

Let the positive random vector (U,, V,,) be such that
Un Moy d 0 Wyy Wy
()= Go) = (G- (o )
as n — oo. Find the joint asymptotic distribution of
InU, —1nV,
InU,+InV,/)

What is the condition under which InU,, —InV,, and InU,, +1InV,, are asymptotically independent?

1.3 Escaping probability mass

Let X = {x1,...,2,} be arandom sample from some population of 2 with E [z] = p and V [z] = o2.

Let A,, denote an event such that P{4,} =1 — %, and let the distribution of A,, be independent
of the distribution of x. Now construct the following randomized estimator of u:

.| z, if A, happens,
Pn =3 n  otherwise.

(i) Find the bias, variance, and MSE of fi,,. Show how they behave as n — oo.
(i) Is f1,, a consistent estimator of u? Find the asymptotic distribution of \/n(f,, — ).

(iii) Use this distribution to construct an approximately (1 — a) x 100% confidence interval for p.
Compare this CI with the one obtained by using Z,, as an estimator of u.

ASYMPTOTIC THEORY: GENERAL AND INDEPENDENT DATA 17



1.4 Asymptotics of t-ratios

Let {z;}]",; be a random sample of a scalar random variable z with E[z] = g,

E[(z — )% = 0, B[(z — 1)*] = 7, where all parameters are finite.

(a) Define T), = f, where
o

n

> (i -3

=1

11l
S

S|

n
x E x;, 52
=1

Derive the limiting distribution of /nT},, under the assumption p = 0.

Now suppose it is not assumed that g = 0. Derive the limiting distribution of

NG (Tn — plim Tn> )

n—oo

Be sure your answer reduces to the result of part (a) when p = 0.

Define R,, =

, where

Qll &l

n
1
==
n <
=1

is the constrained estimator of o2 under the (possibly incorrect) assumption p = 0. Derive

the limiting distribution of

NG (Rn — plim Rn>

n—oo

for arbitrary p and 02 > 0. Under what conditions on ;& and o2 will this asymptotic distrib-

ution be the same as in part (b)?

1.5 Creeping bug on simplex

Consider a positive (z,y) orthant Ri and its unit simplex, i.e. the line segment z +y =1, x > 0,
y > 0. Take an arbitrary natural number k£ € N. Imagine a bug starting creeping from the origin
(z,y) = (0,0). Each second the bug goes either in the positive x direction with probability p, or
in the positive y direction with probability 1 — p, each time covering distance % Evidently, this
way the bug reaches the simplex in k seconds. Suppose it arrives there at point (zy,yx). Now let
k — o0, i.e. as if the bug shrinks in size and physical abilities per second. Determine

(a) the probability limit of (zg,yx);
(b) the rate of convergence;

(c) the asymptotic distribution of (zg, yx).
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1.6 Asymptotics of sample variance

Let z1,..., 7, be a random sample from a population of z with finite fourth moments. Let Z;, and
72 be the sample averages of = and z2, respectively. Find constants a and b and function c¢(n) such
that the vector sequence

converges to a nontrivial distribution, and determine this limiting distribution. Derive the asymp-
totic distribution of the sample variance z2 — (&,)>.

1.7 Asymptotics of roots

Suppose we are interested in the inference about the root € of the nonlinear system
F(a,0) =0,

where F' : RP x R¥ — RF, and a is a vector of constants. Let available be @, a consistent and
asymptotically normal estimator of a. Assuming that 6 is the unique solution of the above system,
and 6 is the unique solution of the system

F(a,0) =0,

derive the asymptotic distribution of 6. Assume that all needed smoothness conditions are satisfied.

1.8 Second-order Delta-method

Let S, =n~! i, X;, where X;, i =1,...,n, is a random sample of scalar random variables with
E[X;] = p and V[X;] = 1. It is easy to show that \/n(S2 — 1?) 4, N(0,4%) when p # 0.

(a) Find the asymptotic distribution of S2 when yu = 0, by taking a square of the asymptotic
distribution of S,,.

(b) Find the asymptotic distribution of cos(S,). Hint: take a higher-order Taylor expansion
applied to cos(Sy,).

(c) Using the technique of part (b), formulate and prove an analog of the Delta-method for the
case when the function is scalar-valued, has zero first derivative and nonzero second derivative
(when the derivatives are evaluated at the probability limit). For simplicity, let all involved
random variables be scalars.

1.9 Asymptotics with shrinking regressor

Suppose that
Yi = o+ Bri + ug,

ASYMPTOTICS OF SAMPLE VARIANCE 19



where {u;} are IID with E [u;] = 0, E [u}] = 02 and E [u}] = v, while the regressor z; is determin-
istically shrinking: z; = p’ with p € (0,1). Let the sample size be n. Discuss as fully as you can the
asymptotic behavior of the OLS estimates (¢, 3, 62) of (a, 8,02) as n — oc.

1.10 Power trends

Suppose that
Yi = Bri+ o, i=1,...,n,

where &; ~ I1D (0,1) while x; = i* for some known A, and o? = §i# for some known .

1. Under what conditions on A and p is the OLS estimator of 5 consistent? Derive its asymptotic
distribution when it is consistent.

2. Under what conditions on A and p is the GLS estimator of 8 consistent? Derive its asymptotic
distribution when it is consistent.
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2. ASYMPTOTIC THEORY: TIME SERIES

2.1 Trended vs. differenced regression

Consider a linear model with a linearly trending regressor:
Yt = @+ ﬁt + &¢,

where the sequence ¢; is independently and identically distributed according to some distribution
D with mean zero and variance 2. The object of interest is 3.

1. Write out the OLS estimator 3 of 3 in deviations form and find its asymptotic distribution.
2. A researcher suggests removing the trending regressor by taking differences to obtain
Y — Y1 =B +e—e

and then estimating 8 by OLS. Write out the OLS estimator 3 of 4 and find its asymptotic
distribution.

3. Compare the estimators 3 and 8 in terms of asymptotic efficiency.

2.2 Long run variance for AR(1)

Often one needs to estimate the long-run variance

T
1
VYZGE lim V| — Zt€t
e ()

of a stationary sequence z.e; that satisfies the restriction E[e;|z;] = 0. Derive a compact expression
for V,e in the case when e; and z; follow independent scalar AR(1) processes. For this example,
propose a method to consistently estimate V.., and show your estimator’s consistency.

2.3 Asymptotics of averages of AR(1) and MA(1)

Let x; be a martingale difference sequence with respect to its own past, and let all conditions for the
CLT be satisfied: VTzp = T~/? Zthl Ty 4, N(0,0?%). Let now y; = pys—1+x¢ and 2, = x4+ 0z _1,
where |p| < 1 and |0| < 1. Consider time averages y, = T~ ! Ethl y; and Zp = T~ 1 Ethl 2.

1. Are y; and z; martingale difference sequences relative to their own past?

2. Find the asymptotic distributions of ¥ and z7.
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3. How would you estimate the asymptotic variances of Yy and Zp?
4 R . B . — _ p—1/2 T d
. Repeat what you did in parts 1-3 when x; is a kx 1 vector, and we have vVTXp = T Dol Xt —
N(0,Y), y: = Pyr—1+xy, 2t = X, +Ox;_1, where P and © are k x k matrices with eigenvalues
inside the unit circle.

2.4 Asymptotics for impulse response functions

A stationary and ergodic process z; that admits the representation

o0
a=p+) b
=0

where 3772 [¢;| < oo and &; is zero mean IID, is called linear. The function IRF(j) = ¢; is called
impulse response function of z, reflecting the fact that ¢; = 0z /Og—j, a response of z to its unit
shock j periods ago.

1. Show that the strong zero mean AR(1) and ARMA(1,1) processes

ye = pyi—1 +ei, |p| <1
and
2t =pz—1+e— 01, |pl <1, 10| <1, 0#p,
are linear, and derive their impulse response functions.
2. Suppose a sample z1,...,zp is given. For the AR(1) process, construct an estimator of the

IRF on the basis of the OLS estimator of p. Derive the asymptotic distribution of your IRF
estimator for fixed horizon j as the sample size T' — oo.

3. Suppose that for the ARMA(1,1) process one estimates p from the sample z1,..., zr by

Yol 272

P= =7
thg Zt—12t—2

Y

and 6 — by an appropriate root of the quadratic equation

D YT .
— ) — t_% = s €t = 2t — PZt—1-
1+0 D=2
On the basis of these estimates, construct an estimator of the impulse response function you
derived. Outline the steps (no need to show all math) which you would undertake in order
to derive its asymptotic distribution for fixed j as T — oc.
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3. BOOTSTRAP

3.1 Brief and exhaustive

Evaluate the following claims.

1. The only difference between Monte—Carlo and the bootstrap is possibility and impossibility,
respectively, of sampling from the true population.

2. When one does bootstrap, there is no reason to raise the number of bootstrap repetition too
high: there is a level when making it larger does not yield any improvement in precision.

3. The bootstrap estimator of the parameter of interest is preferable to the asymptotic one,
since its rate of convergence to the true parameter is often larger.

3.2 Bootstrapping t-ratio

Consider the following bootstrap procedure. Using the nonparametric bootstrap, generate boot-
SN

0 —
strap samples and calculate b(é) at each bootstrap repetition. Find the quantiles ¢, /2 and qf_, /2
s

from this bootstrap distribution, and construct

CI=10—s0)g_ 00— s(0)q o).

Show that CT is exactly the same as the percentile interval, and not the percentile-t interval.

3.3 Bootstrap bias correction

1. Consider a random variable x with mean p. A random sample {z;};_, is available. One
estimates y by T, and p? by Z2. Find out what the bootstrap bias corrected estimators of p
and p? are.

2. Suppose we have a sample of two independent observations z; = 0 and zo = 3 from the
same distribution. Let us be interested in E[22] and (E[z])? which are natural to estimate by
22 = (22 +22) and 22 = 1(21 + 22)2. Compute the bootstrap-bias-corrected estimates of the
quantities of interest.

BOOTSTRAP 23



3.4 Bootstrap in linear model

1. Suppose one has a random sample of n observations from the linear regression model
y=2B+e, Elelz]=0.
Is the nonparametric bootstrap valid or invalid in the presence of heteroskedasticity? Explain.

2. Let the model be
y=1a'f+e,
but E[ex] # 0, i.e. the regressors are endogenous. The OLS estimator 3 of the parameter
[ is biased. We know that the bootstrap is a good way to estimate bias, so the idea is to

estimate the bias of [3 and construct a bias-adjusted estimate of 8. Explain whether or not
the non-parametric bootstrap can be used to implement this idea.

3. Take the linear regression
y=a'f+e, Elelz]=0.

For a particular value of x, the object of interest is the conditional mean g(z) = E [y|z].
Describe how you would use the percentile-t bootstrap to construct a confidence interval for

g(z).

3.5 Bootstrap for impulse response functions

Recall the formulation of Problem 2.4.

1. Describe in detail how to construct 95% error bands around the IRF estimates for the AR(1)
process using the bootstrap that attains asymptotic refinement.

2. It is well known that in spite of their asymptotic unbiasedness, usual estimates of impulse
response functions are significantly biased in samples typically encountered in practice. Pro-
pose a bootstrap algorithm to construct a bias corrected impulse response function for the
above ARMA(1,1) process.
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4. REGRESSION AND PROJECTION

4.1 Regressing and projecting dice

Let y be a random variable that denotes the number of dots obtained when a fair six sided die is
rolled. Let
Y if y is even,
1 0 otherwise.

(i) Find the joint distribution of (x,y).
(ii) Find the best predictor of y given x.
(iii) Find the best linear predictor, BLP [y|z], of y conditional on z.
)

(iv) Calculate E [U3p] and E [U3, p|, the mean square prediction errors for cases (i) and (iii)
respectively, and show that [ [U%P] <E [U%LP].

4.2 Mixture of normals

Suppose that n pairs (x;,9;), ¢ = 1,...,n, are independently drawn from the following mizture of
normals distribution:

0 10 . .
(x) N << 4 > , < 01 )) with probability p,
4 1 0 . -
N << 0 > , < 0 1 >> with probability 1 — p,

1. Derive the best linear predictor BLP [y|z] of y given x.

where 0 < p < 1.

2. Argue that the conditional expectation function E [y|z] is nonlinear. Provide a step-by-step
algorithm allowing one to derive E [y|z], and derive it if you can.

4.3 Bernoulli regressor

Let x be distributed Bernoulli, and, conditional on x, y be distributed as

2z ~ N(/LO,O'%), z =0,
Y N(Mlag%) ’ x =1

Write out E [y|z] and E [y?|z] as linear functions of . Why are these expectations linear in z?
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4.4 Best polynomial approximation

Given jointly distributed random variables = and 7, a best k" order polynomial approximation
BPAy [y|z] to E[y|z], in the MSE sense, is a solution to the problem

2
min E [(E [ylz] —ap — a1z — ... — OékiL‘k) } .
Q0,01 5.y O
Assuming that BPAy, [y|x] exists, find its characterization and derive the properties of the associated
prediction error Uy, = y — BPA, [y|x].

4.5 Handling conditional expectations

1. Consider the following situation. The vector (y,z, z,w) is a random quadruple. It is known
that
Ey|z, z,w] = a+ Bx + vz.

It is also known that C[z,z] = 0 and that C[w, 2] > 0. The parameters «, 5 and v are not
known. A random sample of observations on (y, z,w) is available; z is not observable. In this
setting, a researcher weighs two options for estimating 5. One is a linear least squares fit of
y on x. The other is a linear least squares fit of y on (z,w). Compare these options.

2. Let (z,y,2) be a random triple. For a given real constant -, a researcher wants to estimate
E [y|E[z|z] = 7]. The researcher knows that E [z|z] and E[y|z] are strictly increasing and
continuous functions of z, and is given consistent estimates of these functions. Show how the
researcher can use them to obtain a consistent estimate of the quantity of interest.
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5.

LINEAR REGRESSION AND OLS

51

5.2

Fixed and random regressors

Comment on: “Treating regressors x in a mean regression as random variables rather than
fixed numbers simplifies further analysis, since then the observations (z;,y;) may be treated
as IID across 7.

A labor economist argues: “It is more plausible to think of my regressors as random rather
than fixed. Look at education, for example. A person chooses her level of education, thus it
is random. Age may be misreported, so it is random too. Even gender is random, because
one can get a sex change operation done.” Comment on this pearl.

. Consider a linear mean regression y = 2/ + e, E[e|z] = 0, where z, instead of being IID

across i, depends on ¢ through an unknown function ¢ as x; = (i) + w;, where wu; are IID
independent of e;. Show that the OLS estimator of 3 is still unbiased.

Consistency of OLS under serially correlated errors

et {y, o be a strictly stationary and ergodic stochastic process with zero mean and finite

t=—00

variance.

(i)

(i)
(iii)

(iv)

Define
C [yt7 ytfl}
B=—o—, w =1y — By,
\Y [yt]
so that we can write
Y = BYys—1 + ug.

Show that the error u; satisfies E [u;] = 0 and C [ug, y¢—1] = 0.
Show that the OLS estimator B from the regression of y; on y;_1 is consistent for 5.

Show that, without further assumptions, wu; is serially correlated. Construct an example with
serially correlated u;.

A 1994 paper in the Journal of Econometrics leads with the statement: “It is well known that
in linear regression models with lagged dependent variables, ordinary least squares (OLS)
estimators are inconsistent if the errors are autocorrelated”. This statement, or a slight
variation of it, appears in virtually all econometrics textbooks. Reconcile this statement with
your findings from parts (ii) and (iii).

! This problem closely follows J.M. Wooldridge (1998) Consistency of OLS in the Presence of Lagged Dependent
Variable and Serially Correlated Errors. Econometric Theory 14, Problem 98.2.1.
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5.3 Estimation of linear combination

Suppose one has a random sample of n observations from the linear regression model
y=o+pPxr+vyz+e,

where e has mean zero and variance o2 and is independent of (x, z) .

1. What is the conditional variance of the best linear conditionally (on the x and z samples)
unbiased estimator 6 of

0204"‘6%6""7@;7

where ¢, and ¢, are some given constants?

2. Obtain the limiting distribution of
N <é _ 9) .

Write your answer as a function of the means, variances and correlations of x, z and e and of
the constants «, 5,7, ¢z, ¢;, assuming that all moments are finite.

3. For which value of the correlation coefficient between x and z is the asymptotic variance
minimized for given variances of e and =7

4. Discuss the relationship of the result of part 3 with the problem of multicollinearity.

5.4 Incomplete regression

Consider the linear regression
y=12'B+e, Elelz]=0, E [62|x] = o2,
where x is k1 x 1. Suppose that some component of the error e is observable, so that
e=z2v+n,

where z; is a kg X 1 vector of observables such that E[n|z] = 0 and E [22'] # 0. A researcher wants
to estimate 5 and 7 and considers two alternatives:

1. Run the regression of y on = and z to find the OLS estimates 3 and 4 of B and ~.

2. Run the regression of y on x to get the OLS estimate § of 8, compute the OLS residuals
é =y — 2/ and run the regression of € on z to retrieve the OLS estimate 4 of .

Which of the two methods would you recommend from the point of view of consistency of
B and 4?7 For the method(s) that yield(s) consistent estimates, find the limiting distribution of

Vi —7).
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5.5 Generated coefficient

Consider the following regression model:
y = fr+az+u,

where a and 3 are scalar unknown parameters, u has zero mean and unit variance, pair (z, z) are
independent of u with E [2?] =42 # 0, E [2?] =+2 # 0, E[z2] = 7,, # 0. A collection of triples
{(xs, zi,yi)}1-, is a random sample. Suppose we are given an estimator & of o independent of all
u;’s, and the limiting distribution of \/n (& — «) is N'(0,1) as n — co. Define the estimator 3 of 3

as
n -1y

B = (fo) sz (yi — az;).
i=1 =1

Obtain the asymptotic distribution of B as n — 0o.

5.6 OLS in nonlinear model

Consider the equation y = (o + fz)e, where y and z are scalar observables, e is unobservable. Let
Elelz] = 1 and V[e|z] = 1. How would you estimate («, ) by OLS? How would you construct
standard errors?

5.7 Long and short regressions

Take the true model y = 2 8; + 25,85 + ¢, B [e|z1,22] = 0, and assume random sampling. Suppose
that 3, is estimated by regressing y on z; only. Find the probability limit of this estimator. What
are the conditions when it is consistent for 3,7

5.8 Ridge regression

In the standard linear mean regression model, one estimates k x 1 parameter 5 by
B=(X'X 4+ AL) XY,

where A > 0 is a fixed scalar, I is a k X k identity matrix, X is n X k and ) is n X 1 matrices of
data.

1. Find E[B|X]. Is § conditionally unbiased? Is it unbiased?
Find the probability limit of 3 as n — oo. Is 3 consistent?

Find the asymptotic distribution of B.

Ll

From your viewpoint, why may one want to use 3 instead of the OLS estimator 3?7 Give
conditions under which 3 is preferable to 8 according to your criterion, and vice versa.
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59

Inconsistency under alternative

Suppose that

Y=o+ fr+u,

where u is distributed A(0,0?) independently of x. The variable x is unobserved. Instead we
observe z = z +v, where v is distributed N (0, n?) independently of  and u. Given a sample of size
n, it is proposed to run the linear regression of y on z and use a conventional ¢t-test to test the null
hypothesis 8 = 0. Critically evaluate this proposal.

5.10 Returns to schooling

A researcher presents his research on returns to schooling at a lunchtime seminar. He runs OLS,
using a random sample of individuals, on a Mincer-type linear regression, where the left side variable
is a logarithm of hourly wage rate. The results are shown in the table.

1.

30

Regressor Point estimate Standard error t-statistic
Constant —0.30 2.16 —-0.14
Male (g) 0.39 0.07 5.54
Age (a) 0.14 0.12 1.16
Experience (e) 0.019 0.036 0.52
Completed schooling (s) 0.027 0.023 1.15
Ability (f) 0.081 0.124 0.65
Schooling-ability interaction (sf) —0.001 0.014 —0.06

The presenter says: “Our model yields a 2.7 percentage point return per additional year
of schooling (I allow returns to schooling to vary by ability by introducing ability-schooling
interaction, but the corresponding estimate is essentially zero). At the same time, the esti-
mated coefficient on ability is 8.1 (although it is statistically insignificant). This implies that
one would have to acquire three additional years of education to compensate for one standard
deviation lower innate ability in terms of labor market returns.” A person from the audience
argues: “So you have just divided one insignificant estimate by another insignificant estimate.
This is like dividing zero by zero. You can get any answer by dividing zero by zero, so your
number ‘3’ is as good as any other number.” How would you professionally respond to this
argument?

. Another person from the audience argues: “Your dummy variable ‘Male’ enters the regression

only as a separate variable, so the gender influences only the intercept. But the corresponding
estimate is statistically very significant (in fact, it is the only significant variable in your
regression). This makes me think that it must enter the regression also in interactions with
the other variables. If I were you, I would run two regressions, one for males and one for
females, and test for differences in coefficients across the two using a sup-Wald test. In
any case, I would compute bootstrap standard errors to replace your asymptotic standard
errors hoping that most of parameters would become statistically significant with more precise
standard errors.” How would you professionally respond to these arguments?
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6. HETEROSKEDASTICITY AND GLS

6.1 Conditional variance estimation

Econometrician A claims: “In an IID context, to run OLS and GLS I don’t need to know the
skedastic function. See, I can estimate the conditional variance matrix €2 of the error vector
by Q = diag {é?}?:p where ¢é; for i« = 1,...,n are OLS residuals. When I run OLS, I can
estimate the variance matrix by (X'X) ™" X’QX (X'X)~"; when I run feasible GLS, I use the formula
B = (X'Qtx) 1ALy Econometician B argues: “That ain’t right. In both cases you are
using only one observation, é?, to estimate the value of the skedastic function, o?(x;). Hence, your

estimates will be inconsistent and inference wrong.” Resolve this dispute.

6.2 Exponential heteroskedasticity

Let y be scalar and x be k x 1 vector random variables. Observations (y;, z;) are drawn at random
from the population of (y,z). You are told that E [y|z] = 2/$ and that V [y|z] = exp(2’8+ «), with
(8, @) unknown. You are asked to estimate [3.

1. Propose an estimation method that is asymptotically equivalent to GLS that would be com-
putable were V [y|z] fully known.

2. In what sense is the feasible GLS estimator of part 1 efficient? In which sense is it inefficient?

6.3 OLS and GLS are identical

Let Y = X(B+v)+U, where X isn x k, Y and U are n x 1, and § and v are k x 1. The parameter
of interest is 3. The properties of (Y, X,U,v) are: E[U|X] = 0, E[v|X] = 0, EUU'|X] = 021,
E[v0|X] =T, E[Uv'|X] = 0. Y and X are observable, while U/ and v are not.

1. What are E[V|X] and V[Y|X]? Denote the latter by ¥. Is the environment homo- or
heteroskedastic?

2. Write out the OLS and GLS estimators B and B of B. Prove that in this model they are
identical. Hint: First prove that X '€ = 0, where ¢ is the n x 1 vector of OLS residuals. Next
prove that X’¥~ "' = 0. Then conclude. Alternatively, use formulae for the inverse of a sum

of two matrices. The first method is preferable, being more “econometric”.

3. Discuss benefits of using both estimators in this model.
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6.4 OLS and GLS are equivalent

Let us have a regression written in a matrix form: Y = X8 + U, where X is n x k, Y and U
are n X 1, and (8 is k x 1. The parameter of interest is 5. The properties of u are: E[U|X] = 0,
E[UU'|X] = X. Let it be also known that XX = X'O for some k X k nonsingular matrix ©.

1. Prove that in this model the OLS and GLS estimators B and 3 of 8 have the same finite
sample conditional variance.

2. Apply this result to the following regression on a constant:
Yi = -+ U,

where the disturbances are equicorrelated, that is, E [u;] = 0, V [u;] = 02 and C [u;, u;] = po?
for ¢ # j.

6.5 Equicorrelated observations

Suppose z; = 0 + u;, where E [u;] = 0 and
1 ifi=j
voifit]

with¢,7=1,...,n. Isz,, = % (1 + ...+ x,) the best linear unbiased estimator of 67 Investigate
Z,, for consistency.

E [uiu;) = {

6.6 Unbiasedness of certain FGLS estimators

Show that

(a) for a random variable z, if z and —z have the same distribution, then E [z] = 0;

(b) for a random vector ¢ and a vector function ¢ (¢) of ¢, if ¢ and —e have the same distribution
and g (—¢) = —q () for all €, then E[q (¢)] = 0.

Consider the linear regression model written in matrix form:
Y=XB+E, E[E|X]=0, E[&|X]=1.

Let 3 be an estimate of ¥ which is a function of products of least squares residuals, i.e. % =
F(MEE'M) = H (EE") for M =1 — X (X'X)" ' X'. Show that if £ and —& have the same condi-
tional distribution (e.g. if £ is conditionally normal), then the feasible GLS estimator

N -1 N
Bp= (X’Z_l)() x5y

is unbiased.
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7. VARIANCE ESTIMATION

7.1 White estimator

Evaluate the following claims.

1. When one suspects heteroskedasticity, one should use the White formula
-1 -1
me szeQ sz

instead of good old ¢2Q;}, since under heteroskedasticity the latter does not make sense,

because o2 is different for each observation.

2. Since for the OLS estimator
we have

and

VBl = (A'x) Ao (xx) T

we can estimate the finite sample variance by

—

V[BIX] = (X' X) Y aie? (arx)
=1

(which, apart from the factor n, is the same as the White estimator of the asymptotic variance)
and construct ¢ and Wald statistics using it. Thus, we do not need asymptotic theory to do
OLS estimation and inference.

7.2 HAC estimation under homoskedasticity

We look for a simplification of HAC variance estimators under conditional homoskedasticity. Sup-
pose that the regressors x; and left side variable y; in a linear time series regression

y =10 +e, BEleday,miq,...]=0
are jointly stationary and ergodic. The error e; is serially correlated of unknown order, but let it
be known that it is conditionally homoskedastic, i.e. El[eie;j|z¢, z¢-1,...] = 7, is constant (i.e.

does not depend on x¢,x4_1,...) for all j > 0. Develop a Newey—West-type HAC estimator of the
long-run variance of x;e; that would take advantage of conditional homoskedasticity.
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7.3 Expectations of White and Newey—\West estimators in [ID setting

Suppose one has a random sample of n observations from the linear conditionally homoskedastic

regression model
yi =i +ei, Bleln) =0, Elef|n] =0

Let B be the OLS estimator of 3, and let VB and VB be the White and Newey—West estimators of

the asymptotic variance matrix of 3. Find E[VB\X | and E[VB]X ], where X is the matrix of stacked
regressors for all observations.
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8. NONLINEAR REGRESSION

8.1 Local and global identification

Consider the nonlinear regression E [y|z] = 8; + 3z, where 5 # 0 and V [z] # 0. Which identifi-
cation condition for (8, 3,)" fails and which does not?

8.2 ldentification when regressor is nonrandom

Suppose we regress y on scalar z, but x is distributed only at one point (that is,
Pr{z=a}=1

for some a). When does the identification condition hold and when does it fail if the regression
is linear and has no intercept? If the regression is nonlinear? Provide both algebraic and intu-
itive/graphical explanations.

8.3 Cobb—Douglas production function

Suppose we have a random sample of n firms with data on output @), capital K and labor L, and
want to estimate the Cobb—Douglas production function

Q=aK?L' Y,
where ¢ has the property E [¢|K, L] = 1. Evaluate the following suggestions of estimation of 6:
1. Run a linear regression of log @ — log L on a constant and log K — log L

2. For various values of 6 on a grid, run a linear regression of Q on K?L'~? without a constant,
and select the value of # that minimizes a sum of squared OLS errors.

8.4 Exponential regression

Suppose you have the homoskedastic nonlinear regression
y=cxpla+fz)+e Blel] =0, Ble}a] = o?

and random sample {(z;,v;)};_, . Let the true 8 be 0, and x be distributed as standard normal.
Investigate the problem for local identifiability, and derive the asymptotic distribution of the NLLS
estimator of (a, 3). Describe a concentration method algorithm giving all formulas (including stan-
dard errors that you would use in practice) in explicit forms.
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8.5 Power regression

Suppose you have the nonlinear regression
y=a(l+2’)+e, Elez] =0

and IID data {(z;,v;)};—; . How would you test Ho : & = 0 properly?

8.6 Transition regression

Given the random sample {(x;,y;)};_, , consider the nonlinear regression

B2
14 B3z

y=51+ +e,  Blelz] = 0.

1. Describe how to test using the t-statistic if the marginal influence of  on the conditional
mean of y, evaluated at x = 0, equals 1.

2. Describe how to test using the Wald statistic that the regression function does not depend
on x.

8.7 Nonlinear consumption function

Consider the model
Elcilye-1,Ys—2,yt-3,...] = o+ BI{ye—1 > A} + dy/ 4,

where ¢; is consumption at ¢ and y; is income at ¢t. The pair (¢, ;) is continuously distributed,
stationary and ergodic. The parameter A represents a “normal” income level, and is known.
Suppose you are given a long quarterly series of length T" on ¢; and ;.

1. Describe at least three different situations when parameter identification will fail.

2. Describe in detail how you will run the NLLS estimation employing the concentration method,
including construction of standard errors for model parameters.

3. Describe how you will test the hypothesis Hy : v =1 against H, : v < 1

(a) by employing the asymptotic approach,
(b) by employing the bootstrap approach without using standard errors.
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9. EXTREMUM ESTIMATORS

0.1 Regression on constant

Consider the following model:
y=08+e,

where all variables are scalars. Assume that {y;}?_, is a random sample, and Ele] = 0, E[e?] = (2,
E[e3] = 0 and E[e*] = k. Consider the following three estimators of 3:

1=
Derive the asymptotic distributions of these three estimators. Which of them would you prefer
most on the asymptotic basis? What is the idea behind each of the three estimators?

9.2 Quadratic regression

Consider a nonlinear regression model
Yy = (50+$)2+U,

where we assume:

. e TR — 1 1
(A) The parameter space is B = [75, +§].

(B) The error u has properties E [u] = 0, V [u] = o3.
(C) The regressor x has is distributed uniformly over [1, 2] independently of u. In particular, this

implies B [z7!] = In2 and E [2"] = 15 (277! — 1) for integer 7 # —1.

A random sample {(z;,y;)};, is available. Define two estimators of f:

. 2
1. 4 minimizes S,,(8) = > i (yi —(B+ xz)2> over B.

2. 8 minimizes W, () = 1, {(ﬁf% +In(8+ xz)2} over B.

x;)

For the case 3y = 0, obtain asymptotic distributions of 3 and 3. Which one of the two do you
prefer on the asymptotic basis?
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9.3 Nonlinearity at left hand side

A random sample {(z;,y;)};—; is available for the nonlinear model
(y + Ck)2 =Bz +e, E[e\x] =0, E[ez‘m] - 027
where the parameters a and 3 are scalars.

1. Show that the NLLS estimator of o and

A~ n
(0% . 2 2
) _ ) b)
( B) arg min ;:1 ((yl +a)” — bx;
is in general inconsistent. What feature makes the model differ from a nonlinear regression

where the NLLS estimator is consistent?

2. Propose a consistent CMM estimator of o and 8 and derive its asymptotic distribution.

0.4 Least fourth powers

Suppose y = Bx + e, where all variables are scalars,  and e are independent, and the distribution
of e is symmetric around 0. For a random sample {(z;,y;)};_, , consider the following extremum
estimator of (:

Derive the asymptotic properties of B, paying special attention to the identification condition.
Compare this estimator with the OLS estimator in terms of asymptotic efficiency for the case when
z and e are normally distributed.

9.5 Asymmetric loss

Suppose that {(z;,;)};—; is a random sample from a population satisfying
y=a+a2'f+e,

where e is independent of x, a k x 1 vector. Suppose also that all moments of x and e are finite
and that E [z2'] is nonsingular. Suppose that & and [ are defined to be the values of o and  that
minimize

1 n
EZP(% _O‘_"E;m
i=1
over some set © C R¥T! where for some 0 < v < 1

3 .
] yu ifu>0,
p(u)—{ —(1—y)u®  ifu<0.

Describe the asymptotic behavior of the estimators & and [3 as n — oo. If you need to make
additional assumptions be sure to specify what these are and why they are needed.
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10. MAXIMUM LIKELIHOOD ESTIMATION

10.1 Normal distribution

Let x1,...,2, be a random sample from A (y, u?). Derive the ML estimator fi of y and prove its
consistency.

10.2 Pareto distribution

A random variable X is said to have a Pareto distribution with parameter A\, denoted X ~
Pareto(\), if it is continuously distributed with density

Ag— A D) if o> 1,
Fx(alh) = { 0, otherwise.
A random sample x1,...,z, from the Pareto(\) population is available.

(a) Derive the ML estimator X of A, prove its consistency and find its asymptotic distribution.

(b) Derive the Wald, Likelihood Ratio and Lagrange Multiplier test statistics for testing the null
hypothesis Hg : A = Ao against the alternative hypothesis H, : A # Ag. Do any of these
statistics coincide?

10.3 Comparison of ML tests

IBerndt and Savin in 1977 showed that W > LR > LM for the case of a multivariate regression
model with normal disturbances. Ullah and Zinde-Walsh in 1984 showed that this inequality is
not robust to non-normality of the disturbances. In the spirit of the latter article, this problem
considers simple examples from non-normal distributions and illustrates how this conflict among
criteria is affected.

1. Consider a random sample z1,...,x, from a Poisson distribution with parameter A. Show
that testing A = 3 versus A # 3 yields W > LM for z <3 and W < LM for T > 3.

2. Consider a random sample x1,...,z, from an exponential distribution with parameter 6.
Show that testing 6 = 3 versus € # 3 yields W > LM for 0 <z <3 and W < LM for Z > 3.

3. Consider a random sample z1,...,x, from a Bernoulli distribution with parameter 6. Show
that for testing 6 = % versus 6 # %, we always get W > LM. Show also that for testing 6 = %
Versusﬁ%%,wegetWSEMfor%§§:§%andWEE./\/lfor0<a’:§%or%§a’c§1.

! This problem closely follows Badi H. Baltagi (2000) Conflict Among Criteria for Testing Hypotheses: Examples
from Non-Normal Distributions. Econometric Theory 16, Problem 00.2.4.
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10.4 Invariance of ML tests to reparameterizations of null

2Consider the hypothesis
Hy : h(6) =0,

where h : R¥ — RY. It is possible to recast the hypothesis Hy in an equivalent form
Hp:g(0) =0,

where g : R¥ — R is such that g(6) = f(h(#)) — £(0) for some one-to-one function f : R? — RY.

1. Show that the LR statistic is invariant to such reparameterization.

2. Show that the W statistic is invariant to such reparameterization when f is linear, but may
not be when f is nonlinear.

3. Suppose that 6§ € R? and reparameterize Hp : 01 = 05 as (61 — a) / (02 — a) = 1 for some a.
Show that the W statistic may be made as close to zero as desired by manipulating oe. What
value of o gives the largest possible value to the W statistic?

10.5 Misspecified maximum likelihood

1. Suppose that the nonlinear regression model

Elylz] = g (z,8)

is estimated by maximum likelihood based on the conditional homoskedastic normal distrib-
ution, although the true conditional distribution is from a different family. Provide a simple
argument why the ML estimator of § is nevertheless consistent.

2. Suppose we know the true density f(z]0) up to the parameter 8, but instead of using log f(z|q)
in the objective function of the extremum problem which would give the ML estimate, we
use f(z|q) itself. What asymptotic properties do you expect from the resulting estimator of
07 Will it be consistent? Will it be asymptotically normal?

3. Suppose that a stationary and ergodic conditionally heteroskedastic time series regression

E [yt’It—l] = w:ﬁﬁv

where x; contains various lagged ¥,’s, is estimated by maximum likelihood based on a con-
ditionally normal distribution A (x}3, 0?), with 0? depending on past data whose parametric
form, however, does not match the true conditional variance V [y;|I;—1]. Determine whether
or not the resulting estimator provides a consistent estimate of 5.

2This problem closely follows discussion in the book Ruud, Paul (2000) An Introduction to Classical Econometric
Theory; Oxford University Press.
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10.6 Individual effects

Suppose {(z;, y;) };, is a serially independent sample from a sequence of jointly normal distributions
with E[z;] = Ely] = u;, Vi = V[y] = 02, and C[z;,y;] = 0 (i.e., z; and y; are independent
with common but varying means and a constant common variance). All parameters are unknown.
Derive the maximum likelihood estimate of 02 and show that it is inconsistent. Explain why. Find
an estimator of o2 which would be consistent.

10.7 Irregular confidence interval

Let z1,...,z, be a random sample from a population of = distributed uniformly on [0, 8]. Con-
struct an asymptotic confidence interval for 6 with significance level 5% by employing a maximum
likelihood approach.

10.8 Trivial parameter space

Consider a parametric model with density f(X|0p), known up to a parameter 6y, but with © = {6},
i.e. the parameter space is reduced to only one element. What is an ML estimator of 0y, and what
are its asymptotic properties?

10.9 Nuisance parameter in density

Let random vector Z = (Y, X’)" have a joint density of the form

F(Z100) = [e(Y X, 70, 60) fm (X d0),

where 6y = (¢, d0), both v and dg are scalar parameters, and f. and f,, denote the conditional
and marginal distributions, respectively. Let 6. = (9,,d.) be the conditional ML estimators of v,
and &g, and d,, be the marginal ML estimator of §g. Now define

A = arg mgxz In fe(yilzi, 7, 8m)7
KA

a two-step estimator of subparameter ~y, which uses marginal ML to obtain a preliminary estimator
of the “nuisance parameter” dg. Find the asymptotic distribution of 4. How does it compare to
that for 4,7 You may assume all the needed regularity conditions for consistency and asymptotic
normality to hold.
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10.10 MLE versus OLS

Consider the model where y is regressed only on a constant:
y=a+te,

where e conditioned on z is distributed as N(0,220?%), the random variable z is not present in
the regression, o2 is unknown, y and x are observable, e is unobservable. The collection of pairs
{(yi,®;)};~ is a random sample.

1. Find the OLS estimator &org of a. Is it unbiased? Consistent? Obtain its asymptotic
distribution. Is &prg the best linear unbiased estimator for o7

2. Find the ML estimator &y, of a and derive its asymptotic distribution. Is &z, unbiased? Is
&z asymptotically more efficient than éors? Does your conclusion contradicts your answer
to the last question of part 17 Why or why not?

10.11 MLE versus GLS

Consider the following normal linear regression model with conditional heteroskedasticity of known
form. Conditional on z, the dependent variable y is normally distributed with

Elylz] = «/8, Vyla] = o® (/8)".

Available is a random sample (z1,91),...,(Zn,yn). Describe a feasible generalized least squares
estimator for 8 based on the OLS estimator for 5. Show that this GLS estimator is asymptotically
less efficient than the maximum likelihood estimator. Explain the source of inefficiency.

10.12 MLE in heteroskedastic time series regression

Assume that data (y¢, x¢), t = 1,2,...,T, are stationary and ergodic and generated by
Ye = a+ By + ug,

where wi|Te, yi—1,Te-1,Yt—2,--- ~ N(0,07) and @¢|ys—1,T¢-1,Yt—2,T¢—2,... ~ N(0,v). Explain,
without going into deep math, how to find estimates and their standard errors for all parame-
ters when:

1. The entire ¢? as a function of z; is fully known.

2. The values of 02 at t = 1,2,...,T are known.
3. It is known that 07 = (6 + 6x;)?, but the parameters § and J are unknown.
4. Tt is known that o? = 0 + du?_,, but the parameters 6 and § are unknown.

5. Tt is only known that o7 is stationary.
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10.13 Does the link matter?

3Consider a binary random variable y and a scalar random variable x such that
P{y = 1|z} = F (a + fz),

where the link F'(-) is a continuous distribution function. Show that when z assumes only two
different values, the value of the log-likelihood function evaluated at the maximum likelihood esti-
mates of o and 5 is independent of the form of the link function. What are the maximum likelihood
estimates of o and (37

10.14 Maximum likelihood and binary variables

Suppose z and y are discrete random variables taking values 0 or 1. The distribution of z and y is

given by
ev*

14+ e7?’

Here o and 7 are scalar parameters of interest. Find the ML estimator of («,~) from a random
sample giving explicit formulas whenever possible, and derive its asymptotic distribution.

P{z=1}=a, Ply=1|z}= z=0,1.

10.15 Maximum likelihood and binary dependent variable

Suppose y is a discrete random variable taking values 0 or 1 representing some choice of an indi-

vidual. The distribution of y given the individual’s characteristic x is
P{y =1 e
ly=1lz} = 1t e’

where « is the scalar parameter of interest. The data {(y;,x;)}! ; are a random sample. When
deriving various estimators, try to make the formulas as explicit as possible.

1. Derive the ML estimator of v and its asymptotic distribution.

2. Find the (nonlinear) regression function by regressing y on z. Derive the NLLS estimator of
~ and its asymptotic distribution.

3. Show that the regression you obtained in part 2 is heteroskedastic. Setting weights w(z) equal
to the variance of y conditional on x, derive the WNLLS estimator of v and its asymptotic
distribution.

4. Write out the systems of moment conditions implied by the ML, NLLS and WNLLS problems
of parts 1-3.

5. Rank the three estimators in terms of asymptotic efficiency. Do any of your findings appear
unexpected? Give intuitive explanation for anything unusual.

3This problem closely follows Joao M.C. Santos Silva (1999) Does the link matter? Econometric Theory 15,
Problem 99.5.3.
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10.16 Poisson regression

Some random variables called counts (like number of patent applications by a firm, or number of
doctor visits by a patient) take non-negative integer values 0,1,2,.... Suppose that y is a count
variable, and that, conditional on scalar random variable x, its density is Poisson:

eXp(—A(.’L', «, ﬁ)))‘(xa «, /B)y

' ,  where A(z,a, 8) =exp (a+ fz).
y!

fylz,a,B) =

Here o and 8 are unknown scalar parameters. Assume that z has a nondegenerate distribution
(i-e., is not a constant). The data {(x;,y;)};—; is a random sample.

1. Derive the three asymptotic ML tests (W, LR, LM) for the null hypothesis Hy : § = 0,
giving fully implementable formulas (in explicit form whenever possible) depending only on
the data.

2. Suppose the researcher has misspecified the conditional mean and uses
Az, a, 8) = o + exp (5z).

Will the coefficient 5 be consistently estimated?

10.17 Bootstrapping ML tests

1. For the likelihood ratio test of Hy : g(f) = 0, we use the statistic

LR =2 Onlq) — ‘, .
(I;le% (9) ednax (q))

Write out the formula for the bootstrap statistic LR*.
2. For the Lagrange Multiplier test of Hy : g(6) = 0, we use the statistic
1 R\ ~_ ~R
;CM:ﬁZS(Z“HML) T 1ZS<2i,0ML).
7 7

Write out the formula for the bootstrap statistic LM™.
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11. INSTRUMENTAL VARIABLES

11.1  Invalid 25LS

Consider the model
y:az2+u, Z=7r+ v,

where E [(u,v)" |z] =0 and V [(u,v)’ |#] = 2, with ¥ unknown. The triples {(;, z;, yi)};; consti-
tute a random sample.

1. Show that «, 7 and ¥ are identified. Suggest analog estimators for these parameters.

2. Consider the following two stage estimation method. In the first stage, regress z on = and
define 2 = 7z, where 7 is the OLS estimator. In the second stage, regress 3 in 22 to obtain
the least squares estimate of . Show that the resulting estimator of « is inconsistent.

3. Suggest a method in the spirit of 2SLS for estimating « consistently.

11.2  Consumption function

Consider the consumption function
Cy=a+ A\Y; +e, (111)

where CY is aggregate consumption at ¢, and Y; is aggregate income at ¢. The ordinary least squares
(OLS) estimation applied to (11.1) may give an inconsistent estimate of the marginal propensity
to consume (MPC) A. The remedy suggested by Haavelmo lies in treating the aggregate income as
endogenous:

Y, =Ci+ I + Gy, (11.2)

where I; is aggregate investment at ¢, and G, is government consumption at ¢, and both variables
are exogenous. Assume that the shock e; is mean zero 11D across time, and all variables are jointly
stationary and ergodic. A sample of size T containing Y;, C;, I3, and G} is available.

1. Show that the OLS estimator of A is indeed inconsistent. Compute the amount and direction
of this inconsistency.

2. Econometrician A intends to estimate (o, )" by running 2SLS on (11.1) using the instru-
mental vector (1,1;, G¢)". Econometrician B argues that it is not necessary to use this rela-
tively complicated estimator since running simple IV on (11.1) using the instrumental vector
(1, I; + Gy)" will do the same. Is econometrician B right?

3. Econometrician C regresses Y; on a constant and C;, and obtains corresponding OLS esti-
mates (90,90)’ . Econometrician D regresses Y; on a constant, Cy, I;, and G; and obtains
corresponding OLS estimates (qAﬁo, qAﬁc, <Ab1, qAbG)’ . What values do parameters Oc and (Abc con-
sistently estimate?

INSTRUMENTAL VARIABLES 45



11.3  Optimal combination of instruments

Suppose you have the following specification, where e may be correlated with x:
y = Bz +e.

1. You have instruments z and ¢ which are mutually uncorrelated. What are their necessary
properties to provide consistent IV estimators B . and 5 ¢’ Derive the asymptotic distributions
of these estimators.

2. Calculate the optimal IV estimator as a linear combination of B . and BC‘

3. You notice that B » and BC are not that close together. Give a test statistic which allows you
to decide if they are estimating the same parameter. If the test rejects, what assumptions
are you rejecting?

11.4 Trade and growth

In the paper “Does Trade Cause Growth?” (American Economic Review, June 1999), Jeffrey
Frankel and David Romer study the effect of trade on income. Their simple specification is

logV; = a+ BT; + YyW; + ¢4, (11.3)

where Y; is per capita income, T; is international trade, W; is within-country trade, and &; reflects
other influences on income. Since the latter is likely to be correlated with the trade variables,
Frankel and Romer decide to use instrumental variables to estimate the coefficients in (11.3). As
instruments, they use a country’s proximity to other countries P; and its size S;, so that

T, = + 6P + 6; (11.4)

and
Wi =n+ AS; + v, (11.5)

where §; and v; are the best linear prediction errors.

1. As the key identifying assumption, the authors use the fact that countries’ geographical
characteristics P; and \S; are uncorrelated with the error term in (11.3). Provide an economic
rationale for this assumption and a detailed explanation how to estimate (11.3) when one has
dataon Y, T, W, P and S for a list of countries.

2. Unfortunately, data on within-country trade are not available. Determine if it is possible to
estimate any of the coefficients in (11.3) without further assumptions. If it is, provide all the
details on how to do it.

3. In order to be able to estimate key coefficients in (11.3), the authors add another identi-
fying assumption that P; is uncorrelated with the error term in (11.5). Provide a detailed
explanation how to estimate (11.3) when one has data on Y, T', P and S for a list of countries.

4. The authors estimated an equation similar to (11.3) by OLS and IV and found out that the IV
estimates are greater than the OLS estimates. One explanation may be that the discrepancy
is due to a sampling error. Provide another, more econometric, explanation why there is a
discrepancy and what the reason is that the IV estimates are larger.
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12. GENERALIZED METHOD OF MOMENTS

12.1 Nonlinear simultaneous equations

Let
y=0r+u, z=7y"+0v,

where = and y are observable, but u and v are not. The data {(z;,y;)},—; is a random sample.

1. Suppose we know that E[u] = E[v] = 0. When are 8 and + identified? Propose analog
estimators for these parameters.

2. Let also be known that E[uv] = 0. Propose a method to estimate 8 and ~y as efficiently as
possible given the above information. What is the asymptotic distribution of your estimator?

12.2  Improved GMM

Consider GMM estimation with the use of the moment function

m(z,y,q) = (m - q)-

Y

Determine under what conditions the second restriction helps in reducing the asymptotic variance
of the GMM estimator of 6.

12.3  Minimum Distance estimation

Consider a similar to GMM procedure called the Minimum Distance (MD) estimation. Suppose
we want to estimate a parameter vy, € I implicitly defined by 6y = s(7), where s : R¥ — R’ with
¢ > k, and available is an estimator 6 of 8y with asymptotic properties

0% 00, v (8=00) SN (0,75).

Also suppose that available is a symmetric and positive definite estimator Vg) of V;. The MD
estimator is defined as

ap = argmin (6= 5(7)) W (6-5()

where W is some symmetric positive definite data-dependent matrix consistent for a symmetric
positive definite weight matrix W. Assume that I' is compact, s(y) is continuously differentiable
with full rank matrix of derivatives S(v) = 9s()/97" on I, 7, is unique and all needed moments
exist,.
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1. Give an informal argument for consistency of 4,,p. Derive the asymptotic distribution of

YmD-
2. Find the optimal choice for the weight matrix W and suggest its consistent estimator.
3. Develop a specification test, i.e. of the hypothesis Hy : 3y, such that 6y = s(v,).

4. Apply parts 1-3 to the following problem. Suppose that we have an autoregression of order
2 without a constant term:

(1= pL)?y = &4,

where |p| < 1, L is the lag operator, and &; is IID(0, 0%). Written in another form, the model
is

Yr = 01y1—1 + O2yr—2 + €4,

and (61, 02) may be efficiently estimated by OLS. The target, however, is to estimate p and
verify that both autoregressive roots are indeed equal.

12.4 Formation of moment conditions

1. Let z be a scalar random variable. Let it be known that z has mean g and that its fourth
central moment equals three times its squared variance (like for a normal random variable).
Formulate a system of moment conditions for GMM estimation of u.

2. Consider the AR(1)-ARCH(1) model
Ye = pyi—1+e, BElell1]=0, E[ef|l_1] =w+efq,

where I;_; embeds information on the history from g;_; to the past. Such models are typically
estimated by ML, but may also be estimated by GMM, if desired. Suppose you have data
on y for t =1,...,T. Construct an overidentifying set of moment conditions to be used by
GMM.

12.5 What CMM estimates

Let g(z,q) be a function such that dimensions of g and ¢ are identical, and let z1,...,z, be a
random sample. Note that nothing is said about moment conditions. Define 6 as the solution to

> g(ziq) = 0.
=1

What is the probability limit of 6?7 What is the asymptotic distribution of 0?
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12.6  Trinity for GMM

Derive the three classical tests (W, LR, LM) for the composite null
Hyp:0€09={60:h(0) =0},

where h : R¥ — RY, for the efficient GMM case. The analog for the Likelihood Ratio test will be
called the Distance Difference test. Hint: treat the GMM objective function as the “normalized
loglikelihood”, and its derivative as the “sample score”.

12.7 All about J

1. Show that the J-test statistic diverges to infinity when the system of moment conditions is
misspecified.

2. Provide an example showing that the J-test statistic need not be asymptotically chi-squared
with degrees of freedom equalling the degree of overidentification under valid moment restric-
tions, if one uses a non-efficient GMM.

3. Suppose an econometrician estimates parameters of a time series regression by GMM after
having chosen an overidentifying vector of instrumental variables. He performs the overiden-
tification test and claims: “A big value of the [J-statistic is an evidence against validity of
the chosen instruments”. Comment on this claim.

12.8 Interest rates and future inflation

Frederic Mishkin in early 90’s investigated whether the term structure of current nominal interest
rates can give information about future path of inflation. He specified the following econometric
model:

T = = O F B (" —80) 0y, B[] =0, (12.1)

where 7F is k-periods-into-the-future inflation rate, if is the current nominal interest rate for k-
periods-ahead maturity, and n;"" is the prediction error.

1. Show how (12.1) can be obtained from the conventional econometric model that tests the
hypothesis of conditional unbiasedness of interest rates as predictors of inflation. What re-
striction on the parameters in (12.1) implies that the term structure provides no information
about future shifts in inflation? Determine the autocorrelation structure of 7;"".

2. Describe in detail how you would test the hypothesis that the term structure provides no
information about future shifts in inflation, by using overidentifying GMM and asymptotic
theory. Make sure that you discuss such issues as selection of instruments, construction of
the optimal weighting matrix, construction of the GMM objective function, estimation of
asymptotic variance, etc.
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3. Mishkin obtained the following results (standard errors are in parentheses):

m, n Qmn Bim.n t-test of  t-test of

3,1 0.1421 —0.3127 —0.70 2.92
(0.1851) (0.4498)

6,3 0.0379  0.1813 0.33 1.49
(0.1427)  (0.5499)

9,6 0.0826  0.0014 0.01 3.71

(0.0647)  (0.2695)

Discuss and interpret the estimates and results of hypotheses tests.

12.9 Spot and forward exchange rates

Consider a simple problem of prediction of spot exchange rates by forward rates:

sie1—se=a+B(fi —s) +e1, Bile] =0, Eylef,] =02

where s; is the spot rate at ¢, f; is the forward rate for one-month forwards at ¢, and [E; denotes
expectation conditional on time t information. The current spot rate is subtracted to achieve
stationarity. Suppose the researcher decides to use ordinary least squares to estimate o and S.
Recall that the moment conditions used by the OLS estimator are

E [€t+1] = O, E [(ft — St) €t+1] =0. (122)
1. Beside (12.2), there are other moment conditions that can be used in estimation:

E[(fi—r — st—k) et41] = 0,

because f;_p — s¢_j belongs to information at time ¢ for any k£ > 1. Consider the case k =1
and show that such moment condition is redundant.

2. Beside (12.2), there is another moment condition that can be used in estimation:

E[(ft — st) (firr — f)] =0,

because information at time ¢ should be unable to predict future movements in forward rates.
Although this moment condition does not involve « or (3, its use may improve efficiency
of estimation. Under what condition is the efficient GMM estimator using both moment
conditions as efficient as the OLS estimator? Is this condition likely to be satisfied in practice?

12.10 Returns from financial market

Suppose you have the following parametric model supported by one of financial theories, for the
daily dynamics of 3-month Treasury bills return r;:

Tee1 — 1 = Bo + Bare + Bori + Bary b+ et
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where

5t+1ut NN(O (72 2’Y)

where I; contains information on r¢, r;_1, . ... Such model arises from a discretization of a continuous
time process defined by a diffusion model for returns. Suppose you have a long stationary and
ergodic sample {rt}thl.

In answering the following questions, first of all write out the mentioned estimators, giving

explicit formulas whenever possible.

1.

Derive the asymptotic distributions of the OLS and feasible GLS estimators of the regression
coefficients. Write out moment conditions that correspond to these estimators.

. Derive the asymptotic distributions of the ML estimator of all parameters. Write out a system

of moment conditions that corresponds to this estimator.

. Construct an exactly identifying system of moment conditions from (a) the moment con-

ditions implicitly used by OLS estimation of the regression function, and (b) the moment
conditions implicitly used by NLLS estimation of the skedastic function. Derive the asymp-
totic distribution of the resulting method of moments estimator of all parameters.

. Compare the asymptotic efficiency of the estimators from parts 1-3 for the regression para-

meters, and of the estimators from parts 2-3 for o2 and +.

12.11 Instrumental variables in ARMA models

1.

Consider an AR(1) model ; = px;—1 + e; with B [e;|I;—1] = 0, B [e}|I—1] = 02, and |p| < 1.
We can look at this as an instrumental variables regression that implies, among others, instru-
ments T;_1, T¢+—2, .... Find the asymptotic variance of the instrumental variables estimator
that uses instrument z;_;, where 7 = 1,2,.... What does your result suggest on what the
optimal instrument must be?

. Consider an ARM A(1,1) model y; = ay;—1 +e;—0Oe,—1 with |af < 1, 10| < 1 and E [e;|;—1] =

0. Suppose you want to estimate o by just-identifying IV. What instrument would you use
and why?

12.12 Hausman may not work

1.

Suppose we want to perform a Hausman test for validity of instruments z for a linear con-
ditionally homoskedastic mean regression model. To this end, we compute OLS estimator
BO s and 2SLS estimator 52SLS of 8 using and z as instruments. Explain carefully why
the Hausman test based on comparison of 3o ¢ and Bogyg will not work.

. Suppose that in a context of a linear model with (overidentifying) instrumental variables a

researcher intends to test for conditional homoskedasticity using a Hausman test based on
the difference between the 2SLS and GMM estimators of parameters. Explain carefully why
this is not a good idea.
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12.13 Testing moment conditions

In the linear model
y=a'8+u

under random sampling and the unconditional moment restriction E [zu] = 0, suppose you wanted
to test the additional moment restriction K [xu?’] = 0, which might be implied by conditional
symmetry of the error terms wu.

A natural way to test for the validity of this extra moment condition would be to efficiently
estimate the parameter vector 5 both with and without the additional restriction, and then to check
whether the corresponding estimates differ significantly. Devise such a test and give step-by-step
instructions for carrying it out.

12.14 Bootstrapping OLS

We know that one should use recentering when bootstrapping a GMM estimator. We also know
that the OLS estimator is one of GMM estimators. However, when we bootstrap the OLS estimator,
we calculate

B* — (X*/X*)—lx*/y*

at each bootstrap repetition, and do not recenter. Resolve the contradiction.

12.15 Bootstrapping DD

The Distance Difference test statistic for testing the composite null Hy : h(0) = 0 is defined as

where Q,,(q) is the GMM objective function

Qula) = (i Zm<zi,q>> Qi (;meq)) ,

where Qynm consistently estimates Qum = E [m (z,0) m(z, 9)/] . It is known that, as the sample

size n tends to infinity, DD 4, X?lim(q)' Write out a detailed formula for the bootstrap statistic DD*.
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13. PANEL DATA

13.1 Alternating individual effects

Suppose that the unobservable individual effects in a one-way error component model are different
across odd and even periods:

yir = p& + B+ vy for odd ¢, "
Yit = ,uiE + 2,8+ v for even t,

wheret =1,2,...,27T, ¢ =1,...n. Note that there are 21 observations for each individual. We will

call (x) “alternating effects” specification. As usual, we assume that vy are I1D(0,02) independent

of z’s.

1. There are two ways to arrange the observations: (a) in the usual way, first by individual, then
by time for each individual; (b) first all “odd” observations in the usual order, then all “even”
observations, so it is as though there are 2N “individuals” each having T' observations. Find
out the ()-matrices that wipe out individual effects for both arrangements and explain how
they transform the original equations. For the rest of the problem, choose the @-matrix to
your liking.

2. Treating individual effects as fixed, describe the Within estimator and its properties. Develop
an F-test for individual effects, allowing heterogeneity across odd and even periods.

3. Treating individual effects as random and assuming their independence of x’s, v’s and each

other, propose a feasible GLS procedure. Consider two cases: (a) when the variance of

“alternating effects” is the same: V [M?] =V [MZE] = ai, (b) when the variance of “alternating

effects” is different: V [u?] = 020, \% [,uZE] =02, o?) # 0%,

13.2  Time invariant regressors

Consider a panel data model
Vit = 2B+ ziy Fp v, i=1,2....n, t=12...T,
where n is large and T is small. One wants to estimate 8 and ~.

1. Explain how to efficiently estimate 5 and v under (a) fixed effects, (b) random effects, when-
ever it is possible. State clearly all assumptions that you will need.

2. Consider the following proposal to estimate . At the first step, estimate the model y;; =
z,, B+ m; +vi by the least squares dummy variables approach. At the second step, take these
estimates 7; and estimate the coefficient of the regression of 7; on z;. Investigate the resulting
estimator of v for consistency. Can you suggest a better estimator of v?
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13.3  Within and Between

Recall the standard one-way static error component model. For simplicity, assume that all data are
in deviations from their means so that there is no intercept. Denote by BW and B 5 the Within and
Between estimators of structural parameters, respectively. Denote the matrix of right side variables
by X. Show that under random effects, BW and B p are uncorrelated conditionally on X. Develop
an asymptotic test for random effects based on the difference between BW and B - In particular,
derive the asymptotic distribution of your test statistic when the random effects model is valid,
and show that it asymptotically diverges to infinity when the random effects are inappropriate.

13.4 Panels and instruments

Recall the standard one-way static error component model with random effects where the regressors
are denoted by x;;. Suppose that these regressors are endogenous. Additional data z; for each
individual at each time period are given, and let these additional variables be independent of
the errors and correlated with the regressors. Hence, one can use these variables as instrumental
variables (IV). Using knowledge of linear panel regressions and IV theory, answer the following
questions about various estimators, not worrying about standard errors.

1. Develop the IV-Within estimator and show that it will be identical irrespective of whether
one uses original instruments or Within-transformed instruments.

2. Develop the IV-Between estimator and show that it will be identical irrespective of whether
one uses original instruments or Between-transformed instruments.

3. What will happen if we use Within-transformed instruments in the Between regression? If
we use Between-transformed instruments in the Within regression?

4. Develop the IV-GLS estimator and show that now it matters whether one uses original in-
struments or GLS-transformed instruments. Intuitively, which way would you prefer?

5. What will happen if we use Within-transformed instruments in the GLS-transformed regres-
sion? If we use Between-transformed instruments in the GLS-transformed regression?

13.5 Differencing transformations

Evaluate the following proposals.

1. In a one-way error component model with fixed effects, instead of using individual dummies,
one can alternatively eliminate individual effects by taking the first differencing (FD) trans-
formation. After this procedure one has n(7T — 1) equations without individual effects, so the
vector 5 of structural parameters can be estimated by OLS.

2. Recall the standard dynamic panel data model. The individual heterogeneity may be removed
not only by first differencing, but also by (for example) subtracting the equation corresponding
to t = 2 from each other equation for the same individual.
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13.6  Nonlinear panel data model

We know (see Problem 9.3) that the NLLS estimator of « and 3

() wese o)

in the nonlinear model
(y+a)® =pz +e,

where e is independent of z, is in general inconsistent.

Suppose that there is a panel {@i, yit }iy thl, where n is large and T is small, so that there is
an opportunity to control individual heterogeneity. Write out a one-way error component model
assuming the same functional form but allowing for individual heterogeneity in the form of random
effects. Using an analogy with the theory of a linear panel regression, propose a multistep procedure
of estimating a and 8 adapting the estimator you used in Problem 9.3 to a panel data environment.

13.7 Durbin—Watson statistic and panel data

!Consider the standard one-way error component model with random effects:
Vit = T+ + v, i=1,...,n, t=1,...,T, (13.1)

where 8 is k x 1, p; are random individual effects, pu; ~ I1D(0, ai), v;; are idiosyncratic shocks,
vy ~ I1D(0, 012}), and p,; and v;; are independent of z;; for all ¢ and ¢ and mutually. The equations
are arranged so that the index ¢ is faster than the index ¢. Consider running OLS on the original
regression (13.1) and running OLS on the GLS-transformed regression

vit — 7. = (2hy — 72.) B+ (1 — *)py +vig — 70, i=1,...,n, t=1,...,T, (13.2)

where 7 is a consistent (as n — oo and T stays fixed) estimate of 7 = 1—0,/4/02 + T'o%. When each

OLS estimate is obtained using a typical regression package, the Durbin—Watson (DW) statistic is
provided among the regression output. Recall that if é1, éa, ..., éy_1, én is a series of regression
residuals, then the DW statistic is

1. Derive the probability limits of the two DW statistics, as n — oo and T stays fixed.

2. Using the obtained result, propose an asymptotic test for individual effects based on the DW
statistic [Hint: That the errors are estimated does not affect the asymptotic distribution of
the DW statistic. Take this for granted.]

!This problem is a part of S. Anatolyev (2002, 2003) Durbin-Watson statistic and random individual effects.
Econometric Theory 18, Problem 02.5.1, 1273-1274, and 19, Solution 02.5.2, 882-883.
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13.8 Higher-order dynamic panel

Formulate a linear dynamic panel regression with a single weakly exogenous regressor, and AR(2)
feedback in place of AR(1) feedback (i.e. when two most recent lags of the left side variable are
present at the right side). Describe the algorithm of estimation of this model.
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14. NONPARAMETRIC ESTIMATION

14.1 Nonparametric regression with discrete regressor

Let (z;,yi), i =1,...,n be a random sample from the population of (z,y), where = has a discrete
distribution with the support ay), ..., a.), where a(;) < ... < a(,). Having written the conditional
expectation E [y|x = a(j)} in the form that allows to apply the analogy principle, propose an analog
estimator g; of g; = E [y]ac = a(j)] and derive its asymptotic distribution.

14.2 Nonparametric density estimation

Suppose we have a random sample {z;}7 ; and let
1 n

F(z) = n;ﬂ[xi < 7]
i

denote the empirical distribution function if x;, where I(-) is an indicator function. Consider two
density estimators:
o one-sided estimator:

fula) = F(:c—l—h]i—F(x)
o two-sided estimator: . .
fg(x) _ F(z+h/2) ; F(z —h/2)

Show that:
(a) F(z) is an unbiased estimator of F(z). Hint: recall that F(z) = P{z; <z} = E[I[z; < z]].

(b) The bias of fi(z) is O (h%). Find the value of a. Hint: take a second-order Taylor series
expansion of F'(z + h) around z.

(c) The bias of fao(z) is O (k). Find the value of b. Hint: take a second-order Taylor series
expansion of F (m + %) and F' (:U — %) around x.

14.3 Nadaraya—Watson density estimator

Derive the asymptotic distribution of the Nadaraya—Watson estimator of the density of a scalar
random variable z having a continuous distribution, similarly to how the asymptotic distribution
of the Nadaraya—Watson estimator of the regression function is derived, under similar conditions.
Give interpretation to how your expressions for asymptotic bias and asymptotic variance depend
on the shape of the density.
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14.4  First difference transformation and nonparametric regression

This problem illustrates the use of a difference operator in nonparametric estimation with IID data.
Suppose that there is a scalar variable z that takes values on a bounded support. For simplicity,
let z be deterministic and compose a uniform grid on the unit interval [0, 1]. The other variables
are IID. Assume that for the function g (-) below the following Lipschitz condition is satisfied:

lg(u) — g(v)| < Glu —v|
for some constant G.

1. Consider a nonparametric regression of y on z:
vi=g(z)+e, i=1,...,n, (14.1)

where E [e;|z;] = 0. Let the data {(z;,v;)}/; be ordered so that the z’s are in increasing
order. A first difference transformation results in the following set of equations:

Yi — Yi—1 = g(zl) — g(zz;l) +e —€-1, 1=2,...,n. (14.2)

The target is to estimate o2 = [e?] . Propose its consistent estimator based on the FD-

transformed regression (14.2). Prove consistency of your estimator.

2. Consider the following partially linear regression of y on x and z:
yi=zi8+9(z)+e, i=1,...,n, (14.3)

where E [e;|z;, z;] = 0. Let the data {(z;, z;, i) }I; be ordered so that the z’s are in increasing
order. The target is to nonparametrically estimate g. Propose its consistent estimator using
the FD-transformation of (14.3). [Hint: on the first step, consistently estimate § from the
FD-transformed regression.] Prove consistency of your estimator.

14.5 Unbiasedness of kernel estimates

Recall the Nadaraya—Watson kernel estimator ¢ (x) of the conditional mean g (z) = E[y|z] con-
structed for a random sample. Show that if g (z) = ¢, where ¢ is some constant, then §(z) is
unbiased, and provide intuition behind this result. Find out under what circumstance will the
local linear estimator of g () be unbiased under random sampling. Finally, investigate the kernel
estimator of the density f (z) of x for unbiasedness under random sampling.

14.6 Shape restriction

Firms produce some product using technology f(l,k). The functional form of f is unknown,
although we know that it exhibits constant returns to scale. For a firm ¢, we observe labor [;,
capital k;, and output y;, and the data generating process takes the form y; = f(l;,k;) + &,
where E [g;] = 0 and ¢; is independent of (l;,k;). Using random sample {y;,l;, k;i};—,, suggest a
nonparametric estimator of f(l, k) which also exhibits constant returns to scale.
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14.7 Nonparametric hazard rate

Let z,..., 2, be scalar IID random variables with unknown PDF f(-) and CDF F(-). Assume
that the distribution of z has support R. Pick ¢ € R such that 0 < F'(t) < 1. The objective is to
estimate the hazard rate H(t) = f(t)/(1 — F(t)).

(i) Suggest a nonparametric estimator for F(t). Denote this estimator by F ().

(ii) Let

Fo = Yok (5)

denote the Nadaraya—Watson estimate of f(¢) where the bandwidth h,, is chosen so that
nh® — 0, and k(-) is a symmetric kernel. Find the asymptotic distribution of f(¢). Do not
worry about regularity conditions.

(iii) Use f(t) and E(t) to suggest an estimator for H(t). Denote this estimator by H(t). Find the
asymptotic distribution of H (t).

14.8 Nonparametrics and perfect fit

Analyze carefully the asymptotic properties of the Nadaraya—Watson estimator of a regression
function with perfect fit, i.e. when the variance of the error is zero.

14.9 Nonparametrics and extreme observations

Discuss the behavior of a Nadaraya—Watson mean regression estimate when one of 11D observations,
say (x1,y1), tends to assume extreme values. Specifically, discuss

(a) the case when x; is very big,

(b) the case when y; is very big.
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15. CONDITIONAL MOMENT RESTRICTIONS

15.1 Usefulness of skedastic function

Suppose that for the following linear regression model
y=a'8+e, Elelz] =0
the form of a skedastic function is
E [¢*|z] = h(z, B, ),

where h(-) is a known smooth function, and 7 is an additional parameter vector. Compare asymp-
totic variances of optimal GMM estimators of 5 when only the first restriction or both restrictions
are employed. Under what conditions does including the second restriction into a set of moment
restrictions reduce asymptotic variance? What if the function h(-) does not depend on 87 What if
in addition the distribution of e conditional on z is symmetric?

15.2 Symmetric regression error

Consider the regression
y=axr+e, BElelz]=0,
where all variables are scalars. The random sample {y;, z;}.; is available.
1. The researcher also suspects that y, conditional on z, is distributed symmetrically around the

conditional mean. Devise a Hausman specification test for this symmetry. Be specific and
give all details at all stages when constructing the test.

2. Suppose that even though the Hausman test rejects symmetry, the researcher uses the as-

sumption that elz ~ N(0,02). Derive the asymptotic properties of the QML estimator of
a.

15.3 Optimal instrumentation of consumption function

Consider the model
ct :a—l—éyg—ket,

where ¢; is consumption at ¢, y; is income at ¢, and all variables are jointly stationary. There is
endogeneity in income, however, so that e; is not mean independent of y;. However, the lagged
values of income are predetermined, so e; is mean independent of the past history of y; and ¢;:

E [et|yt—1,ct—1,Yt—2, ct—2,...] = 0.

Suppose a long time series on ¢; and g is available. Outline how you would estimate the model
parameters most efficiently.
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15.4 Optimal instrument in AR-ARCH model

Consider an AR(1) — ARCH(1) model: z; = pz;—1 + €; where the distribution of ¢; conditional
on I;_7 is symmetric around 0 with E [s?![t_l] = (1 — a) + ag? |, where 0 < p,a < 1 and
It = {fEt,SCt_l, .. } .

1. Let the space of admissible instruments for estimation of the AR(1) part be

o oo
Z = {Zqﬁixt_i, s.t. Zqﬁ? < oo}.
i=1 i=1

Using the optimality condition, find the optimal instrument as a function of the model para-
meters p and «. Outline how to construct its feasible version.

2. Use your intuition to speculate on relative efficiency of the optimal instrument you found in

part 1 versus the optimal instrument based on the conditional moment restriction E [, [;_1] =
0.

15.5 Optimal instrument in AR with nonlinear error

Consider an AR(1) model z; = pzy_1 + &, where the disturbance ¢; is generated as g, = n,m;_1,
where 7, is an IID sequence with mean zero and variance one.

1. Show that E[e;z4—;] = 0 for all j > 1. Find the optimal instrument based on this system
of unconditional moment restrictions. How many lags of z; does it employ? Outline how to
construct its feasible version.

2. Show that E [e4|I;_1] = 0, where I; = {z,z¢—1,...}. Find the optimal instrument based on

this conditional moment restriction. Outline how to construct its feasible version, or, if that
is impossible, explain why.

15.6 Optimal IV estimation of a constant

Consider the following MA(p) data generating mechanism:
Y = + @(L)E:t,

where £, is a mean zero IID sequence, and ©(L) is lag polynomial of finite order p. Derive the
optimal instrument for estimation of o based on the conditional moment restriction

E [yt‘yt—p—la yt—p—Q, .. ] = .
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15.7 Negative binomial distribution and PML

Determine if using the negative binomial distribution having the density

Pl = it () (5

where m is its mean and ¢ is an arbitrary known constant, leads to consistent estimation of fy in
the mean regression

Elylz] = m (z,60)

when the true conditional distribution is heteroskedastic normal, with the skedastic function

Vylz] = 2m (z,00) .

15.8 Nesting and PML

Consider the regression model E [y|z] = m (z,6p) . Suppose that a PML1 estimator based on the
density f (z, u) parameterized by the mean p consistently estimates the true parameter 6y. Consider
another density h (z, u, ) parameterized by two parameters, the mean p and some other parameter
¢, which nests f (z,u) (i.e., f is a special case of h). Use the example of the Weibull distribution
having the density

h(z,u,g):§<w> 2 Lexp (— (F(l—i_g_l)z>>-ﬂ[z20], ¢ >0,

ft I

to show that the PML1 estimator based on h (z, u,s) does not necessarily consistently estimates
fy. What is the econometric explanation of this perhaps counter-intuitive result?

Hint: you may use the information that E [22} = u’T (2 + g’l) /T (1 + g’1)2, I'(z) = (x—
D' (z—1),and I'(1) = 1.

15.9 Misspecification in variance

Consider the regression model E [y|z] = m (z,0p) . Suppose that this regression is conditionally nor-
mal and homoskedastic. A researcher, however, uses the following conditional density to construct
a PML1 estimator of 6:

(ylz,0) ~ N (m (3,6),m(z,0)?)

Establish if such estimator is consistent for 6.
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15.10 Modified Poisson regression and PML estimators

ILet the observable random variable y be distributed, conditionally on observable 2 and unobserv-
able € as Poisson with the parameter \(z) = exp(z’5+¢), where Elexpe|z] = 1 and V]expe|z] = o2.

Suppose that vector x is distributed as multivariate standard normal.

1. Find the regression and skedastic functions, where the conditional information involves only
x.

2. Find the asymptotic variances of the Nonlinear Least Squares (NLLS) and Weighted Nonlinear
Least Squares (WNLLS) estimators of 3.

3. Find the asymptotic variances of the Pseudo-Maximum Likelihood (PML) estimators of (
based on

(a) the normal distribution;
(b) the Poisson distribution;

(¢) the Gamma distribution.

4. Rank the five estimators in terms of asymptotic efficiency.

15.11 Optimal instrument and regression on constant

Consider the following model:
Yy =a+e, 1=1...,n,

where unobservable e; conditionally on z; is distributed symmetrically with mean zero and variance

r?0% with unknown 2. The data (y;, ;) are IID.

1. Construct a pair of conditional moment restrictions from the information about the condi-
tional mean and conditional variance. Derive the optimal unconditional moment restrictions,
corresponding to (a) the conditional restriction associated with the conditional mean; (b) the
conditional restrictions associated with both the conditional mean and conditional variance.

2. Describe in detail the GMM estimators that correspond to the two optimal sets of uncondi-
tional moment restrictions of part 1. Note that in part 1(a) the parameter o2 is not identified,
therefore propose your own estimator of o2 that differs from the one implied by part 1(b). All
estimators that you construct should be fully feasible. If you use nonparametric estimation,
give all the details. Your description should also contain estimation of asymptotic variances.

3. Compare the asymptotic properties of the GMM estimators that you designed.

4. Derive the Pseudo-Maximum Likelihood estimator of o and o2 of order 2 (PML2) that is
based on the normal distribution. Derive its asymptotic properties. How does this estimator
relate to the GMM estimators you obtained in part 27

'The idea of this problem is borrowed from Gourieroux, C. and Monfort, A. ”Statistics and Econometric Models”,
Cambridge University Press, 1995.
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16. EMPIRICAL LIKELIHOOD

16.1 Common mean

Suppose we have the following moment restrictions: E[z] = E [y] = .

1. Find the system of equations that yields the empirical likelihood (EL) estimator 6 of 6, the
associated Lagrange multipliers A and the implied probabilities p;. Derive the asymptotic
variances of § and A and show how to estimate them.

2. Reduce the number of parameters by eliminating the redundant ones. Then linearize the
system of equations with respect to the Lagrange multipliers that are left, around their
population counterparts of zero. This will help to find an approximate, but explicit solution
for é, A and p;. Derive that solution and interpret it.

3. Instead of defining the objective function

1 n
- E log p;
n

=1

as in the EL approach, let the objective function be

1 n
—— E p; log p;.
n <
=1

This gives rise to the exponential tilting (ET) estimator of #. Find the system of equations
that yields the ET estimator of 9 the associated Lagrange multipliers A and the implied
probabilities p;. Derive the asymptotic variances of 0 and ) and show how to estimate them.

16.2 Kullback—Leibler Information Criterion

The Kullback-Leibler Information Criterion (KLIC) measures the distance between distributions,
say ¢g(z) and h(z):

KLIC(g:h)=E, [log ZEz;] )

where E, [] denotes mathematical expectation according to g(z).
Suppose we have the following moment condition:

E[m(zi, 00)] =0, £>k,

kx1 Ix1
and a random sample z1, ..., z, with no elements equal to each other. Denote by e the empirical
distribution function (EDF), i.e. the one that assigns probability % to each sample point. Denote
by 7 a discrete distribution that assigns probability m; to the sample point z;, i =1,...,n.
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1. Show that minimization of LZC(e : ) subject to > ;m = 1 and > | mym(z;,0) = 0
yields the Empirical Likelihood (EL) value of # and corresponding implied probabilities.

2. Now we switch the roles of e and 7 and consider minimization of KXLIC(w : e) subject to
the same constraints. What familiar estimator emerges as the solution to this optimization
problem?

3. Now suppose that we have a priori knowledge about the distribution of the data. So, instead
of using the EDF, we use the distribution p that assigns known probability p; to the sample
point z;, i = 1,...,n (of course, Y " | p; = 1). Analyze how the solutions to the optimization
problems in parts 1 and 2 change.

4. Now suppose that we have postulated a family of densities f(z,#) which is compatible with
the moment condition. Interpret the value of # that minimizes LZC(e : f).

16.3 Empirical likelihood as IV estimation

Consider a linear model with instrumental variables:
y=12'B+e, Elze]=0,

where z is k x 1, zis £ x 1, and ¢ > k. Write down the EL estimator of 5 in a matrix form of a (not
completely feasible) instrumental variables estimator. Also write down the efficient GMM estimator,
and explain intuitively why the former is expected to exhibit better finite sample properties than
the latter.
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17. ADVANCED ASYMPTOTIC THEORY

17.1 Maximum likelihood and asymptotic bias

Derive the second order bias of the Maximim Likelihood (ML) estimator X of the parameter A > 0
of the exponential distribution

Nexp(—)\y), y >0

obtained from random sample y1, ..., yr,

(a) using an explicit formula for \;

(b) using the expression for the second order bias of extremum estimators.

Construct the bias corrected ML estimator of \.

17.2 Empirical likelihood and asymptotic bias

Consider estimation of a scalar parameter 6 on the basis of the moment function

weo- ()

and IID data (z;,v;), ¢ = 1,...,n. Show that the second order asymptotic bias of the empirical
likelihood estimator of 8 equals 0.

17.3  Asymptotically irrelevant instruments

Consider the linear model
y = Bz +e,

where scalar random variables x and e are correlated with the correlation coefficient p. Available
are data for an ¢ x 1 vector of instruments z. These instruments, however, are asymptotically
irrelevant, i.e. E[zz] = 0. The data (z;,v:, 2), ¢ = 1,...,n, are IID. You may additionally assume
that both x and e are homoskedastic conditional on z, and that they are homocorrelated conditional
on z.

1. Find the probability limit of the 2SLS estimator of § from the first principles (i.e. without
using the weak instruments theory).
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2. Verify that your result in part 1 conforms to the weak instruments theory being its special
case.

3. Find the expected value of the probability limit of the 2SLS estimator. How does it relate to
the probability limit of the OLS estimator?

17.4 Weakly endogenous regressors

Consider the regression

where the regressors X are correlated with the error £, but this correlation is weak. Consider the
decomposition of £ to its projection on X and the orthogonal component U:

E=Xnm+U.

Assume that (nilX'X,nflﬁX’U) 2 (Q,€), where £ ~ N (0,02Q) and Q has full rank. Show
that under the assumption of the drifting parameter DGP m = ¢/y/n, where n is the sample size
and c is fixed, the OLS estimator of § is consistent and asymptotically noncentral normal, and

derive the asymptotic distribution of the Wald test statistic for testing the set of linear restriction
RpB = r, where R has full rank q.

17.5 Weakly invalid instruments

Consider a linear model with IID data
y =Bz +e,

where all variables are scalars.
1. Suppose that x and e are correlated, but there is an £ x 1 strong “instrument” z weakly

correlated with e. Derive the asymptotic (as n — oo) distributions of the 2SLS estimator of
B, its t ratio, and the overidentification test statistic

n&’Z(z'Z)—lz'ﬁ

J = =
u'u

)

where U = Y — BX are the vector of 2SLS residuals and Z is the matrix of instruments,
under the drifting DGP w = ¢,,/+/n, where w is the vector of coefficients on z in the linear
projection of e on z. Also, specialize to the case £ = 1.

2. Suppose that x and e are correlated, but there is an ¢ x 1 weak “instrument” z weakly
correlated with e. Derive the asymptotic (as n — oo) distributions of the 2SLS estimator of
B, its t ratio, and the overidentification test statistic J, under the drifting DGP w = ¢, /\/n
and ™ = ¢ /+/n, where w is the vector of coefficients on z in the linear projection of e on z,
and 7 is the vector of coefficients on z in the linear projection of x on z. Also, specialize to
the case £ = 1.
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1. ASYMPTOTIC THEORY: GENERAL AND
INDEPENDENT DATA

1.1 Asymptotics of transformations

1. There are at least two ways to solve the problem. An easier way is using the “second-order
Delta-method”, see Problem 1.8. The second way is using trigonometric identities and the
regular Delta-method:

~ AN\ 2
~ 2 1
T(1—cos¢) = 2Tsin2§ =2 (ﬁsini) 49 (COZSW - N (0, 1)) ~ 5)(%

2. Recalling how the Delta-method is proved,

A~

Osingy (D= 27) % A (0,1).

Tsintp = T(sin¢) — sin27) =T 0

w*ﬂaﬂ

3. By the Mann—Wald theorem,

logT+log9i>logxf = logéﬁ—oo = Tlogég_oo.

1.2 Asymptotics of rotated logarithms

Use the Delta-method for

()= Ge)) = 6))

and
T _ (Inz —Iny
g y)) \Inz+1Iny/)
We have
dg (:c) _ < 1z —1/y > - 99 <uu) _ < Vb =1/t >
oz y) \y Vz 1)y )’ Iz y) \ Vi py )7
% InU, —1InV, 1 1 0
NUp — 10 Vn I fly, — 10 Ly d /
- >
V(e - mve) ~ (e ame)) == () 627
where
Wy 2wy Wov Wy Wov
2 2 2T 2
g Ky, Hooy oy Ky Hy, Hy
GZG o M _ w’UU wuu 2wu'[) w'l)’l)
pa o A U TR T

It follows that InU,, — InV,, and InU,, + InV,, are asymptotically independent when wu; = w”;.
My Hy
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1.3 Escaping probability mass

(i) The expectation is

Bli] =Bl AP (4} + B [0l P {4} = (1- 1) 41,

n

so the bias is
B, —p=-5+1-1

as n — 00. The expectation of the square is

Emﬂ:Epﬂ%mm%yHmﬁmgpp%p:@%ﬁf)Q_;)+m

so the variance is
. . . 1 1
V(i) =B (A7) - B[A,)" =~ (1 - n) ((n —n)* + 02) o
as n — 00. As a consequence, the MSE of fi,, is

. . . 1 1
B ] = ¥ [l + (0] — 07 = 1 (0= + (1- ) ).
and also tends to infinity as n — oc.

(ii) Despite the MSE of fi,, goes to infinity, fi,, is consistent: for any ¢ > 0,
. _ 1 1
Pl 4l > b =P (50— > e} (1= 1) + Pl sl > e} =0
by consistency of Z,, and boundedness of probabilities. The CDF of /n(f,, — u) is
F -y ) = P{V/n(iy, —p) <t
1 1
= P{Vn(z, —p) <t} (1_n> +P{v/n(n —p) St}ﬁ
—  Fp,02) ()
by the asymptotic normality of Z,, and boundedness of probabilities.

(iii) Since the asymptotic distributions of Z,, and fi, are the same, the approximate confidence
intervals for p will be identical except that they center at z,, and fi,,, respectively.

1.4 Asymptotics of t-ratios

The solution is straightforward once we determine to which vector the LLN or CLT should be
applied.

(a) When p = 0, we have: T % 0, \/nT 4, N(0,02), and 6% & 52, Therefore

1
o

VnT, = \/fx < ZN(0,02) ~ N(0,1).
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(b) Consider the vector

W, = (;) = izi ((;L‘i iiu)Z) - <($—OM)2>.

By the LLN, the last term goes in probability to the zero vector, while the first term, and
thus the whole W,,, converges in probability to

plim W,, = <M2>
n— oo g

Moreover, because v/n (T — p) <, N(0,02), we have /n (T — p)? < 0.

Next, let W; = (4, (z; — ,u)z)/. Then /n (Wn — plim Wn> LA N(0,V), where V =V [W;].
Let us calculate V. First, V([z;] = 0 and V [(z; — p)?] = E [((z; — p)? — 02)?] = 7 — o*.
Second, C [z;, (z; — pn)?] = E [(2; — p)((z; — p)? — 02)] = 0. Therefore,

) 0 2 0
va (= pimwa ) £ ((0)-(5 200 )

Now use the Delta-method with the transformation
1
t1 t1 , < <t1> ) 1
g <<t2>> Via g t2 ta \ 5.
2

20 4
\/ﬁ<Tn— plian> iN(o,H’“‘(TU)).
g

n—oo

to get

Indeed, this reduces to N (0,1) when pu = 0.

v (2)-15(5)

1=1 ?

(¢) Similarly, consider the vector

By the LLN, W,, converges in probability to

. Y
lim W,, = .
TI;,)—»oo <,LL2 + 0'2)

Next, v/n (W — plim W, > , where V=V [W;], W, = (a:z, a:l) Let us calculate
V. First, V[z;] =9 andV[ = [w — p? —0?)?] = 7+4p%0% —o*. Second, C [x;,27] =

2]
E [(z; — ,u)(a:2 — p? — ?)] = 2pc?. Therefore,

. d 0 o? 24102
\/E<Wn - 7131_13;1) Wn) — N ((0)7 ( 2:“’0'2 T+4M202 _0.4 )) .
Now use the Delta-method with
t1\\ _
() =7k

N (Rn — plim Rn> Y, <0, W — ot + 406) .

L (02 + o2)?
This reduces to the answer in part (b) if and only if ¢ = 0. Under this condition, 7;, and R,
are asymptotically equivalent.

to get
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1.5 Creeping bug on simplex

Since zj, and y;, are perfectly correlated, it suffices to consider either one, j say. Note that at each
step xj increases by % with probability p, or stays the same. That is, xy = xr_1 + %ﬁk, where ¢, is

IID B (p). This means that xj = % Zle &; which by the LLN converges in probability to E [§;] = p
as k — oo. Therefore, plim (zg,yr) = (p,1 — p). Next, due to the CLT,

Vvn (zr — plim zy) N (0,p(1 —p)).

Therefore, the rate of convergence is y/n, as usual, and
o o x ) 0 p(1—p) —p(l—p) ))
\/ﬁ<( yk> plm(?/k: >> N<<0>’<—p(1—p) p(1—p)
1.6 Asymptotics of sample variance

According to the LLN, a must be E[z], and b must be E[z2]. According to the CLT, ¢(n) must be

/i, and o 2
vl E[[;]]) SN ((0) (epmm Tim'))-

Using the Delta-method with

whose derivative is “ ou,
o((n)= (")
Vi (7 = (@2 = (Bla?) — Blaf?)) &
(o (Y 2 ) ().

vn <E — ()% — V[:U]) 4N (0, V[z?] + 4E[z]*V[z] — 4E[z]C[z,2?]) .

we get

or

1.7 Asymptotics of roots

More precisely, we need to assume that F' is continuously differentiable, at least at (a,#), and that
it possesses a continuously differentiable inverse at (a,#). Suppose that

Vi (a—a) 5 N (0,Va).

The consistency of 6 follows from application of the Mann-Wald theorem. Next, the first-order
Taylor expansion of

F(d,é) —0
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around (a, 0) yields

OF (a*,0%) . OF (a*,0%) /.
F(a,0)+%a,)(a—a)—|—(&9,>(9—9):0,

where (a*,6%) lies between (a,6) and (&, 9) componentwise, and hence is consistent for (a,@).

Because F'(a,f) = 0, we have

OF (a*,0%)

OF (a*,6%)
oa’ +

Vn(a—a) o0

\/ﬁ(é—e):o,

or

) - () O

4N (0, (aF (“’9)>_1 OF (a,0) |, OF (a,0) (8F (a,H)’)l) |

o0’ oa’ “ da 00

where it is assumed that OF (a, ) /06 is of full rank. Alternatively, one could use the theorem on
differentiation of an implicit function.

1.8 Second-order Delta-method

a) From the , VNS, — ,1). sing the Mann—Wald theorem for g(xz) = x* we get
(a) From the CLT, \/nS, % N (0,1). Using the Mann-Wald th for g(z) = 22

d
nSy = xi-

(b) The Taylor expansion around cos(0) = 1 yields cos(S,) = 1 — 3 cos(S%)S2, where S} €
[0,5,,]. From the LLN and Mann-Wald theorem, cos(S%*) 2 1, and from the Slutsky theorem,
2n(1 — cos(Sy)) <, X3

(¢) Let z, 2 z = const and /n(z, — z) 4N (0,0?) . Let g be twice continuously differentiable
at z with ¢’(z) = 0 and ¢”(2) # 0. Then

2ng(zn) —9(2) d o

2 gz

Proof. Indeed, as ¢'(z) = 0, from the second-order Taylor expansion,

1

9(zn) = 9(2) + 59"(") (20 — 2)%,

and, since ¢ (z*) % ¢"(z) and Ve = z) A N (0,1), we have
o

2 g(zn) — 9(2) _ Vﬁ(znz)r a

2
o2 q"(z) o X

QED
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1.9 Asymptotics with shrinking regressor

The OLS estimates are

Yy — (0T w) (R Y 5
i yiws — (0t w) (7 X ) Ly p iy (1.1)

B = D)
nty 95@2 —(n1y2 m) i i

and

Let us consider § first. From (1.1) it follows that

n Yo+ B + uz)xz —n 23 (o B+ w) o @

n-ty, :U -n2(3, xi)?
L Y R0 VA0 VYN Vi e e WP YLD
n=ty 7 pP —n=2(3, pt)? PO=p?) _ 1 ( p(1- ”)) ’

1-p? I—p

B =

B+

which converges to

B+

phm Z P,

n—oo

if £ = plim Y, p'u; exists and is a well-defined random variable. Its moments are E[{] = 0,
E[¢%] = 0?1y and B [6¥] = v;2

R 2
B-pl lpf c. (12)

Now let us look at &. Again, from (1.1) we see that
a=at(B-B) - i+~ wla
n - n - (2 9

where we used (1.2) and the LLN for an average of u;. Next,

_ L

o 1 n
R OELANA

V(e —a) —

Because of (1.2), U, 2 0. From the CLT it follows that Vj, < N(0,0?). Taken together,

Vn(a —a) 5 N(0,0?).

Lastly, let us look at 2

&zzlzégzlz((a_a) . B)xz+ul>2. (1.3)

n n

Using the facts that: (1) (a—&)? 20, (2) (8-5)?/n 5 0,(3) n ' 3,u2 B o? (4) n~ 13w 20,
(5) n=23, plu; B 0, we conclude that

~2 P
O'2 — 0'2.
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The rest of this solution is optional and is usually not meant when the asymptotics of 62 is

Vie? = o) A =3 = o),

since the other terms converge in probability to zero. Using the CLT, we get

V(6% — o%) L N(0,my),

where my =& [uﬂ — 0%, provided that it is finite.

)

1.10 Power trends

. The OLS estimator satisfies

n -1 n n -1 n
B - 5 = (Z ZE?) Zl’m’ﬁi = \/5 (Z i2>\> ZZ)\—’—NN&.
i=1 i=1

i=1 i=1

We can see that B[ — 8] = 0 and

n

V[B N ﬁ] ) (Z Z-2)\> Z,LQ)\-FN_

=1

concerned. Before proceeding to deriving its asymptotic distribution, we would like to mark out
that n=9(5 — 3) 2.0 and n? DT 2,0 for any § > 0. Using the same algebra as before we get

If V[B — ] — 0, the estimator /3 will be consistent. This will occur when g < 2\ + 1 (in this

2
case the continuous analog ( J r t2’\dt) ~ T2 of the first sum squared diverges faster or

converges slowlier than the continuous analog [ Tyxtngy ~ 7224141 of the second sum, as
2220 +1) < 2X\+ p+ 1 if and only if g < 2X + 1). In this case the asymptotic distribution is

n

-1 n
n/\+(1*u)/2(3 -B) = VonM(=n)/2 (Z i2’\> ZZ’HM?Q
i=1

=1

n -2 n
d . _ ‘ ‘
SN 10,6 lim p2AM1# E 2 E P2t
1=

i=1

by Lyapunov’s CLT for independent heterogeneous observations, provided that

(S, 2 2)
(i i)

1/2
as n — 00, which is satisfied as ( i T tz/\Jr“dt) ~ TMut1)/2 diverges faster or converges

Stowelier than (/7 #@M0/2qr) " o pe@ 020/

POWER TRENDS
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2. The GLS estimator satisfies

n -1 n n -1 n
5_g= <Z ﬁ) Z ngjal _ 5 (Z 2'2’\_“) Zix—u/zsi_

=1 =1

Again, E[B — (] =0 and
n —2 n
V[B—-p]=30 (Z i2’\“) > i
i=1 i=1

The estimator B will be consistent under the same condition, i.e. when u < 2A 4+ 1. In this
case the asymptotic distribution is

n -1 n
A2 gy = g -n)2 (Zizw> DAL
=1 =1

n —2 n
d . _ 2N 2
SN (0,6 lim n?M1—# g PPAH E 2AH
n—oo —
1=

=1

by Lyapunov’s CLT for independent heterogeneous observations.
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2. ASYMPTOTIC THEORY: TIME SERIES

2.1 Trended vs. differenced regression

1. The OLS estimator B in this case is

3= Sy —9)(t—1)
IR ()

5 = 1 _ 221& 3Zt5tt
o (T_3 Ztt2 — (12 z:tt)z7 T3 ZttQ — (T2 Ztt)2> <T_2 Zt‘ft).

Because

T

Z CT(T + ZT: +1)(2T + 1)
= =/ 2 5 7
it is easy to see that the ﬁrst vector converges to (12, —6). Therefore,
23 B) = (12, (7).

0 %

Assuming that all conditions for the CLT for heterogenous martingale difference sequences
(e.g., Hamilton (1994) “Time series analysis”, proposition 7.8) hold, we find that

T
L <T5t>iN<<o>jaz<% ;))
T =1 Et () 5 1
because
T T 2
1 t 9. 1 t 1
t=1 t=1
1 X
2
hmTZV[et} = o7,
t=1
T T
1 t R |
hmf ZC [Tet,et} = 0 hmf T=3
t=1 t=1
Consequently,
- 0 11
T3/%(3 — B) — (12, —6) N((O),o?( P2 )) = N(0,125?)
2

2. For the regression in differences, the OLS estimator is

BZ Z — Yi—1) 5+6T_€0.

=1

So, T(B — B) = e — g0 ~ D(0,20?).
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3. When T is sufficiently large, B AN (B, %), and  ~ D (6, %) . It is easy to see that
for large T, the (approximate) variance of the first estimator is less than that of the second.
Intuitively, it is much easier to identify the trend of a trending sequence than the drift of a
drifting sequence.

2.2 Long run variance for AR(1)

The long run variance is V,, = E’i o Clzter, ze—jes—j] . Because e; and z; are scalars, inde-
pendent at all lags and leads, and E[e;] = 0, we have C|[zes, z—je—j] = E[zz—j] Eeer—j] .
Let for simplicity z; also have zero mean. Then for j > 0, E[z2—;] = pl(1— pg)fl o2 and

E [erer—j] = ol (1- pg)fl o2, where p,, 02, p,., 02 are AR(1) parameters. To sum up,

+
V. o? o2 Zoo il plil — L+ p.p. o202
ze — - .
L—p2l—p2 &~ 727 (1=pp)(1=p2)(L—p2) =°

To estimate V., find the OLS estimates p,, 62, p,, 62 from AR(1) regressions and plug them in.
The resulting V.. will be consistent by the Continuous Mapping Theorem.

2.3 Asymptotics of averages of AR(1) and MA(1)

Note that y; can be rewritten as y; = Zjﬁg pia:t,j.

1. (i) y; is not an MDS relative to own past {y;—1,¥t—2,...} as it is correlated with older
ye’s; (i) 2 is an MDS relative to {z;_2,2;_3,...}, but is not an MDS relative to own past
{zt-1, zt—2, ...}, because z; and z;_; are correlated through z;_;.

2. (i) By the CLT for the general stationary and ergodic case, VT 4, N (0,qyy), where
2
o

Qyy = Z;fioo@[yt,yt,j}. It can be shown that for an AR(1) process, v = —, 7, =
N—— 1-— P
Vi
o o?
v¥_j = —5p’. Therefore, q,, = ;r:ioo v = T (ii) By the CLT for the general
—p

1—p?
stationary and ergodic case, VTZr <, N (0,q.,), where q., = vy + 27, + 22;;03 v, =
—~—

=0
(14 6%)0% +200% = o2(1 + ).

3. If we have consistent estimates 62, p, 0 of o2, p, 0, we can estimate qyy and g consistently by

5’2

(1-p)?
Alternatively, we could use robust estimators, like the Newey—West nonparametric estimator,
ignoring additional information that we have. But under the circumstances this seems to be
less efficient.

and &2(1 =+ @)2, respectively. Note that these are positive numbers by construction.
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4.

2.4

. The estimate based on the OLS estimator p of p, is .ﬁ%?’(]) = /. Since VT (p—p) =

For vectors, (i) VT — N (0, Qyy), Where @, = Z;r:ioo Clyt,yt—j] . ButI'g = Z;“:og PIYP'7,
——
L
[j = Pily if j > 0, and I'; = I ; = ToP'Ulif j < 0. Hence Qyy = To + >/ PITo +
SIS TP =T+ (I — P)"'PTo + ToP'(I — P))~! = (I = P)~'S(1 — P')7Y; (i) VTzr <
N(0,Q..), where Q.. =Tg+T1 4+ =X +0X0 + 02 +%0 = (I +0)X(I +0)". As for

estimation of asymptotic variances, it is evidently possible to construct consistent estimators
of Qyy and Q.. that are positive definite by construction.

Asymptotics for impulse response functions

. For the AR(1) process, we get by repeated substitution

o0
Yt = Z ,07€t7j-
j=0

Since the weights decline exponentially, their sum absolutely converges to a finite constant.
The IRF is '
IRF(j)=p’, j=0.

The ARMA(1,1) process written via lag polynomials is
1—-6L

= €
1— pL ty

2t

of which the MA(oo) representation is
e .
zp=¢er+(p—10) Z pEt—i-1.
i=0

Since the weights decline exponentially, their sum absolutely converges to a finite constant.
The IRF is A
IRF(0)=1, IRF(j)=(p—-0)p ' j>0.

d

N (0, 1-— p2) , we can derive using the Delta-method that
VT (@(j) . IRF(j)) 94N (o,fp?(ﬂ'*l) (1- p2))

as T'— oo when j > 1, and@(O)—IRF(O)zO.

. Denote e; = g4 — Og4_1. Since p 2, p and 050 (this will be shown below), we can construct

consistent estimators as

TRF(0) =1, TRF()=(p-0)#™", j>o.

Evidently, IRF (0) has a degenerate distribution. To derive the asymptotic distribution of
— ~\/
IRF(j) for j > 0, let us first derive the asymptotic distribution of (ﬁ, 9) . Consistency can

be shown easily:

. T-1 Zthg 2t—2€t p E[z2es]
p=pt Sptgn =
Ty g2 221 [2t-12]
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0 I erer : ,

— = = Zt*% t; 1-... expansion of é&
1+46 Do €

Since the solution of a quadratic equation is a continuous function of its coefficients, consis-

tency of 0 obtains. To derive the asymptotic distribution, we need the following component:

v b
1+ 62

T erer—1 — Elerer—1] 4
ﬁz e} — E[e7] = N(0,9),
t=3 Zt—92€¢

where © is a 3 x 3 variance matrix which is a function of 6, p, 02 and x = E [¢}] (derivation
is very tedious; one should account for serial correlation in summands). Next, from exam-
ining the formula defining 9, dropping the terms that do not contribute to the asymptotic
distribution, we can find that

ﬁ(—é (- ))%ﬁ@—m

116 \ 1+
tas = (et — Blevera]) + o= (¢~ B[]

for certain constants aq, o, as. It follows by the Delta-method that

ﬁ(@—e)é_w\/f(_ 0 ( 0 ))

1—67 1407\ 1+0

= BT (p—p) + 52\/1T Z (erer—1 — BEleser—1]) + 63\/1T Z (e —E[ef])

for certain constants 1, 8y, 83. It follows that

,E) —p A 1 Zt—26€¢ d
\/T(é_e)—l“f e —E[ef] = N (0,TQr").
r erer—1 — Elerer 1]

for certain 2 x 3 matrix I'. Finally, applying the Delta-method again, we get
TP N Ay p—p d / /
\/T<IRF(]) — IRF(])) =y \/:F< Do ) 5 N (0,9TQry),

for certain 2 x 1 vector 7.
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3. BOOTSTRAP

3.1 Brief and exhaustive

1. The mentioned difference indeed exists, but it is not the principal one. The two methods have
some common features like computer simulations, sampling, etc., but they serve completely
different goals. The bootstrap is an alternative to analytical asymptotic theory for making
inferences, while Monte—Carlo is used for studying finite-sample properties of estimators or
tests.

2. After some point raising B, the number of bootstrap repetitions, does not help since the
bootstrap distribution is intrinsically discrete, and raising B cannot smooth things out. Even
more than that: if we are interested in quantiles (we usually are), the quantile for a discrete
distribution is an interval, and the uncertainty about which point to choose to be a quantile
does not disappear when we raise B.

3. There is no such thing as a “bootstrap estimator”. Bootstrapping is a method of inference,
not of estimation. The same goes for an “asymptotic estimator”.

3.2 Bootstrapping t-ratio

The percentile interval is C'ly = [9 — cji‘_a/z, 6— 62/2], where ¢, is a bootstrap a-quantile of 0 — 0,

. i - o0
ie. a=P{0 —6 <q’}. Then 9o _ i the a-quantile of —— = T7¥, since P LA QT QPN
s(0) s(0) s(0) s(60)
But by construction, the a-quantile of T} is ¢}, hence ¢}, = s(é)qfy Substituting this into Cley, we
get the confidence interval as CI in the problem.

3.3 Bootstrap bias correction

1. The bootstrap version Z;, of Z, has mean Z, with respect to the EDF: E* [z}] = Z,,. Thus the
bootstrap version of the bias (which is itself zero) is Bias*(z,,) = E* [Z};] — Z,, = 0. Therefore,

the bootstrap bias corrected estimator of p is z, — Bias*(Z,) = &,. Now consider the bias of

2.

Ty

Bias(22) = E [£2] — 42 = V [2,] = %V 2]

Thus the bootstrap version of the bias is the sample analog of this quantity:

Bias*(z2) = —V* < > a? —x)
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Therefore, the bootstrap bias corrected estimator of 2 is

1 1
2 — Bias*(z?) = nt T2 — Ewa

n n n

Since the sample average is an unbiased estimator of the population mean for any distribution,
the bootstrap bias correction for z2 will be zero, and thus the bias-corrected estimator for
E[22] will be

22

(cf. part 1). Next note that the bootstrap distribution is 0 with probability % and 3 with
probability %, so the bootstrap distribution for 22 = %(zl + 22)? is 0 with probability %, 9

4
with probability %, and 9 with probability i. Thus the bootstrap bias estimate is

Ll 9\ L(9 9y, (g 9)_9
4 4) 2\4 4) 4 4) 8

and the bias corrected version is

1
1(2:1 + Z2)2 — %

Bootstrap in linear model

. Due to the assumption of random sampling, there cannot be unconditional heteroskedas-

ticity. If conditional heteroskedasticity is present, it does not invalidate the nonparametric
bootstrap. The dependence of the conditional variance on regressors is not destroyed by
bootstrap resampling as the data (z;,y;) are resampled in pairs.

. When we bootstrap an inconsistent estimator, its bootstrap analogs are concentrated more

and more around the probability limit of the estimator, and thus the estimate of the bias
becomes smaller and smaller as the sample size grows. That is, bootstrapping is able to correct
the bias caused by finite sample nonsymmetry of the distribution, but not the asymptotic
bias (difference between the probability limit of the estimator and the true parameter value).

. As a point estimate we take §(z) = x'B, where B is the OLS estimator for 8. To pivotize

g(x), observe that
Jna' (B — B) % N(0,2' (B [xx'])fl E [z2'¢?] (E [.f.f’])il x),

so the appropriate statistic to bootstrap is

_(B-8)
! se(g(x))
where se (g(z)) = \/:U’ > xix;)_l (>, miate?) (X, xix;)_l x. The bootstrap version is
9 se(g(x)

where se (§*(x)) = \/x’ > x;‘x;")_l (3 zrarer?) (3, x;‘x;")_l x. The rest is standard, and
the confidence interval is

Cly = [/ = g_gse (3(2)) ;2B — gise (3(2))]

where ¢& and ¢ _o are appropriate bootstrap quantiles for ty-
2 2
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3.5 Bootstrap for impulse response functions

1. For each j > 1 simulate the bootstrap distribution of the absolute value of the t-statistic:

VT — |
N

tj| =

the bootstrap analog of which is
= VTP — |
T e =2
o1 = p
read off the bootstrap quantiles ¢;,_, and construct the symmetric percentile-t confidence

interval |p’ F G a - jlplt (1 - /32) /T}

2. Most appropriate is the residual bootstrap when bootstrap samples are generated by resam-
pling estimates of innovations €;. The corrected estimates of the IRFs are

IRF(j) =2 (p—0) ™" - ;ZBJ (5 —03) 257"

where py, 92 are obtained in b** bootstrap repetition by using the same formulae as used for
p, 60 but computed from the corresponding bootstrap sample.
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4. REGRESSION AND PROJECTION

4.1 Regressing and projecting dice

(i) The joint distribution is

(0,1) with probability %,
(2,2) with probability ?
(2,1) = (0,3) with probability ¢
Y= (4,4) with probability =,
(0,5) with probability =,
(6,6) with probability .
(ii) The best predictor is

3 z =0,

2 T =2,

Bhid=4 5 2%

6 r =6,

and undefined for all other z.

(iii) To find the best line7ar pred;(itor, we need Ez] = 2, Efy|] = %7 Elry] = ?’ Viz] = %’
f=Clz,yl/V]z] = 15, « = F, s0
21 7
BLP =5 t T
el = 5 + e
(iv)
-9 with probability l,
Upp = 0 with probability %,
2 with probability &
(-1 with probability %,
—12 with probability ¢,
S 3 with probability o
BLP — —% with probability ¢
% with probability =,
3 with probability 3
so B [U2p] = 4, B [U2p] ~ 1.9. Indeed, B [U2%,] < E [U2,,].
87
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4.2 Mixture of normals

1. We need to compute E[y], E[z], C[z,y], V[z]. Let us denote the first event A, the second
event A. Then

Ely] = p-EBlylAl+(1-p)-E[ylA] =p-4+ (1 —p)-0=4p,

Elz] = p-E[z|A]+(1—p)-Elz|A] =p-0+(1—p)-4=4—4p,

E [zy] p- (B[z|A]E[y|A] + C[z,ylA]) + (1 - p) - (B [z|A] E [y|A] +C [z,y|A]) =
Clz,y] = Eloyl -E[z]E[y] = -16p(1-p),

E[e? = p-(BlAP +V[elA]) + (1 - p)- (B[o]]* +V[2]4]) =17 - 16p,

Viz] = E [$2] —E[z]* =1+ 16p — 16p>.
Summarizing,

_ (C[I,y]_ 1 1_p
b = Fp] iriepoteE b ¢~ Eb-GERl= ( 1+16p—16p2>’

1—0p 1
=  BLP[yjz]=4(1- —1
le] < 1+ 16p— 16p2> * <1 + 16p — 16p2 >x

2. If E[y|z] was linear, it would coincide with BLP [y|z]. But take, for example, the value of
BLP [y|z] for some big x. This value will be negative. But, given this large z, the mean of y
cannot be negative, as it should clearly be between 0 and 4. Contradiction. To derive E [y|z],
one have to write that

f ((5)) = p%eXp (—;ILJ - % (y—4)2> +(1-p) %exp (—; (z—4)* - ;yz) :

P = vomen (gt )+ 0-p e (~g - 17),

SO

1 pexp (—% 2

1
f () = -
’ Vor pexp (—522) + )exp(— (56—4)2)

The conditional expectation is the integral

pexp (—§x2

1
2
E[y]:c]—\/ﬂ_zo pexp (—322) + (1 — p)exp (— (1‘—4)2> Yy

One can compute this in Maple® to get

E [y|$} = 14+ (p*l — 1) exp(4fU - 8)

It has a form of a smooth transition regression function, and has horizontal asymptotes 4 and
0 as © — —o0 and x — 400, respectively.
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4.3 Bernoulli regressor

Note that
po, =0,
E[Z/|95]:{ 0 —1 = pig (1 — ) + pyw = pig + (g — po) T
/Lb T =1,
and
2 2
2 Ho + 06, x =0, 2 2 2 2 2 2
Bl = { 4T TTY b (- sdrat-od)e

These expectations are linear in x because the support of x has only two points, and one can always
draw a straight line through two points. The reason is not conditional normality!

4.4 Best polynomial approximation

The FOC are
2K [(E [y’x] —Qp—o1Tr—...— akfck) (_1)- — O,
(s —on - ) 2] — o
2B [(Blyle] - a0 — sz — ... — aya*) (=a*)] = o0,
or, using the LIME,
E[y*OZO*alﬂﬁf.‘.—akxk_ = 0,
E[(Z/—ao—alx—...—akxk)x_ = 0,
E[(Q—ao—alm—...—akxk)xk_ - 0,
from where
a=(a,a1,...,0p) =E [zz’]_lE 29,
where z = (1,z,... 733k)/- The best &k order polynomial approximation is then

BPA [y|z] = 2’ = 2'E [22'] " E[zy].
The associated prediction error u; has the properties that follow from the FOC:
E [zuk] =0,

i.e. it has zero mean and is uncorrelated with z, z2,. .., z*.
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4.5 Handling conditional expectations

90

1. By the LIME, E[y|z,z] = a + Bz + vz. Thus we know that in the linear prediction y =
a+ Bx + vz + ey, the prediction error e, is uncorrelated with the predictors, i.e. Cley,z] =
Cley, 2] = 0. Consider the linear prediction of z by : z = ( + dz +e,, Cle,,z] = 0. But
since C [z, z] = 0, we know that § = 0. Now, if we linearly predict y only by z, we will have
y=oa+px+v((+e)+e, =a+9+ Bz + e, + e,. Here the composite error ve, + e,
is uncorrelated with = and thus is the best linear prediction error. As a result, the OLS
estimator of [ is consistent.

Checking the properties of the second option is more involved. Notice that the OLS coefficients
in the linear prediction of y by  and w converge in probability to

N -1 -1
()= (0 ) (o) =0 ) ()
w Ozw 01211 Owy Ozw 0-1211 BOzw + YO w ’

so we can see that o
. - WY wz

plim 8 =3+ P B

020w — Ozw

Thus in general the second option gives an inconsistent estimator.

2. Because E[z]z] = g(z) is a strictly increasing and continuous function, g~1(-) exists and

E [x]z] = 7 is equivalent to z = g~ (y). If E[y|z] = f(2), then E [y|E[z|z] =] = f(g~1(y)).
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5.

LINEAR REGRESSION AND OLS

51

5.2

(iii)

Fixed and random regressors

. It simplifies a lot. First, we can use simpler versions of LLNs and CLTSs; second, we do

not need additional conditions apart from existence of some moments. For example, for
consistency of the OLS estimator in the linear mean regression model y = x5+ ¢, E[e|z] = 0,
only existence of moments is needed, while in the case of fixed regressors we (i) have to use the

LLN for heterogeneous sequences, (ii) have to add the condition L Y% | 22

im1 Tj — M as n — oo.

. The economist is probably right about treating the regressors as random if he/she has a

random sampling experiment. But the reasoning is ridiculous. For a sampled individual,
his/her characteristics (whether true or false) are fixed; randomness arises from the fact that
this individual is randomly selected.

. The OLS estimator is unbiased conditional on the whole sample of z-variables, irrespective

of how z’s are generated. The conditional unbiasedness property implies unbiasedness.

Consistency of OLS under serially correlated errors

. Indeed,

E[Ut] = E[yt - Byt—l] = E[yt] - ﬁE[yt—l] =0-8-0=0
and
Clu, yi—1) = Clyr — Bys—1,Ye—1) = Clys, ye—1] — BV [ys—1] = 0.

Now let us show that 3 is consistent. Because E[y;] = 0, it immediately follows that

1T 1T
Ty vy T2 o uyi—1 2,
1T 1T
T-13 yt2—1 T3 yt2—l

3 — _ B [urye—1]
B = B+ B [y7]

B+ — 8.

To show that wu; is serially correlated, consider

Clug, us—1] = Clyr — Bys—1.Yt—1 — BYi—2] = B (BC [y, yi—1] — Clys, yi—2]) ,

C _
which is generally not zero unless 8 = 0 or 8 = W As an example of a serially
Y, Yt—1
correlated uy take the AR(2) process
Yt = QY2 + E¢,

where €; is a strict white noise. Then § = 0 and thus u; = ¥, serially correlated.

The OLS estimator is inconsistent if the error term is correlated with the right-hand-side
variables. This is not the same as serial correlatedness of the error term.
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5.3

54

92

Estimation of linear combination

Consider the class of linear estimators, i.e. one having the form 6 = AY, where A depends
only on data X = ((1,z1,21) ... (1,2, 2,)") . The conditional unbiasedness requirement yields
the condition AX = (1,c¢g,c.)d, where § = («, 3,7)". The best linear unbiased estimator is
6 = (1,cx,cz)3, where ¢ is the OLS estimator. Indeed, this estimator belongs to the class
considered, since 6 = (1,¢z,¢.) (X'X) XY = A*Y for A* = (1,¢4,¢.) (X'X) P A and
A*X = (1, ¢4, c,). Besides,

\% {9|X} =0%(1, ¢y, ) (X'X)_l (1,ce,c.)

and is minimal in the class because the key relationship (A — A*).A* = 0 holds.

. Observe that v/n (9 - 9) = (1,¢z,¢2)/n (3 - 5) LYY, (0,V;) , where

2 2
2 ¢x —+ (bz — 2p¢a:¢z
Va=o0 <1—|— 1= 2 ,

¢, = (Blz] — cz) //V[z], ¢, = (Blz] — ) /\/V[z], and p is the correlation coefficient between

z and z.

. Minimization of Vj with respect to p yields

P i [Pz
P T
zz ifzle.

. Multicollinearity between x and z means that p = 1 and § and 6 are unidentified. An

implication is that the asymptotic variance of 6 is infinite.

Incomplete regression

. Note that

y=a'B+2y+n

We know that E[n|z] = 0, so E[zn] = 0. However, E[zn] # 0 unless 7 = 0, because 0 =
E[ze] = E[z (2'y +n)] = E[zz/] v + E [xn], and we know that E [x2'] # 0. The regression of y
on z and z yields the OLS estimates with the probability limit

plim <§> _ <§> +Q_1(E [8377}>’

where

We can see that the estimators B and 4 are in general inconsistent. To be more precise, the
inconsistency of both B and ¥ is proportional to E [zn], so that unless v = 0 (or, more subtly,
unless v lies in the null space of E [x2']), the estimators are inconsistent.
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2. The first step yields a consistent OLS estimate B of B because the OLS estimator is consistent
in a linear mean regression. At the second step, we get the OLS estimate

P () = (L) (e Yo (3-9)) -
=yt (0 m) (Y wm Y el (B 5))

Since n 'Y 2z B Bl22], n Y zix, B Blza’], n Yz B Blen] =0, 8- 50, we
have that 4 is consistent for ~.

Therefore, from the point of view of consistency of 3 and 4, we recommend the second method.
The limiting distribution of \/n (¥ —7) can be deduced by using the Delta-method. Observe that

-1 1
V(g —7)= (nl Z z,zé) n~1/? Z zm; —n ! Z i (nl Z a:w:é) n~1/2 Z Ti€;

e 2n?] Blza'ne]
1 Zin;\ d 0 Elzz'n*| El|zx'ne
vn Z <x¢e¢> - N << 0 ) ’ ( E[zz'ne] o*Blza’] '
(2
Having applied the Delta-method and the Continuous Mapping Theorems, we get

VG =) SN (0, (Bl) 1V (B2) ),

where

V = E[zZ9?%] + 0*Blza] (E[wm'])_l Elzz']
—EB[za'] (B[z2']) - E[zz'ne] — Elza'ne] (Blzz']) - Elzz'].

5.5 Generated coefficient

Observe that

Now,

by the LLN, and

(AR e (0.5 9)
Vi (a-a) A

by the CLT. We can assert that the convergence here is joint (i.e., as of a vector sequence) because
of independence of the components. Because of their independence, their joint CDF is just a
product of marginal CDFs, and pointwise convergence of these marginal CDF's implies pointwise
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convergence of the joint CDF. This is important, since generally weak convergence of components
of a vector sequence separately does not imply joint weak convergence.
Now, by the Slutsky theorem,

1 & ) 1< d
ﬁzxiui—\/ﬁ(a—a)'ﬁzxizi_’N(077320+7:%z)'
i=1 =1

Applying the Slutsky theorem again, we find:

. _ 2
Vi (5-8) % 62N 02 4a2) =4 (0.5 4 ).

x x

Note how the preliminary estimation step affects the precision in estimation of other parameters:
the asymptotic variance is blown up. The implication is that sequential estimation makes “naive”
(i.e. which ignore preliminary estimation steps) standard errors invalid.

5.6 OLS in nonlinear model

Observe that E[y|z] = a + Bz, V]y|z] = (a + Bz)2. Consequently, we can use the usual OLS
estimator and White’s standard errors. By the way, the model y = («a + Sz)e can be viewed as
y = a+ Bx + u, where u = (a + Bz)(e — 1), E[u|z] = 0, V [u|z] = (a + Bz)2.

5.7 Long and short regressions

Let us denote this estimator by 3;. We have

By = (M) T XY = (X)X (X + Xafy + E) =

= B+ 12\”/1’ - 1)('2( Ba + 1X'X - 1X’5
= b1 ot it | P2 ot e )
Since E [ex1] = 0, we have that n~'AJ€ £ 0 by the LLN. Also, by the LLN, n~ ' XX, & B [x1;27,]
and n~ 1 X[ Xy & B [x12))] . Therefore,
- -1
B L B + (E [33193/1]) E [30193/2] Ba.

So, in general, ,5’1 is inconsistent. It will be consistent if 35 lies in the null space of E [z125]. Two
special cases of this are: (1) when 5 = 0, i.e. when the true model is Y = X1, + e; (2) when
E [z124] = 0.

5.8 Ridge regression

1. There is conditional bias: E[3|X] = (X'X + A[;) 'A'E [Y|X] = B — (XX + AI;)*AB, unless
B = 0. Next, B[f] = 8 — B[(X'X + M) ']\B # 8 unless 3 = 0. Therefore, estimator is in
general biased.
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2. Observe that

B = (XX + M) TXXB+ (XX + ) X'E
—1 -1
1 LA 1 , 1 LA 1
= | = iy + =1 = i = i + —1 - i€i-
<nzi:xatz+nk> n;$x5+<nzi:xm —|—nk - Ti€
Since n =t Y xixh B Blza’], n=' Y wie; > Blze] = 0, \/n — 0, we have:
gL (E [mx’])flE [z2'] B+ (E [xx'])fl 0 =2,

that is, B is consistent.

3. The math is straightforward:

i} N (0) Q;lex:pe2 Q;J}) .

4. The conditional mean squared error criterion E [(B - B)?|lx } can be used. For the OLS
estimator,
B[(B - 8)%| = VIB] = (x'2) 0 (X' x) .
For the ridge estimator,
B (B~ 82| = (1'% + ML) (XX + X288') (/& +AL)

By the first order approximation, if A is small, (X’X + Al)™! ~ (X'X)~1(I, — AM(&'X)71).
Hence,

E [(B - 5)2|X} ~ (X)) = MXX) ) (XQX) (T — AX X)) (' x) !
~ B[(3 - B)? - MX'X)HAQx (X' x) + (X)) (ax) T

That is E {(B — ﬂ)ﬂX] —E [(B — 5)2]2(} = A, where A is positive definite (exercise: show

this). Thus for small A, B is a preferable estimator to B according to the mean squared error
criterion, despite its biasedness.

5.9 Inconsistency under alternative

We are interesting in the question whether the ¢-statistics can be used to check Hy : 8 = 0. In order
to answer this question we have to investigate the asymptotic properties of 5. First of all, under
the null Cle.y]
H D 2y
—_— =
g VI g
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It is straightforward to show that under the null the conventional standard error correctly estimates
(i.e. if correctly normalized, is consistent for) the asymptotic variance of § . That is, under the

null

ty > N (0,1),

which means that we can use the conventional ¢-statistics for testing Hy.

5.10 Returns to schooling

1. There is nothing wrong in dividing insignificant estimates by each other. In fact, this is the

96

correct way to get a point estimate for the ratio of parameters, according to the Delta-method.

Of course, the Delta-method with
()2
g —_
u9 u9

should be used in full to get an asymptotic confidence interval for this ratio, if needed. But
the confidence interval will necessarily be bounded and centered at 3 in this example.

. The person from the audience is probably right in his feelings and intentions. But the sug-

gested way of implementing those ideas are full of mistakes. First, to compare coefficients in
a separate regression, one needs to combine them into one regression using dummy variables.
But what is even more important — there is no place for the sup-Wald test here, because the
dummy variables are totally known (in different words, the threshold is known and need not
be estimates as in threshold regressions). Second, computing standard errors using the boot-
strap will not change the approximation principle because the person will still use asymptotic
critical values. So nothing will essentially change, unless full scale bootstrapping is used. To
say nothing about the fact that in practice hardly the significance of many coefficients will
change after switching from asymptotics to bootstrap.
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6. HETEROSKEDASTICITY AND GLS

6.1 Conditional variance estimation

In the OLS case, the method works not because each o%(x;) is estimated by é2, but because
1 X/QX ]' . /22
i=1

consistently estimates E[zaz'e?] = E[zz’'c?(x)]. In the GLS case, the same trick does not work:

1,4 1 zixh
—XOtx == v
- >

can potentially consistently estimate E[xz’/e?], but this is not the same as E[z2’/0?(z)]. Of course,
) cannot consistently estimate (2, econometrician B is right about this, but the trick in the OLS
case works for a completely different reason.

6.2 Exponential heteroskedasticity

1. At the first step, get B, a consistent estimate of 8 (for example, OLS). Then construct
62 = exp(!3) for all i (we don’t need exp(«) since it is a multiplicative scalar that eventually
cancels out) and use these weights at the second step to construct a feasible GLS estimator

of j:
1 1
8= (n Z &i2$i$;> ﬁ Z 6;22131'3/1-
i i

2. The feasible GLS estimator is asymptotically efficient, since it is asymptotically equivalent to
GLS. It is finite-sample inefficient, since we changed the weights from what GLS presumes.

6.3 OLS and GLS are identical

1. Evidently, E[Y|X] = X8 and ¥ = V[Y|X] = AT X’ + 021I,. Since the latter depends on X,
we are in the heteroskedastic environment.

2. The OLS estimator is

1

B=(Xx) 'y,

and the GLS estimator is
B=(xsla) Tt ars Ty,
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6.4
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First,
NE=X (Y- X ()T AY) = XY - X (VX)X = XY - XY =0,

Premultiply this by AT R
ATX'E =0.
Add ¢2€ to both sides and combine the terms on the left-hand side:
(XTX' +0I,) € = € = o%E.
Now predividing by matrix > gives R
E=0o’v71¢.
Premultiply once again by X’ to get
0=2AX'E = 22X’y 1€,
or just X’Y 1€ = 0. Recall now what & is:
Xy =yl (va) Tty

which implies B — 3. The fact that the two estimators are identical implies that all the
statistics based on the two will be identical and thus have the same distribution.

. Evidently, in this model the coincidence of the two estimators gives unambiguous superiority

of the OLS estimator. In spite of heteroskedasticity, it is efficient in the class of linear unbiased
estimators, since it coincides with GLS. The GLS estimator is worse since its feasible version
requires estimation of ¥, while the OLS estimator does not. Additional estimation of ¥ adds
noise which may spoil finite sample performance of the GLS estimator. But all this is not
typical for ranking OLS and GLS estimators and is a result of a special form of matrix 3.

OLS and GLS are equivalent

. When ¥X = X0, we have X'SX = X’X0O and 71X = XYO~!, so that

1

v |Blx| = (vx) " asa (va) T = e (1)
and 5
v [Blx] = (=) = (vre )T = e (va)
. In this example,
L p p
S p 1 ... p
p p ... 1

and XX = o2(1+p(n—1))-(1,1,...,1) = XO, where
O =o?(1+ p(n —1)).

Thus one does not need to use GLS but instead do OLS to achieve the same finite-sample
efficiency.
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6.5 Equicorrelated observations

This is essentially a repetition of the second part of the previous problem, from which it follows
that under the circumstances z, the best linear conditionally (on a constant which is the same as
unconditionally) unbiased estimator of # because of coincidence of its variance with that of the GLS
estimator. Appealing to the case when |y| > 1 (which is tempting because then the variance of z,,
is larger than that of, say, x1) is invalid, because it is ruled out by the Cauchy—Schwartz inequality.
One cannot appeal to the usual LLNs because z is non-ergodic. The variance of z,, is V [z,] =
% -1+ ”T_l -y — v as n — o0, so the estimator Z, is in general inconsistent (except in the case
when v = 0). For an example of inconsistent z,, assume that v > 0 and consider the following
construct: u; = £ +¢;, where ¢; ~ IID(0,1—+) and € ~ (0,7) independent of ¢; for all . Then the
correlation structure is exactly as in the problem, and % > 2, ¢, a random nonzero limit.

6.6 Unbiasedness of certain FGLS estimators

(a) 0=E[z—z]=E[z] + E[-z] =E[z] + E[2] = 2E [z]. It follows that E[z] = 0.
(b) Elg(2)] = Bl—q(~¢)] = E[~q(e)] = —Eq(2)] . Tt follows that Bq (2)] = 0.

Consider .
Bp— B = (X’i—lx) xX'Sle

Let 3 be an estimate of ¥ which is a function of products of least squares residuals, i.e.

Y =F(MEEM) = H (E€')

A -1 A
for M =1 — X (X'X)"' . Conditional on X, the expression (X’E‘U() X'¥71€ is odd in €&,
and £ and —& have the same conditional distribution. Hence by (b),

E[BF—B}:O.
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7. VARIANCE ESTIMATION

7.1 White estimator

1. Yes, one should use the White formula, but not because 02Q,;} does not make sense. It does
make sense, but is poorly related to the OLS asymptotic variance, which in general takes the
“sandwich” form. It is not true that o2 varies from observation to observation, if by o2 we
mean unconditional variance of the error term.

2. The first part of the claim is totally correct. But availability of the ¢ or Wald statistics is not

enough to do inference. We need critical values for these statistics, and they can be obtained
only from some distribution theory, asymptotic in particular.

7.2 HAC estimation under homoskedasticity

Under conditional homoskedasticity,

E [xtx;_jetet,j] = E [E [xt:cg_jetet,ﬂxt,xt,l, .. H

E [:L‘txg_jE lerer—j|ze, xp—1, .. H

= 7B [z ]
Using this, the long-run variance of xye; will be
+o0 oo
Y Elmal_jeej] = Y 7B [z,
j=—o00 j=—o00
and its Newey—West-type HAC estimator will be
+ . —
an 1—7|‘7| VB |z
, m+1 &, i)
j=—m

where

min(T,T+j)

. 1 N .
o= T Z (yt - x;ﬂ) (yt—j - 95;73'5) )
t=max(1,1+j)
o 1 min(T,T+j)
E [:L‘tm;fj] = 7 Z :L‘t:L‘%_j.

t=max(1,1+j)

It is not clear whether the estimate is positive definite.

VARIANCE ESTIMATION 101



7.3 Expectations of White and Newey—\West estimators in [ID setting

The White formula (apart from the factor n) is

n
)T agaje? (ax) T
=1

Because ¢; = ¢; — J;;(B — ), we have é? = e? — 237;(3 —Be; + JJ;(B — B)(B — 8) x;. Also recall that
B—p=@xx)! > j— zjej. Hence,

n
E [Z zirhé?| X
i=1

—2E

E zn:xz \X sz 5 BeﬁX]
sz "B - B)(B - ﬂ)W]

. 22% (12t (),

because B[(f — B)ei|X] = (X'X) P X'E[e|X] = o2 (X'X) ' 2; and E[(3 — 8)(B — B)|X] =
o2 (X'X)"". Finally,

E[V;1x] = (X’X)lE[iximéé?IX] (')~
_ Z:cz (1—96 X’X)_lzci> (x'x) 7t

+E

Let w; = 1 —[j]/(m + 1). The Newey-West estimator of the asymptotic variance matrix of 3
with lag truncation parameter m is V (X'x)"1S(x'X)"!, where

min(n,n+j)

S = +an wi Y wh (61' — (B~ ﬁ)) <€z‘—j —ai (B~ 5)) :

=-m  j=max(1,1+j)

min(n,n+j)

E[S|X] = ff wg > @l B (e - al(B-8)) (einy — 2l (B 8)) 1X]

j=—m t=max(1,1+7)
) +an B min(i’fﬂ') o 0*Lij—oy + ziB [( B)(B - BY |X} Ying
o ity B[ - B |X] ol B a3 9]

min(n,n+j)

+m
= O'QX,X — 02 Z wj E (l‘; (X/X)_l :L‘l;j> l’il';_j.

j=—m  i{=max(1,14y)
Finally,

min(n,n+j)

+m
BV ¥ = o (') o2 () Y w3 (a (W) ) mad (2) 7

j=—m i=max(1,14+j)
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8. NONLINEAR REGRESSION

8.1 Local and global identification

The quasiregressor is gg = (1,23,x)". The local ID condition that E[ggg’ﬁ] is of full rank is satisfied
since it is equivalent to det E[gggy] = V [2852] # 0 which holds due to 8, # 0 and V [z] # 0. But
the global ID condition fails because the sign of 55 is not identified: together with the true pair
(61, 52)', another pair (81, —52)/ also minimizes the population least squares criterion.

8.2 Identification when regressor is nonrandom

In the linear case, Q.. = E[z?], a scalar. Itsrank (i.e. it itself) equals zero if and only if Pr {z = 0} =
1, i.e. when a = 0, the identification condition fails. When a # 0, the identification condition is
satisfied. Graphically, when all point lie on a vertical line, we can unambiguously draw a line from
the origin through them except when all points are lying on the ordinate axis.

In the nonlinear case, Qg = Elgs (z, 8) g5 (z,8)'] = g5 (a,8) g5 (a, 8)', a k x k matrix. This
matrix is a square of a vector having rank 1, hence its rank can be only one or zero. Hence, if £ > 1
(there are more than one parameter), this matrix cannot be of full rank, and identification fails.
Graphically, there are an infinite number of curves passing through a set of points on a vertical line.
If k=1 and g3 (a, ) # 0, there is identification; if £ = 1 and gg (a, 5) = 0, there is identification
failure (see the linear case). Intuition in the case k = 1: if marginal changes in  shift the only
regression value g (a, 3) , it can be identified; if they do not shift it, many values of § are consistent
with the same value of ¢ (a, 3).

8.3 Cobb—Douglas production function

1. This idea must have come from a temptation to take logs of the production function:
log@ —log L =loga + 6 (log K —log L) + loge.

But the error in this equation, e = loge — E[loge], even after centering, may not have the
property E[e|K,L] = 0, or even E [(K,L) e] = 0. As a result, OLS will generally give an
inconsistent estimate for 6.

2. Note that the regression function is E[Q|K, L] = aKL'"PE[e|K, L] = aK?L'~?. The re-
gression is nonlinear, but using the concentration method leads to the algorithm described in
the problem. Hence, this suggestion gives a consistent estimate for #. [Remark: in practice,
though, a researcher would probably include also an intercept to be more confident about
validity of specification.]
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8.4 Exponential regression

The local IC is satisfied: the matrix

dexp (o + fz) dexp (o + fr)

GG L,

is invertable. The asymptotic distribution is normal with variance matrix

Qgg =E

=exp(a)’E K b )] = exp (2a) I

r T

o
Vi = ——-—1Is.
NLLS oxp (20) 2

The concentration algorithm uses the grid on (. For each /3 on this grid, we can estimate exp (« (3))
by OLS from the regression of y on exp (5z), so the estimate and sum of squared residuals are

) _ > e exp (Bzi) yi
a(ﬁ) - lOg Z;l:ll exp (25337,) ’

SSR(B) = Y (yi —exp (&(B) + Ba:))”.
=1

Choose such § that yields minimum value of SSR(3) on the grid. Set & = &(3). The standard

~

errors se (&) and se(3) can be computed as square roots of the diagonal elements of

N

n -1
SS]i(B)( 1exp(2&+23xi><ii ?2 >> .

i= ¢

Note that we cannot use the above expression for Vs since in practice we do not know the
distribution of x and that g = 0.

8.5 Power regression

Under Hy : a = 0, the parameter (3 is not identified. Therefore, the Wald (or t) statistic does not
have a usual asymptotic distribution, and we should use the sup-Wald statistic

supW = supW(B),
8

where W(53) is the Wald statistic for &« = 0 when the unidentified parameter is fixed at value .
The asymptotic distribution is non-standard and can be obtained via simulations.

8.6 Simple transition regression

1. The marginal influence is

OBy +PBs/(L+Byr))| . —Pabs | _ 5 g
oz =0 <1+/83‘T)2 =0 2
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8.7

So the null is Hy : 8585 + 1 = 0. The t-statistic is

t23ﬁ3+1

se(B283)
\ivhfzre [3’2 and 33 are elements of the NLLS estimator, and 36(3233) is a standard error for
B985 which can be computed from the NLLS asymptotics and Delta-method. The test rejects

N(0,1
when |t| > ql_(a/;.

. The regression function does not depend on = when, for example, Hy : S5 = 0. As under

Hy the parameter 35 is not identified, inference is nonstandard. The Wald statistic for a
particular value of 35 is

and the test statistic is
sup W = sup W (f33) .

B3

The test rejects when sup W > qlp_ o» Where the limiting distribution D is obtained via simu-
lations.

Nonlinear consumption function

. When é = 0, the parameter v is not identified, and when v = 0, the parameters « and ¢ are

not separately identified. A third situation occurs if the support of y; lies entirely above or
entirely below A, the parameters o and 3 are not separately identified (note: a separation of
this into two “different” situations is unfair).

. Run the concentration method with respect to the parameter v. The quasi-regressor is

(1L, {y—1 > A}, ) 1,0y logyi—1)’

When constructing the standard errors, beside using the quasiregressor we have to apply HAC
estimation of asymptotic variance, because the regression error does not have a martingale
difference property. Indeed, note that the information ;1,3 2,%:—3,... does not include
Ct—1,Ct—2,C—3, ... and therefore, for j > 0 and e; = ¢; — B [et|yi—1, Ye—2, Y3, - - .|

E [etet—j] =E [E [etet—j|yt—17 Yt—2,Yt-3, - - H #E [E [et’yt—la Yt—2,Yt—3, - - ] €t—j] =0,

as e;_; is not necessarily measurable relative to y;—1,yt—2,%t-3,....

(a) Asymptotically,

fooy =11
T se(d)
is distributed as N (0,1). Thus, reject if t5—1 < qév(o’l), or, equivalently, 4 < 1 +
~\ _N(0,1)
36(7)%}4 .
(b) Bootstrap 4 — 1 whose bootstrap analog is 4* — 74, get the left a-quantile ¢, and reject
ity <1+q}.
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9. EXTREMUM ESTIMATORS

0.1 Regression on constant

For the first estimator use standard LLN and CLT:

1 ¢ :
= Z ' B (consistency),
V(B 7 Z ; Vle]) = N (0, 8%) (asymptotic normality).
Consider . .
By = argmln {log b2 + 22 (Z/ - b)Q} . (9.1)
Denote

_ 2 "2
\ U+ 4y
yove T

2 2

The two values Bi correspond to the two different solutions of a local minimization problem in
population:

Ely]? + 4B[y?]
2

E |log b? + Elyl | — 3,-28. (9.2)

1 .
b—2(yfb)2 — min S by =—
Note that the SOC are satisfied at both b1, so both are local minima. Direct comparison yields
that by = g is a global minimum. Hence, the extremum estimator 62 = 5 4 is consistent for
5. The asymptotics of 62 can be found using the theory of extremum estimators. For f(y,b) =
logh? + b2 (y — b)?,

Ofyb) 2 _2y—b® 20y—b) _ E[<8f(y,6))2]_4"”°

ab b b3 b2 b B8’

=

0%f(y,b 6(y —b)2 8(y—b % f(y, B 6
1) S0t Soh) g [E)]

Consequently,
Va(By— B) S N (0, Z) :
93
Consider now

. 1 n
B3 = B argmbin Zlf(yiab)
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where

s =(2-1)"

Note that ) ) )
Of(y,b) 29" 2y O°f(y,b) 6y Ay
ob b3 b2’ ob? bt b3
The FOC is . )
— ob
which implies
o2
b= —_
Yy
and the estimate is »
. b 1y?2 1 ER?
Bo—o -8 1B,
2 27 2 Ely]

To find the asymptotic variance calculate

(aﬂy,zﬂ))z]_m—ﬁ‘* E{é’zf(yﬂﬂ)]_ 1

E —.
ob 16835 7 Ob2 432

The derivatives are taken at point b = 23 because 23, and not §3, is the solution of the extremum
problem min E[f(y, b)]. As follows from our discussion,

4 4
ﬁ(5—2ﬂ>$N<o,*jf> = \/ﬁ@g—miN(O,’fﬁf)-

A safer way to obtain this asymptotics is probably to change variable in the minimization problem

from the beginning;:
53 = argmm Z (— — 1) ,

and proceed as above.

No one of these estimators is a priori asymptotlcally better than the others. The idea behind
these estimators is: 51 is just the usual OLS estimator, 62 is the ML estimator using conditional
normality: y|z ~ N(8, 3?). The third estimator may be thought of as the WNLLS estimator with
the conditional variance function o(z,b) = b2, though it is not exactly that: one should divide by
o?(x, 3) in the construction of WNLLS.

9.2 Quadratic regression

Note that we have conditional homoskedasticity. The regression function is g(x, 3) = (3+x)%. The
. 0
estimator  is NLLS, with 99 5) _ 2(8 + x). Then Quy = E |(dg(x,0)/85)* = 28 Therefore,

B
\/>B_>N( 728 )

The estimator /3 is an extremum one, with

h(z,y, 8) = _(641—/7»@)2 —In(B + 2)2.
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First we check the identification condition. Indeed,

oh(z,y,B8) _ 2y 2
s - (B+zx)3 B+’

so the FOC to the population problem is

E {W} — 28R [M] ,

which equals zero if and only if § = 0. It can be verified that the Hessian is negative on all B,
hence we have a global maximum. Note that the ID condition would not be satisfied if the true
parameter was different from zero. Thus, 5 works only for 5, = 0.

Next,

Phle,yf) 6V 2
opF (Bra BroF

Then

Therefore, /nf3 4N (0, 208).
We can see that B asymptotically dominates B.

9.3 Nonlinearity at left hand side

1. The FOCs for the NLLS problem are

o5, (i + @ — i)

0 = . Z(yﬂra — Bui) (i + @),
=1
0 — 9> ((yz ;-bd)Q - B%) Z ( vt a B Bx@) -
=1

Consider the first of these. The associated population analog is

0=Ele(y+a),

and it does not follow from the model structure. The model implies that any function of x
is uncorrelated with the error e, but y + o = +/5x + e is generally correlated with e. The
invalidity of population conditions on which the estimator is based leads to inconsistency.
The model differs from a nonlinear regression in that the derivative of e with respect to
parameters is not only a function of x, the conditioning variable, but also of y, while in a
nonlinear regression it is (it equals minus the quasi-regressor).

2. Let us select a just identifying set of instruments which one would use if the left hand side of
the equation was not squared. This corresponds to the use the following moment conditions

implied by the model:
’ [( e ﬂ '
ex
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The corresponding CMM estimator results from applying the analogy principle:
" .+ &) — By
o=>(( ).
i=1 ((yz +a)” - /6x1> T

According to the GMM asymptotic theory, (&, 3)’ is consistent for (v, 3)’ and asymptotically
normal with asymptotic variance

_ o 2BWl+a) Bl \7'( 1 Ef
b <2<E[yw]+aE[x]> —E[scﬂ) (Em E[w?])
X(zaa[y]m) 2(E[y:c]+aE[w])>_1
“E[z] ~E [2?] ’

0.4 Least fourth powers

Consider the population level objective function
Bly-te)'] = Ble+@-v)]
- E [e4+4e3(5—b)x+662 (B —b)222+4de (8 —b)3 2B+ (8 — b)* o
= E[e'] +6(8-0)°E[’2®] + (8- b)"E [+],

where some of the terms disappear because of the independence of x and e and symmetry of the
distribution of e. The last two terms in the objective function are nonnegative, and are zero if and
only if (assuming that  has a nondegenerate distribution) b = 3. Thus the (global) ID condition
is satisfied.
The squared “score” and second derivative are
2
9 (y —ba)"
ab

0% (y — ba)*
_ 6, .2

b=8 b=p

= 1262:B2,

with expectations 16E [66] E [:132] and 12E [62] E [:1:2] . According to the properties of extremum

estimators, B is consistent and asymptotically normally distributed with asymptotic variance

1 1 E[S] 1
9 (B [2)’ Ble”]

Vy = (12E (] E [mQ])’l - 16E [¢°] E [2?] - (12E [¢*] E [2?])

When z and e are normally distributed,
5 o?
B 302
The OLS estimator is also consistent and asymptotically normally distributed with asymptotic
variance (note that there is conditional homoskedasticity)

L _E[
OLS — ]E [xQ] .
When = and e are normally distributed,
2
o
VoLs = —,
UCC

which is smaller than VB'
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9.5 Asymmetric loss

We first need to make sure that we are consistently estimating the right thing. Assume conveniently
that E [e] = 0 to fix the scale of a. Let F' and f denote the CDF and PDF of e, respectively. Assume
that these are continuous. Note that

(y—a—x/b)3 = (e+oz—a+x/(ﬁ—b))3
= e’ +3* (a—a+2' (B-0))
+36(a—a—|—1"(6—b))2~|—(a—a—l—m'([)’—b))?’.

Now,

~E {(yfafa:’b)3|yfafx’b20} Pr{y —a—2a'b > 0}
—(1—9)E [(y—a—a:’b)3]y—a—:c’b<0] Pr{y —a—2'b < 0}
e3+3e2 (a—a+a' (B-1))
= 'y/dFa;/ +3e(a—a+a' (8 —b)? dF,|,
et+a—a+az'(B—b)>0 + (a —a+1x (B _ b))3
X(1-E[F(-(a—a)—a'(8-0))])
e3+3e2 (a—a+a' (B-1))

—(1—7)/sz/ +3e(a—a+a' (6—()))2 dF, |,
et+a—a+z'(B—b)<0 + (a —a+z (ﬁ _ b))3

Blp(y—a—a't)] =

XE[F (= (a—a)—2'(8-1))].

Is this minimized at o and 37 The question about global minimum is very hard to answer. Let us
restrict ourselves to the local optimum analysis. Take the derivatives and evaluate them at « and

B:

IE[p(y —a —a'b)]

a
()
b a75

where we used that infinitesimal change of ¢ and b around « and S does not change the sign of

=3 (—E [e*le 2 0] (1 = F(0)) + (1 — 7)E [¢’]e < 0] F(0)) (El ])’

eta—a+a2' (B-0).

For consistency, we need these derivatives to be zero. This holds if the expression in round brackets
is zero, which is true when

Ele*le<0] 1-F(0) ~

E[e2e>0]  F((0) 1-—7

When there is consistency, the asymptotic normality follows from the theory of extremum
estimators. Because

B o [ 7 from the right,
Op(u)/du = 3u { —~(1—7v)  from the left,

) s ol from the right,
°p(u)/Ou” = 6“{ —(1—7) from the left,
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the expected derivatives of the extremum function are

E [hohy]

Ip(y—a—a'b)dp(y —a—2a'b)

o) o) |

94°E [e‘l (;) <i>,e > 0] Pr{e > 0} +9(1 — 7)°E [64 (;) <;>l|e < 0} Pr{e < 0}

<1> (1” (VB [e']e > 0] (1 — F(0)) + (1 —7)E [¢*|e < 0] F(0)) .

\z/ \@

&p(y —a—a'b)

06 |

o8 [o (1) () e 2] pte 01 (1) (2) e <] et <0

(1) (;) } (vE[ele > 0] (1 — F(0)) — (1 - 7)Bele < 0] F(0))..

If the last expression in round brackets is non-zero, and no element of x is deterministically constant,
then the local ID condition is satisfied. The formula for the asymptotic variance easily follows.
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10. MAXIMUM LIKELIHOOD ESTIMATION

10.1 Normal distribution

Since x1, ..., z, are from N(u, #?), the loglikelihood function is

1 n 1 n n
¢, = const — nln|pu| — 22 Z (z; — p)* = const — nln |u| — 22 (Zx? - Q[LZgji +n,u2> .
i=1 i=1 i=1

The equation for the ML estimator is u? 4+ Zu — 22 = 0. The equation has two solutions wy > 0,

#2<OI
1 7 72 72 1 7 72 72
u1:§ —T+\/ T4+ 422 ), /@25 —T—\/ T+ 42 ).

Note that ¢, is a symmetric function of ;. except for the term ! > 1 xi. This term determines
the solution. If Z > 0 then the global maximum of ¢, will be at p,, otherwise at u,. That is, the

ML estimator is
1 —
fir = 3 <—3?" + sgn(z)\/ 72 + 4x2> )

It is consistent because, if p # 0, sgn(z) - sgn(p) and

e 2 5 (~Ble] + sgn(B o))V EEDE+ 4B [2]) = o (—n+ sgn() Vi + 52) = .

10.2 Pareto distribution

The loglikelihood function is

lpy=nlnA— (A + 1)21113:,-.
i=1

(a) The ML estimator A of X is the solution of 9¢,/d\ = 0. That is, Ay, = 1/Inz, which
is consistent for A, because 1/Inz = 1/E[lnz] = X. The asymptotics is \/n (S\ML - A) <

N (0,771), where the information matrix is 7 = —E [0s/0A] = —E [-1/A?] = 1/A%.

(b) The Wald test for a simple hypothesis is

W =nA—=NITA)A - A) =n-"—2 53
A
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The Likelihood Ratio test statistic for a simple hypothesis is

LR = 2 (en(X) - en(Ao))

= 2 (nlnj\— (5\+1)Zlnxi—nln/\0+()\0+1)21nxi>

=1 =1
A . d
= 2(nln——-MA—-X Inz; | = x3.
[y -0
The Lagrange Multiplier test statistic for a simple hypothesis is

n

n - 2
M - %ZS(@% /\0)/1-()\0)*1 Zs(xi,)\o) = % [Z </\10 B ln%)] )\g
=1

=1 i=1

A—20)? 4

Observe that W and LM are numerically equal.

10.3 Comparison of ML tests

Recall that for the ML estimator A and the simple hypothesis Hy : A = Ag,
W = n(A = X)ZN) (A= Xo)

and
1

M=~ Zs(xi,xo)’z(Ao)*l Zs(xi, Ao)-
7 7
1. The density of a Poisson distribution with parameter A is

T

Flaly) = 2,

s0 Ay = T, Z(A) = 1/A. For the simple hypothesis with Ag = 3 the test statistics are

2
~ n(z - 3)? 1 x; _ n(z - 3)?
W= ,E/\/l_n<¥3 n>3— s

and W > LM for z < 3 and W < LM for z > 3.

2. The density of an exponential distribution with parameter 6 is

Flalf) = 7o 7,

so Oy = &, Z(#) = 1/62. For the simple hypothesis with 6y = 3 the test statistics are

2
~ n(z - 3)? 1 T n s n(z—3)?
W=—"", LM= (Z )3—9 :

and W>LMforO<z<3and W< LM for T > 3.
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3. The density of a Bernoulli distribution with parameter 6 is

fa]0) =67(1 - 0)'",

so Oy = &, Z(0) = 671(1 — 0)~L. For the simple hypothesis with 6y = 1 the test statistics

are

(z—1)° U (S -\ 11
W=n—=2- [M=— - T =4n<x—
T T n

2 2

and W > LM (since (1—z) < 1/4). For the simple hypothesis with 6 = 2 the test statistics

are

3 3

2
B VAR
z(1—17)’ EM_n( 2 1 )33‘2"(””

therefore W < LM when 2/9 < z(1 — z) and W > LM when 2/9 > z(1 — z). Equivalently,

W< LMfor 3 <z<2and W>LMfor0<z<gzori<z<l

10.4 Invariance of ML tests to reparameterizations of null

1. Denote by © the set of 0’s that satisfy the null. Since f is one-to-one, O¢ is the same under
both parameterizations of the null. Then the restricted and unrestricted ML estimators are

invariant to how Hj is formulated, and so is the LR statistic.

2. When f is linear, f(h(0)) — f(0) = Fh(f) — FO = Fh(#), and the matrix of derivatives of h
translates linearly into the matrix of derivatives of g: G = FH, where F' = df(x)/0z" does

not depend on its argument z, and thus need not be estimated. Then
1 n A / - 11 n A
Wy = (=90 ) (Gve) (5D a0)
i=1 j
1 @ -\ oo [ - 0
= (> F) (FHV(;H F ) =3 Fh(d)
=1 =
1 n ! 1 1 n
— i A,\ 4 - - 0 —
n (n ; h(@)) (HVGH ) (n 3 h(@)) W,

=1

but this sequence of equalities does not work when f is nonlinear.

3. The W statistic for the reparameterized null equals

~ 2
n ‘?1—04_1
W — 92—04

0 — ( i1 912 >1 Hg_aa
. 1_

INVARIANCE OF ML TESTS TO REPARAMETERIZATIONS OF NULL
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where 01
f o i1 12 i-fl I ?
=\ . ) = 12 22 | -
12 222 (] ?

By choosing a close to 92, we can make W as close to zero as desired. The value of a equal
to (01 — 02i'2/i?2) /(1 — 12 /i?2) gives the largest possible value to the W statistic equal to

n(mf9g2

i1 — (§12)2 /322

10.5 Misspecified maximum likelihood

1. Method 1. 1t is straightforward to derive the loglikelihood function and see that the problem
of its maximization implies minimization of the sum of squares of deviations of y from g (z, b)
over b, i.e. the NLLS problem. But we know that the NLLS estimator is consistent.

Method 2. It is straightforward to see that the population analog of the FOC for the ML
problem is that the expected product of quasi-regressor and deviation of y from g (z, §) equals
zero, but this system of moment conditions follows from the regression model.

2. By construction, it is an extremum estimator. It will be consistent for the value that solves
the analogous extremum problem in population:

NP opgx—
020 _argléle%cE[f(zM)L

provided that this * is unique (if it is not unique, no nice asymptotic properties are ex-
pected). It is unlikely that this limit will be at true 6. As an extremum estimator, § will be
asymptotically normal, although centered around wrong value of the parameter:

\/ﬁ(@)—e*) LN(0,V).

/

3. The parameter vector is ¢ = (b, )' ,where ¢ enters the assumed form of o2. The conditional

density is
(ye — 13;:5)2

1
Ing(ytutflab? C) = _§1Og0-1% (b7 C) - 20_2 (b C) .
t \Y

The conditional score is

(yt — z1b) 4 n 1 (g — =4b)* 1 da} (b, c)
a2 (b,c) 207 (b,e) \ o?(b,c) ob
S(yt‘-[t—lab’ C) = 7722 2
Cwﬂm>ga@w@

1
207 (b,e) \ o?(b,c) Jc

The ML estimator will estimate such b and ¢ that make E [s (y¢|I;—1,b,c)] = 0. Will this b
be equal to true 87 It is easy to see that if we evaluate the conditional score at b = 3, its
expectation will be

1 (V[thtl] _ 1) daf (B, c)

| 229 \ o2 (6.0 b
1 (V[tht—l] _ 1) 9ot (B, ¢)

207 (B,c) \ o7 (B.0) de
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This may not be zero when o? (3, ¢) does not coincide with V [y;|;_1] for any ¢, so it does not
necessarily follow that the ML estimator of 3 will be consistent. However, if o2 (3,c) does
not depend on (3, it is clear that the g-part of this will be zero, and the c-part will be zero
too for some ¢ (this condition will define the probability limit of ¢, the ML estimator of c).
In this case, the ML estimator of 8 will be consistent. In fact, it is easy to see that it will
equal to a weighted least squares estimator with weights o7 (¢)

N\ LYt
() T

t

10.6 Individual effects

The loglikelihood is

‘gn (/f‘la-..aunaUQ) —const—nlog 20_2 Z{ yi_:ui)2}'
FOC give
T+ Yy
fliner, = = 5 L, oM = o Z{ — fiinin)? + ( finen)?}
so that
= — zn:(ﬂf yi)?
ML 4n 7 (2
=1

Because

N 1 & o2 o2 o2

oL = @Z{(% — 1) + (i — p)* = 2w — ) (i — )} = T —0= 5

i=1

the ML estimator is inconsistent. Why? The maximum likelihood method presumes a parameter
vector of fixed dimension. In our case the dimension instead increases with the number of obser-
vations. The information from new observations goes to estimation of new parameters instead of
enhancing precision of the already existing ones. To construct a consistent estimator, just multiply
62,7 by 2. There are also other possibilities.

10.7 lrregular confidence interval

The maximum likelihood estimator of 8 is
N T(p) = max{zri,...,Tn}
whose asymptotic distribution is exponential:

Eourn—0) () = exp(t/0) - Liz<op + Loy
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The most elegant way to proceed is by pivotizing this distribution first:

The left 5%-quantile for the limiting distribution is log(.05). Thus, with probability 95%, log(.05) <
n(Oyr —60)/6 <0, so the confidence interval for 6 is

[y, (1+ 10g(.05)/n)*1x(n)] .

10.8 Trivial parameter space

Since the parameter space contains only one point, the latter is the optimizer. If 61 = 6y, then the
estimator 0p;;, = 61 is consistent for 6y and has infinite rate of convergence. If 61 # 6y, then the
ML estimator is inconsistent.

10.9 Nuisance parameter in density

We need to apply the Taylor’s expansion twice, i.e. for both stages of estimation.
The FOC for the second stage of estimation is

1 n
E Z Sc(yia Ty, "5/7 5771) - 07
i=1

dlog fe(ylz,v,0)
Oy

the y-argument around v, yields

0sc(yi, i,y a5
- ZSC Z/z,fﬂu’Yoa ) + - Z ( a/_}// )(’y ’}/0) = 07

i:1

is the conditional score. Taylor’s expansion with respect to

where s.(y, z,7v,d) =

where v* lies between 4 and 7y, componentwise.
Now Taylor-expand the first term around dg:

1 - 1 = asc(yi7$i77075*) <
*ZSC yluxh’YOa ) ZSC(ywxzufy[)aéO)—i_ ’I’lz 85/ (5m_50)7
=1 i=1
where §* lies between 6, and g componentwise.
Combining the two pieces, we get:
~ aSc yu 517@7 '7 5
it = (13
=1
1nascy1x1705) I\
do) + — bl RAL Om — 0 .
(\/>Zsc y273717707 0 n; 96 \/ﬁ( m 0)

Now let n — co. Under ULLN for the second derivative of the log of the conditional density, the
2
a log fC(y’x7 Y0, 50) . There
0yo~'

first factor converges in probability to —(ZJ”7)~!, where )7 = —E [
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are two terms inside the brackets that have nontrivial distributions. We will compute asymptotic
variance of each and asymptotic covariance between them. The first term behaves as follows:

1 n
2 el 70,00) LN (0,727
=1

due to the CLT (recall that the score has zero expectation and the information matrix equal-

ity). Turn to the second term. Under the ULLN, — > selyir i 70,7)

converges to —ZJ° =

n ;=1 85,
2 1 A R
E [3 °8 fﬁ(yg? 7o, 50)] . Next, we know from the MLE theory that v/n(d,, —do) 4N (0,(Z2)71),
Y
2 1 -
where 79 = —E W} . Finally, the asymptotic covariance term is zero because of the

“marginal/conditional” relationship between the two terms, the Law of Iterated Expectations and
zero expected score.
Collecting the pieces, we find:

VG = o) SN (0@ (T 2@ ) @) ).

It is easy to see that the asymptotic variance is larger (in matrix sense) than (I;W)*l that
would be the asymptotic variance if we new the nuisance parameter dg. But it is impossible to
compare to the asymptotic variance for 4., which is not (ZJ 7)71.

10.10 MLE versus OLS

1. Observe that &porg = %Z?:1 vi, Blaors] = %Z?:1E [y] = a, so &ors is unbiased. Next,
%2?21 yi > Ely] = a, so dors is consistent. Yes, as we know from the theory, dorg is
the best linear unbiased estimator. Note that the members of this class are allowed to be
of the form {AY s.t. AX =1}, where A is a constant matrix, since there are no regressors
beside the constant. There is no heteroskedasticity, since there are no regressors to condition
on (more precisely, we should condition on a constant, i.e. the trivial o-field, which gives
just an unconditional variance which is constant by the random sampling assumption). The
asymptotic distribution is

VlaoLs — ) = ;ﬁ z; e 4 N (0,0%E [+7]),

since the variance of ¢ is E [¢?] = E [E [¢*|z]] = ¢?E [2?] .

2. The conditional likelihood function is

2 - 1 (yi — @)
LYy Yns 1y Ty, @, 0°) zniexp .

2.2
im1 \/277331202 2rio

n

2
Co(Y1y -y Yny 1y« ooy Ty @, 0°) = const — E
i=1

The conditional loglikelihood is

(yi—a)®* n 2
— s — 10 g~ — Imax.
2$120'2 2 & a,02
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From the FOC

the ML estimator is

The asymptotic distribution is

- FEE ¢ 6[3]) v ol - (s 3] )

Note that ¢z, is unbiased and more efficient than &prg since

e[2]) e

but it is not in the class of linear unbiased estimators, since the weights in A,;;, depend on
extraneous x’s. The &z, is efficient in a much larger class. Thus there is no contradiction.

10.11 MLE versus GLS

The feasible GLS estimator f3 is constructed by

n / -1 5
5 T;T; TiYi
- (Z <x;3>2> Z(x;m?'

i=1 i=1

The asymptotic variance matrix is

- el)

The conditional logdensity is

2 i(y —-’E,b)Q

1 1
2 2
bn (2., b.5%) = const — 5 log s* — S log(x'h)” — 555 =

so the conditional score is

oy _ _ % ,y—abay
56 (m,y,b,s) - :c’b+ (z'b)3 2’
1 1 (y—a'b)?
2 _
Sg2 (:anvbas) — _2782 @ (x’b)2 P
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whose derivatives are
! !

oy Ix , Yy T

588 (x,y, b, s ) = 7@/())2 — (3y — 2 b) 7(x’b)4572’
n y—2'bxy

850'2 (37,% b7 S ) - (.T/b)S 874,

11—t
25t 6 (2/b)?
After taking expectations, we find that the information matrix is
202 +1 zx' 1 T 1
Zsp = o2 B |:($/B)2:| v Lpor = ;E [m’ﬁ} v 22 = 954"

By inverting a partitioned matrix, we find that the asymptotic variance of the ML estimator of 3

is
~1 202 + 1 ' x 7\
—1
Vmr = <Iﬁﬁ —Zp521 20 éﬂ) - < o2 o [(37'5)2 o [33’5} & [l’/ﬁ}> .

1 xx’ xx’ x x' ] 1 xx’
Vil=ZB|—=|+2(E|—=|-E|-—=|E|—| ) > SE|—=| =V
i =2 [goe ) <2 (o g -2 [ 2 ) ) = e ] -5
where the inequality follows from E [ad’] — E[a]E[d'] = E [(a — E[a]) (a — E[a])’] > 0. Therefore,
VB > Vi, i.e. the GLS estimator is less asymptotically efficient than the ML estimator. This is
because 3 figures both into the conditional mean and conditional variance, but the GLS estimator
ignores this information.

Sg252 (x, Y, b, 82) =

Now,

10.12 MLE in heteroskedastic time series regression

Observe that the joint density factorizes:

Flus, e, i1, Te1, Yp—2, T2, .. .) = fO(Yel@e, Ye—1, Te—1, Y2, Te—2, .. .) [ (Te|Ye—1, Te—1, Yt—2, Te—2, - . -

X f (Y1, Te—1,Y—2,T—2, .. .) -

Assume that data (y;, x¢), t =1,2,...,T, are stationary and ergodic and generated by
yr = a+ Bxy + u,

where wu¢|Te, Y1, Te-1,Y—2,... ~ N(0,07) and x¢|ys—1, 2Tt 1,Yt—2,Tt—2,... ~ N(0,v). Explain,
without going into deep math,

Since the parameter v is not present the conditional density f€¢, it can be efficiently estimated
from the marginal density f™, which yields

1 Z
S 2
0= ;1 Ty,

The standard error may be constructed via

V=St
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2

1. If the entire function 0? = o%(z) is fully known, the conditional ML estimator of o and 3 is

122

the same as the GLS estimator:

(.- (520 3) £50)
B)wr -1 of \ @ P of \z¢)’

The standard errors may be constructed via

"1 /1 B
~ o Tt
VML_T(;U%,(%e 2)) |

. If the values of 07 at t = 1,2,...,T are known, we can use the same procedure as in part 1,
since it does not use values of o%(z;) other than those at zy,za, ..., 27.
. If it is known that o? = (6 + 6x;)2, we have in addition parameters § and § to be estimated

jointly from the conditional distribution
YelTe, Ye—1, o1, Yr—2, T, - .. ~ N+ Bay, (0 + 624)%).

The loglikelihood function is

—a— fay)?
0+5£Ct

T
Ly (e, 3,0,0) —const—fZIOg (0 + 634)? 12 vt
t=1

~ ~ \/
and (éz,[i’, 0, 5) L= z?ig?;ﬁ{g%fén (o, 3,0,0). Note that

(), (Casn (L 3) Sasl)

‘The standard errors may be constructed via

T o, (d,[a, 0, 8) ot (a,B,é,?s) B

Vir =T
e 2" 9(0,8,0,0) (. ,6,0)

. Similarly to part 3, if it is known that o0? = § + du?_;, we have in addition parameters 6 and

0 to be estimated jointly from the conditional distribution

Yol Ty Y15 T 1, Y2, Tams - .. ~ N (a4 By, 04 8(ye—1 — o — Bxi-1)?) .

. If it is only known that o? is stationary, conditional maximum likelihood function is unavail-

able, so we have to use subefficient methods, for example, OLS estimation

9.~ (502 2) Sull)

The standard errors may be constructed via

T 1 =z r 1 =z ) 1 =z !
Vore =T t _ t>é2_ ( t> ’
=2 (L)) 2l B)a(x() 5

where é; = y1 — dors — BorgTt-
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10.13 Does the link matter?

Let the = variable assume two different values 2° and 2!, u® = a+Bz® and ng, = #{z; = %, y; = b},
for a,b = 0,1 (i.e., ngp is the number of observations for which z; = 2%, y; = b). The log-likelihood
function is

@1, T, Y1, - Yns 0, B) = log [[Ti2g Fo+ Bag)¥ (1 — Fla+ Bay)) ] =

(10.1)
= ng1 log F(u®) 4 ngglog(1 — F(u®)) + n11 log F(u') + niglog(1 — F(ul)).
The FOC for the problem of maximization of I(...;«,8) w.r.t. a and 3 are:
F'(a°) F'(a°) F'(a') F'(a')
—np———2| = 0
{”Ol Fao) ~ "1 F@)] " RE) 0T R |
Fl@°) F'(a°) F'(a') (@)
0 _ =
g [“f” F(@) ~F(a ] [”” Flar) M- F(@lJ ’
As 29 # 2! one obtains for a = 0, 1
Nal a0 ~a Na1 _ ~ _1 Nal
— =0 F = = _ 10.2
Py~ T =0 P = L e e b= P () (02)

under the assumption that F(4*) # 0. Comparing (10.1) and (10.2) one sees that I(..., &, ) does
not depend on the form of the link function F'(-). The estimates & and 3 can be found from (10.2):

11 n01 _ 01 ni1 -1 ni1 _ 1 no1
A T (n01+n00> TF (n11+n10) P F (n11+n10) F (n01+n00)
@= 1_ 40 , B= 1_ .0 :
- — r- —

10.14 Maximum likelihood and binary variables

Since the parameters in the conditional and marginal densities do not overlap, we can separate the
problem. The conditional likelihood function is

n

ez Yi ev%i 1-y;
E(yla"wynazh”wznafy):H<1_i_e,yzi) <1_]_—|—6’Yzi> )
1

i=

and the conditional loglikelihood —

Ca(Y1, -3 Yns 2155 ZnsY) Z{ynzl n(l+e’)}.

The first order condition

ol, " zjeV%i
N

i=1
gives the solution 4 = log 71t where nyy = #{z = 1,y; = 1}, nio = #{z = 1,y; = 0}.
The marginal hkehhood functlon is

n
ﬁ(zl, .. .,zn,a) = Hazi<1 _ 04)1*21'7
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and the marginal loglikelihood —

n

bo(21y oy 2n, @) = Z{zz Ina+ (1 —2z)In(l —a)}.
i=1

The first order condition " "
9n — Yic1zi 2o (- z) —0
Oa « 1—«

gives the solution & = % > iy zi. From the asymptotic theory for ML,

(O RG) R (G Gttt

ae”

10.15 Maximum likelihood and binary dependent variable

1. The conditional ML estimator is

n CX;
) eCTi 1
AL = argmgx 'El{yilogW‘F(l—yi)lOgHecgﬁ}
1=

n
= argmax Z {cyiz; —log (1 + e“¥)}.
c
i=1

The score is

0 v err
S(yw,v):a(wx—log(ﬂre )=y~ z,

and the information matrix is

YT
I:_E |:88(y71:7,7):| :E|: € 2$2:|’
Oy (1+er7)
so the asymptotic distribution of 4,,; is N (O,I_l).

YT

2. The regression is E[y|z] =1-P{y = 1|z} +0-P{y = 0|z} = The NLLS estimator is

1+ e’

n eCTi 2
3 = arg min Z ;— .
YNLLS g £ <yz 1+eca:i>
1=

The asymptotic distribution of 4715 is N (0, @y, Quee2@yy ) - Now, since B [e2]z] = V [y|z] =

e
————, we have
(14 er®)
2vx 2vx 3vx
Qgg =E [64552} » Qgger =B [e4x2E [e2|x]} =B [66"”2] :
1+ em) 1+ em) 1+ em)
YT
3. We know that V[y|z] = M, which is a function of z. The WNLLS estimator of ~ is
+e
n 2 . 2
. B , (14 e™) e
TWNLLs = argmin ; o Yi — 1reem ) -
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Note that there should be the true 7 in the weighting function (or its consistent estimate
in a feasible version), but not the parameter of choice ¢! The asymptotic distribution is

N (0,@‘1 ) , where

g9/0?

1 627$ erT
— 2 (= 2) )
Qgg/o'2 I:V [y’x] (1 + 673‘”)4‘% :| ((1 + 671)2.%

4. For the ML problem, the moment condition is “zero expected score”

For the NLLS problem, the moment condition is the FOC (or “no correlation between the
error and the quasiregressor”)

err e
E|lly— x| =0.
1+ €7 ) (14 err)

For the WNLLS problem, the moment condition is similar:

et
B Ky_ 1+e7’3>4 -0

which is magically the same as for the ML problem. No wonder that the two estimators are
asymptotically equivalent (see part 5).

5. Of course, from the general theory we have Vyrp < Vivnrcros < Vrrs. We see a strict

inequality Vivnrrs < VNLLs, except maybe for special cases of the distribution of x, and this
is not surprising. Surprising may seem the fact that Vg = Vivnrrs. It may be surprising
because usually the MLE uses distributional assumptions, and the NLLSE does not, so usually
we have Vs < Vivnrrs- In this problem, however, the distributional information is used by
all estimators, that is, it is not an additional assumption made exclusively for ML estimation.

10.16 Poisson regression

1. The conditional logdensity is
10gf(y|$,04,5) = —)\(:E,a,ﬁ)+ylog)\(:l:,a,ﬁ) _logy‘
= const —exp (o + fz) +y (o + fz),

where const does not depend on parameters. Therefore, the unrestricted ML estimator is
(&, ) solving

(&, B) = argmax Z {yi (@ + bx;) —exp (a + bx;)},
(a,b) i=1

or equivalently solving the system

n n
> yi— Y exp (@4'3561‘) = 0,
i=1 i=1
n n
inyi — sz exp (ol + 6%) = 0.
i=1 i=1
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The loglikelihood function value is
n
Ly, = Z {const — exp (éz + B:pi) + y; (& + ,Bxl)} = nconst + (& — 1) ng + BnTy.
i=1
The restricted MLE estimator is (&%, 0) where
n
ot = arg max Z {yia —exp (a)} = log 7,
@ i=1

with the loglikelihood function value
07 = Z {const — exp (dR) + yidR} = nconst + ng (logy — 1).
i=1

On this basis,
LR =2(l, — Ef) =2 ((éz —logy)ny + Bn@) )

Now, the conditional score is

([ Olog f(y|z,a,B)/0cx '\  oxn (a + Ba 1
s(y,z,a, ) = < dlog f(y|z, o, B) /0B ) =(y p (o + Bx)) <$>a

and the true Information matrix is

- {exp (o + Ba) (;) @ } |

consistently estimated by (most easily, albeit not quite in line with prescriptions of the theory)
~ 1 =z
1= < ) ) ’
f_l _ 1 ﬁ -
g (? _ jZ) —T 1 ’

|

then

Therefore,
W =nfy (? — :32) .

If we used unconstrained estimated in 7 (in line with prescriptions of the theory), this would
be more complex. Finally,

LM = n<i<$(y0y))>lw<xi _1x><z";<$(yo_y)>>
g(ﬁ—jﬂ'

2. The logdensity is

| —

log f(y|z, a, B) = const — a — exp (Bz) + ylog (o + exp (Bx)) .
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Therefore, the estimator used by the researcher is an extremum one with

Wy, z, o, f) = —a — exp (Bz) + ylog (a + exp (fz)) .

The (misspecified) conditional score is

ho(y,x,a,b) = <y (a + exp (bx)) ™ — 1) <exp (1b:L‘) x>

This extremum estimator will provide consistent estimation of (a*, 3) only if

(8) = E[hy(y, z,a*, B)] .

Here o* may be any because we care only about consistency of estimate of 5. But, using the
law of iterated expectations,

Elho(y,z, 0", B)] = B [(y (o +exp (B2)) " — 1) <eXp (15:18) xﬂ

= 5[(EE) (o))

which is not likely to be zero. This illustrates that misspecification of the conditional mean
leads to wrong inference.

10.17 Bootstrapping ML tests

~

1. In the bootstrap world, the constraint is g(q) = g(fnr), so

LR* =2 | max/ly(q) — max £ (q) |,

9€© 9€0,9(9)=9(0rr1)
where £} is the loglikelihood calculated from the bootstrap sample.
2. In the bootstrap world, the constraint is g(q) = g(fnz), so
n /
1 ~xR ~xR
(L) ) (L
LM ”(n; (2 ML)) ( ;5 2 ML>

where 9?&1 is the restricted (subject to g(q) = g(@arz)) ML bootstrap estimate and 7* is the
bootstrap estimate of the information matrix, both calculated from the bootstrap sample.
No additional recentering is needed because the zero expected score rule is exactly satisfied
at the sample.
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11. INSTRUMENTAL VARIABLES

11.1 Invalid 2SLS

1. Since E[u] = 0, we have E[y] = o [2?], so a is identified as long as z is not deterministic
zero. The analog estimator is

-1
0> vt
? (2

Since E[v] = 0, we have E[z] = wE[z], so 7 is identified as long as x is not centered around
zero. The analog estimator is

-1
7 i

Since ¥ does not depend on z, we have ¥ =V [(u

)] , 80 X is identified. The analog estimator
v

is

N ~ 9 N A
where 4; = y; — &z7 and 0; = z; — T,

2. The estimator satisfies

a B [z20?

72[74] 7é Q.

w2 (x4

3. Evidently, we should fit the estimate of the square of z;, instead of the square of the estimate.
To do this, note that the second equation and properties of the model imply

E [2*|z] = E [(rz + v)?|z] = 7*2® + 2E [rzv|z] + E [v?|z] = n%2® + o2

That is, we have a linear mean regression of 2% on 2 and a constant. Therefore, in the first
stage we should regress z? on z2? and a constant and construct zf = ﬂzx? + 02, and in the

second stage, we should regress y on 22, Consistency of this estimator follows from the theory
of 2SLS, when we treat z? as a right hand side variable, not z.
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11.2  Consumption function

The data are generated by

C; = + = e, (111)

th = + At + €, (112)
where Ay = I;+ G, is exogenous and thus uncorrelated with e;. Denote o2 = V [¢;] and 0?4 =V I[A4].

1. The probability limit of the OLS estimator of A is

. CY,G C [V e T30 o2
plim A = -0ty ZE0T A (1 =N e
i VY () s () o Vo

The amount of inconsistency is (1 — X) 02/ (0% + ¢2) . Since the MPC lies between zero and
one, the OLS estimator of A is biased upward.

2. Econometrician B is correct in one sense, but incorrect in another. Both instrumental vectors
will give rise to estimators that have identical asymptotic properties. This can be seen by
noting that in population the projections of the right hand side variable Y; on both instruments
Iz, where I' = E[z2/] (E[22/]) ", are identical. Indeed, because in (11.2) the I, and Gy enter
through their sum only, projecting on (1, I;, G¢)’ and on (1, A;)" gives identical fitted values

« 1
1—X 1-—-AX

Ay

Consequently, the matrix Q,.Q;,!Q’,, that figures into the asymptotic variance will be the
same since it equals [E [Fz (Pz)'] which is the same across the two instrumental vectors.
However, this does not mean that the numerical values of the two estimates of (o, \)’ will be
the same. Indeed, the in-sample predicted values (that are used as regressors or instruments
at the second stage of the 2SLS “procedure”) are &; = I'z; = X'Z (2'Z) ! z;, and these values
need not be the same for the “long” and “short” instrumental vectors.!

3. Econometrician C estimates the linear projection of Y; on 1 and C}, so the coefficient at C
estimated by 0¢ is

2
1 1 2
X0 +(1—>\) 9 Ao + o2
P
+

I

2 T2 2 2°
A 2 1 9 N4 +o
1—,\) oA (‘1—A> oe ae

WL

®

ClY;, Cy =
VI[C] _<

plim 90 =

Econometrician D estimates the linear projection of Y; on 1, Cy, I;, and Gy, so the coefficient at
C} estimated by ¢ is 1 because of the perfect fit in the equation Y; =0-1+1-Cy+1-1;+1-Gy.
Moreover, because of the perfect fit, the numerical value of (¢, ¢, @7, dc)" will be exactly
(0,1,1,1)".

! There exist a special case, however, when the numerical values will be equal (which is not the case in the problem
at hand) — when the fit at the first stage is perfect.
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11.3  Optimal combination of instruments

1. The necessary properties are validity and relevance: E[ze] = E[Ce] = 0 and E[zz] # 0,
E[¢z] # 0. The asymptotic distributions of 3, and 3 are

(- () v 0 (sl i ilen 958 E5)

(we will need joint distribution in part 3).

2. The optimal instrument can be derived from the FOC for the GMM problem for the moment
conditions

Em(y,z,2,(,8)] =B [@ (y — 5:[:)] = 0.

sl an--3)]-

From the FOC for the (infeasible) efficient GMM in population, the optimal weighing of
moment conditions and thus of instruments is then

it = 8[(0)]3[() ()]
. [(ﬂ ()]

E
N ( E[¢*¢*] —E[z(]E ]| zge]>
E [z(] E[22€2] — E[ |E[2¢e?] ) -

Then

That is, the optimal instrument is

(E[22]E [¢*e®] — E[z(]E [2¢€?]) z + (E[z(] E [2%€*] — E[2z2] E [2¢e?]) ( = 7,2 + Y€

This means that the optimally combined moment conditions imply

E[(1.2+7C) (y—Bz)] =0 <

B = Bl(v.2+7C) 2] Bl(1.2+7¢) ]
= E[(n.2+7¢) ] (v.B[22] B, + 7B [C2] )

where 3, and f. are determined from the instruments separately. Thus the optimal IV

estimator is the following linear combination of B , and BC:

b ElIB[Ce] Bl B[] N
E [zz]°E [(®€?] — 2E [zz] E [atC] [zCe2]+E[:E§] E [22€2]
. E[z(]E [ 2] xz| E [zCe] R
P e [<262}—2E[xz]E[xd 2Cet] + BcP B 2] ©
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3. Because of the joint convergence in part 1, the t-type test statistic can be constructed as

T = o~ o~ o~ o~ o~ o~ o~ ?
\/E [22] E [¢(%€?] — 2B [x2] ' E [2¢] ' E [2¢e?] + E [2¢] T E [22¢2]

where B denoted a sample analog of an expectation. The test rejects if |T| exceeds an
appropriate quantile of the standard normal distribution. If the test rejects, one or both of z
and ¢ may not be valid.

11.4 Trade and growth

1. The economic rationale for uncorrelatedness is that the variables P and S are exogenous
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and are unaffected by what’s going on in the economy, and on the other hand, hardly can
they affect the income in other ways than through the trade. To estimate (11.3), we can use
just-identifying IV estimation, where the vector of right-hand-side variables is = (1,7, W)’
and the instrument vector is z = (1, P, S)'.

. When data on within-country trade are not available, none of the coefficients in (11.3) is

identifiable without further assumptions. In general, neither of the available variables can
serve as instruments for 7" in (11.3) where the composite error term is YW; + ¢;.

. We can exploit the assumption that P is uncorrelated with the error term in (11.5). Substitute

(11.5) into (11.3) to get
logY = (a+9m) + BT +yAS + (yw +¢).

Now we see that S and P are uncorrelated with the composite error term ~v + ¢ due to
their exogeneity and due to their uncorrelatedness with v which follows from the additional
assumption and because v is the best linear prediction error in (11.5). As for the coefficients
of (11.3), only $ will be consistently estimated, but not « or +.

. In general, for this model the OLS is inconsistent, and the IV method is consistent. Thus, the

discrepancy may be due to the different probability limits of the two estimators. Let 6y L9
and Oors = 0 + a, a < 0. Then for large samples, 07 = 0 and 0prs =~ 0 + a. The difference
is @ which is (E[zz']) ' E[ze]. Since (E[zz/])"! is positive definite, a < 0 means that the
regressors tend to be negatively correlated with the error term. In the present context this
means that the trade variables are negatively correlated with other influences on income.
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12. GENERALIZED METHOD OF MOMENTS

12.1 Nonlinear simultaneous equations

1. Since E[u] = E[v] = 0, m(w,0) = <y—,6’952)’ where w = , 0 = b , can be used as
=Y Y v

a moment function. The true 5 and 7 solve E[m(w, )] = 0, therefore E[y] = SE[z| and

E[z] = E [y?], and they are identified as long as E[z] # 0 and E [y?] # 0. The analog of the

population mean is the sample mean, so the analog estimators are

2T Ziyzg

2. If we add E [uv] = 0, the moment function is

b

y— Bz
m(w,0) = x — yy?
(y — Bz)(z —vy?)

and GMM can be used. The feasible efficient GMM estimator is

/
. ‘ 1 n - 1 n
QGMM = argmin (TL ;m(wlaQ)> Qmm (’I’L ;m<w27Q)> )

qEO

where Quum = n 1 1 m(w;, 0)m(w;, 0)’ and 6 is consistent estimator of § that can be taken
from part 1. The asymptotic distribution of this estimator is

\/ﬁ(éGMM — 9) L N(Ov VGMM)7

where Vo = (Qh,, @minQom) ! The complete answer presumes expressing this matrix in
terms of moments of observable variables.

12.2  Improved GMM

The first moment restriction gives GMM estimator § = Z with asymptotic variance Vo = V [x] .
The GMM estimation of the full set of moment conditions gives estimator Ogasas with asymptotic

variance Vaypym = (Q’amQZn}nQam)_l, where Qg = E [0m(z,y,0)/0q] = (—1,0)/ and

Qum =B [m(z,y,0)m(z,y,0)'] = ( ?C,g?y) ggiy) ) .

Hence,
(C[z,y))*
Viy]
and thus efficient GMM estimation reduces the asymptotic variance when C [z, y] # 0.

Vo =V x] —
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12.3  Minimum Distance estimation

1. Since the equation 0y — s(7¢) = 0 can be uniquely solved for v, we have

7o = argmin (6o — s(7))" W (6o — 5(+)).
yerl

For large n, 0 is concentrated around 6o, and W is concentrated around W. Therefore, YMD
will be concentrated around 7. To derive the asymptotic distribution of 4,,p, let us take the
first order Taylor expansion of the last factor in the normalized sample FOC

0= S(’AYMD),W\/’E (é - 5(’3/MD))
around 7,:
0= SEnp)Wvn (@ - 90) — SEup) WS@)Vn (Aarp = 70)
where 4 lies between ¥,,p and vy, componentwise, hence ¥ 2 Y- Then

. -1 . N
Vn(up —70) = (S@MD)/WSW)) S(Anp)Wvn (9 - 90)
d _
= (S(0)WS(70)) " S(10) WA (0,V7)

= N (0, (S(r0) WS(70) ™" S(30) WV WS(0) (S(r0) WS(7) ™) -
2. By analogy with efficient GMM estimation, the optimal choice for the weight matrix W is
Vé_l. Then
A d 1yy—1 -1
Vit Gan = 10) 4 7 (0. (50017, 500)) ).

The obvious consistent estimator is V. "'. Note that it may be freely renormalized by a
constant and this will not affect the result numerically.

3. Under Hy, the sample objective function is close to zero for large n, while under the alter-
native, it is far from zero. Let us take the first order Taylor expansion of the “root” of the
optimal (i.e., when W = ‘/971) sample objective function normalized by n around ~,:

n (é - 5@MD)>,W (9 - S(FAYMD)) =g, £=nW'/? (9 - S(FAYMD)) ;

¢ = VaWwl/? (@ _ 00) — AW 2S3) Brasp — o)
2 (IZ - ‘/(971/25(70) (S(Vo)/vg_ls(ﬁ’o)) - S(’Yo)lvgl/2> V(;H/Z\/ﬁ (9 - 60)
A (Ig - Vé_l/QS(’Yo) (51(,)/0)/‘/@_15(70)) -1 S(’Yo)lvg_l/2> N0, 1)

Thus under Hy, /
n (9 - 3(7MD)) W (9 - S(FAVMD)) 4, X%—k'
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4. The parameter of interest p is implicitly defined by the system

The matrix of derivatives is

The OLS estimator of (61,63)" is consistent and asymptotically normal with asymptotic vari-
ance matrix

—-1
V:az[ E[@/ﬂ E[ytyt—l]] :1—p4{1+p2 —2p ]
0 Elyy—1] E [?/?] 1+ p2 —2p 14+p% |’
because ) [ |
1+p E lyye—1 2p

o , = .
1-p2)*  Bly] 1+
An optimal MD estimator of p is

~ / A~
. ) 91) < 2p > - [ Y Y ] (91> ( 2p )
— ar min ~ — . . R _
PMD gp:|p|<1 <<92 —p? tz; Y1 Ui 02 —p?

and is consistent and asymptotically normal with asymptotic variance

v (o VY Lt 1 1 2p],(1 o1
PMD — —p (1_p2)31+p2 2p 1 —p 4

To verify that both autoregressive roots are indeed equal, we can test the hypothesis of correct
specification. Let 62 be the estimated residual variance. The test statistic is

A~ / n ~ R
()G EL ()G
6% \ \62 —Piip — | Yty yi 0 —P

and is asymptotically distributed as x3.

12.4 Formation of moment conditions

2
1. We know that E[w] = g and E[(w — p)*] = 3 (E[(w — ,u)2]> . It is trivial to take care of

the former. To take care of the latter, introduce a constant o = E[(w — ,u)Q], then we have
E[(w — p)*] =3 (02)2 . Together, the system of moment conditions is

w— W
E (w— p)? — o2 =0.
(w—p)* =3(0?)’
2. To have overidentification, we need to arrive at least at 4 moment conditions (which must

be informative about parameters!). Let, for example, z; = (1,yt_1,yt271,yt_2,yt272),. The
moment conditions are

B [Zt 2 ( RO 2)} _0
(Yt — pyt—1)" —w — v (Yt—1 — pYt—2)
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A much better way is to think and to use different instruments for the mean and variance
equations. For example, let z1; = (yt,l,yt,Q)', 2ot = (1,yt2_1,yt2_2), so that the moment
conditions are

. < th2(?/t — pYi—1) 2 > o
Zot ((yt — Y1) —w — 7 (Ye—1 — pYi—2) )

12.5 What CMM estimates

The population analog of

n

> 9(z,9)=0

=1

is E[g(z,q)] = 0. Thus, if the latter equation has a unique solution ¢, it is a probability limit of 0.
The asymptotic distribution of # is that of the CMM estimator of # based on the moment condition
Elg(z,0)] = 0:

Vi (0-0) % N (0, (B [99(2,0)/00) " B [g(=,0)9(2,0)] (B [09(=,0) /06]) ") .

12.6  Trinity for GMM

The Wald test is the same up to a change in the variance matrix:

W = nh(@crn) {H(écMM)(QémQr_n%@Qam)_lH(@GMM)' h(Baaiar) Xo»

where 9GM A 18 the unrestricted GMM estimator, Qam and Qmm are consistent estimators of Qg,,
and Quum, relatively, and H () = 0h(0)/06'.
The Distance Difference test is similar to £R, but without factor 2, as 82Q,, /0006 TN 2Q’amQ;ﬁnQ3m:

R . d
DD =n [Qn(eGMM) - Qn(gGMM)} S X2
The LM test is a little bit harder, since the analog of the average score is
!/
1= 0m(z,0)\ o 11—
AO)=21|— — | X — i 0) ] .
0=2(i5750) s (5
It is straightforward to find that

n. R N A A 1. R d
LM = Z)‘(GGMM)/(QéQOinQam) "NOaarar) = xo-

In the middle one may use either restricted or unrestricted estimators of Qg,, and Qmm-
A more detailed derivation can be found, for example, in section 7.4 of “Econometrics” by
Fumio Hayashi (2000, Princeton University Press).
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12.7 All about J

1. For the system of moment conditions E [m (z,0)] = 0, the J-test statistic is

Observe that

where 0* = plim 0. By the CLT, /n (7 (z,0*) — E[m (z,6*)]) converges to the normal distri-
bution. However, this means that

Vi (2,0%) = v/ (m (2,07) = E[m (z,67)]) + vnE [m (2,07)]

converges to infinity because of the second term which does not equal to zero (the system of
moment conditions is misspecified). Hence, J is a quadratic form of something diverging to
infinity, and thus diverges to infinity too.

2. Let the moment function be just x so that £ = 1 and & = 0. Then the J-test statistic corre-
sponding to weight “matrix” w equals J = nwz2. Of course, when 0w > V [:c]fl corresponds

-1

to efficient weighting, we have J <, X2, but when @ 2 w # V[z] ™, we have

J L wviz]xd # 3.

3. The argument would be valid if the model for the conditional mean was known to be correctly
specified. Then one could blame instruments for a high value of the J-statistic. But in our
time series regression of the type E; [y¢11] = g(z;), if this regression was correctly specified,
then the variables from time ¢ information set must be valid instruments! The failure of
the model may be associated with incorrect functional form of g(-), or with specification of
conditional information. Lastly, asymptotic theory may give a poor approximation to exact
distribution of the J-statistic.

12.8 Interest rates and future inflation

1. The conventional econometric model that tests the hypothesis of conditional unbiasedness of
interest rates as predictors of inflation, is

T =g + ik +0f, B [nﬂ =0.

Under the null, a, = 0, §;, = 1. Setting £ = m in one case, k = n in the other case, and
subtracting one equation from another, we can get

T = T = G — g+ Biyt — Buil np —nit By — "] = 0.

Under the null o, = o, = 0, 5, = B, = 1, this specification coincides with Mishkin’s
under the null o, , =0, B, ,, = 1. The restriction 3, ,, = 0 implies that the term structure
provides no information about future shifts in inflation. The prediction error n;"" is serially
correlated of the order that is the farthest prediction horizon, i.e., max(m,n).
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2. Selection of instruments: there is a variety of choices, for instance,

!
=1 N M =70 -m =N m n
<1: o st — Y1 % —2 T %2 Ty _max(myn) 7rtqrm;c(m,n)) )
or ,
(17 b5y U151 —15 Te—max(m,n)> 7-‘-t—nnax(m,n)) ’

etc. Construction of the optimal weighting matrix demands a HAC procedure, and so does
estimation of asymptotic variance. The rest is more or less standard.

. Most interesting are the results of the test 3,, ,, = 0 which tell us that there is no information

in the term structure about future path of inflation. Testing 3,,, = 1 then seems excessive.
This hypothesis would correspond to the conditional bias containing only a systematic com-
ponent (i.e. a constant unpredictable by the term structure). It also looks like there is no
systematic component in inflation (the hypothesis oy, , = 0 can be accepted).

12.9 Spot and forward exchange rates

1. This is not the only way to proceed, but it is straightforward. The OLS estimator uses
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the instrument P15

= (1 )", where 2; = f; — s;. The additional moment condition adds
ft—1—8¢—1 to the list of instruments: z; = (1 x¢ :Etfl)' . Let us look at the optimal instrument.
If it is proportional to ztOLS , then the instrument z;_;, and hence the additional moment
condition, is redundant. The optimal instrument takes the form (, = Q’amQ;jnzt. But

1 E[ZEt] 1 E[.Tt] E[CCt_l]
Qom =— [ Elz Elz7] , Qum=0"| E[z] Elz7]  Blzwe ]
Elzi-1] Bloiwe ] Elzi-1] Elzwei] Elz7 ]

It is easy to see that
1 00
-1 -2

which can verified by postmultiplying this equation by Q. Hence, ¢, = 022915, But the
most elegant way to solve this problem goes as follows. Under conditional homoskedasticity,
the GMM estimator is asymptotically equivalent to the 2SLS estimator, if both use the same
vector of instruments. But if the instrumental vector includes the regressors (z; does include
205 the 2SLS estimator is identical to the OLS estimator. In total, GMM is asymptotically
equivalent to OLS and thus the additional moment condition is redundant.

. We can expect asymptotic equivalence of the OLS and efficient GMM estimators when the

additional moment function is uncorrelated with the main moment function. Indeed, let
us compare the 2 x 2 northwestern block of Voyy = (Q’amQ;ﬁnQam)_l with asymptotic
variance of the OLS estimator

Vous = (siey 514 )

Denote Afi+1 = fir1 — fi- For the full set of moment conditions,

1 E[l’t] 0'2 O'QE[ZL‘t] E[It€t+1Aft+1]
Q@m = E[xt} E[{I}%] ) Qmm = ng[xt] GzE[ZB%] E[x%€t+1Aft+1]
0 0 Elzierr1Afrv1] BlaferiAfen]  Elaf(Afr)?]
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It is easy to see that when E[zse; 1A fir1] = Blz?es 1A fir1] = 0, Quum is block-diagonal and
the 2 x 2 northwest block of Vs is the same as Vprg. A sufficient condition for these two
equalities is Ele;11A fi41]l¢] = 0, i. e. that conditionally on the past, unexpected movements
in spot rates are uncorrelated with unexpected movements in forward rates. This is hardly
satisfied in practice.

12.10 Returns from financial market

Let us denote y; = 741 — ¢, 8 = (Bg, B1, B2, f3) and x; = (1,7}, 7’?,7’{1),. Then the model may be
rewritten as

Yy = 33:55 + Et41-

1. The OLS moment condition is E[(y; — x}3) z;] = 0, with the OLS asymptotic distribution
N (0, o°E [z} - Elzz)r? B A _1) .
The GLS moment condition is B[(y; — 2}8) z¢r; >'] = 0, with the GLS asymptotic distribution

N <0, UQE[a:tx;/r;%]*l) :

2. The parameter vector is 6 = (6', o2, fy)’. The conditional logdensity is

(ye — 2,8)°
2027’,527

2

1
Ing (yt|It7670-277) = —510g0' - %lOgT? -

(note that it is illegitimate to take a log of r;) The conditional score is

(yr — = 8) x4

2
a?r;” ,
1 (yr — x8)
2 _ S AT AR |
S (yt’Ih 57 o 77) 202 ( 0'27‘?’}/
1 —z8)?
L@z B) ) 1,2
2 o2r;’
Hence, the ML moment condition is
(yr — 2, B) w1
27 ,
(yr — z1.8)
E 22 1 =0
/ 2
((?Jt CL‘; ) _ 1) logrf
or;”

Note that its first part is the GLS moment condition. The information matrix is

1 |z}
;E [T?V] 0 0
T = 1 1
0 QE [log r?] §E [log2 r?]
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The asymptotic distribution for the ML estimates of the regression parameters is
v
N (0, 0Bz, 2] 1) ,

and for the ML estimates of 02 and + it is independent of the former, and is

Vo 202 o*E [log2 rf] —E [log r?] '
"V [log 7] —E [log 7] o
3. The method of moments will use the moment conditions
(yr — 2, B8) ¢
1 2\2 2,27\ .27
E ((yt —aB)” — oty ) Tt =0,
((yt —aB8)* - a2r,527> o2r? logr?
where the former one is from Part 1, while the second and the third are the expected products
of the error and quasi-regressors in the skedastic regression. Note that the resulting CMM

estimator will have the usual OLS estimator for the -part because of exact identification.
Therefore, the S-part will have the same asymptotic distribution:

N (0.0%B [wia) ™ Blavalr B [aiaf] ).

As for the other two parts, it is more messy. Indeed,

Elzix}) 0 0
Qom = — 0 E[r}] o2EB[r{" logr?] |,
0 o2E[r{" logr?] o*E[r}" log? r2]
o2z z,r?] 0 0
Qumm = 0 204 E[r}"] 205E[r}7 log r2]
0 205E[r{7 logr2] 208E[rY log? r2]

The asymptotic variances follow from ngilQmegn%. The sandwich does not collapse, but
one can see that the pair ((T% MM YOM M)’ is asymptotically independent of BC MM

4. We have already established that the OLS estimator is identical to the S-part of the CMM
estimator. From general principles, the GLS estimator is asymptotically more efficient, and
is identical to the S-part of the ML estimator. As for the other two parameters, the ML
estimator is asymptotically efficient, and hence is asymptotically more efficient than the
appropriate part of the CMM estimator which, by construction, is the same as implied by
NLLS applied to the skedastic function. To summarize, for 5 we have OLS = CMM <
GLS = ML, while for 0 and v we have CMM < ML.

12.11 Instrumental variables in ARMA models

1. The instrument x;_; is scalar, the parameter is scalar, so there is exact identification. The
instrument is obviously valid. The asymptotic variance of the just identifying IV estimator of
a scalar parameter under homoskedasticity is th_j = angszz. Let us calculate all pieces:

Q:: = Bla} | =Vm]=0(1-p%) ",
Qz: = EBlogqz—j] =Cloiy,z—j] = PV 2] = 0?7t (1 — p2)71.
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Thus, Vi, , = = p?~ U (1 . p2). It is monotonically declining in j, so this suggests that the
optimal instrument must be x;_1. Although this is not a proof of the fact, the optimal instru-
ment is indeed x;_1.. The result makes sense, since the last observation is most informative

and embeds all information in all the other instruments.

2. It is possible to use as instruments lags of y; starting from y;_s back to the past. The regressor
yt—1 will not do as it is correlated with the error term through e; 1. Among y; o, 43, ... the
first one deserves more attention, since, intuitively, it contains more information than older
values of y;.

12.12 Hausman may not work

1. Because the instruments include the regressors, 32 sr.s will be identical to Bo g, because the
instrument vector contains x, the “fitted values” from the “first-stage projection” will be
equal to z. Hence, BO LS — Bz s1.s Will be zero irrespective of validity of 2z, and so will be the
Hausman test statistic.

2. Under the null of conditional homoskedasticity both estimators are asymptotically equivalent
and hence equally asymptotically efficient. Hence, the difference in asymptotic variances is
identically zero. Note that here the estimators are not identical.

12.13 Testing moment conditions

Consider the unrestricted (3,) and restricted (3,) estimates of parameter 8 € R¥. The first is the
CMM estimate:

n 1 n -1 1 n
Zm@_Wm_o—>ﬁf(}Z%@ LS i
=1 =1 =1

The second is a feasible efficient GMM estimate:
. 1<
B, = argmln ( Zml ) QL (nzlm,(b)> , (12.1)
1=

), u(b) =y — xb, u = u(f), and Q is a consistent estimator of

Qo =B (o (3)] = B[ ( 72 T )]

X U TX U

oy’ 3za'u?
m(f,) around [ gives after rearrangement

/
Denote also Qo = E [8m(ﬁ)] =-E [( o >] . Writing out the FOC for (12.1) and expanding

A

\/ﬁ(ﬁr - ﬂ) é - (ngQ;n}nQam)_l Qém mm\/‘ Zml
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Here 2 means that we substitute the probability limits for their sample analogues. The last equation
holds under the null hypothesis Hy : E [:z:u3] = 0.
Note that the unrestricted estimate can be rewritten as

VB, —8) 2 B ) (1 O) ;ﬁ S ma(8)
=1

Therefore,

I

=1

where (after some algebra)

V = (B [22']) " E [z2?] (B [2']) " — (@ Q@b Qom) "

Note that V' is k x k. matrix. It can be shown that this matrix is non-degenerate (and thus has a
full rank k). Let V be a consistent estimate of V. By the Slutsky and Mann-Wald theorems,

WEn(Bu_Br)/ (ﬁ _5)_>Xk

The test may be implemented as follows. First find the (consistent) estimate ﬁ Then compute
Qum =n"1 > mi(B,)mi(B,)', use it to carry out feasible GMM and obtain 3,. Use 3, or 3, to
compute V the sample analog of V. Finally, compute the Wald statistic YW, compare it with 95%
quantile of X% distribution ¢g.95, and reject the null hypothesis if W > qg.95, or accept it otherwise.

12.14 Bootstrapping OLS

Indeed, we are supposed to recenter, but only when there is overidentification. When the parameter
is just identified, as in the case of the OLS estimator, the moment conditions hold exactly in the
sample, so the “center” is zero anyway.

12.15 Bootstrapping DD

Let 6 denote the GMM estimator. Then the bootstrap DD test statistic is

DD*=n| min Q(¢) —minQ(q)|,
a:h(q)=h(0) a
where Q7 (g) is the bootstrap GMM objective function
R 1 —
( Zm z7q _72 (2279)> < Zm z?q Hzm(zh ))
i=1 i=1

where anm uses the formula for Q,n, and the bootstrap sample. Note two instances of recentering.
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13. PANEL DATA

13.1 Alternating individual effects

It is convenient to use three indices instead of two in indexing the data. Namely, let
t=2(s—1)+gq, where ¢ € {1,2}, se{1,...,T}.

Then ¢ = 1 corresponds to odd periods, while ¢ = 2 corresponds to even periods. The dummy
variables will have the form of the Kronecker product of three matrices, which is defined recursively
as AR BRC=A® (BaC).

Part 1. (a) In this case we rearrange the data column as follows:
‘ Yi1 Vi
Yis1
Yisq = Yit, yis:<l ),yi: , V= ,
2 Yir Yn

and pu = (u@ u¥ ... 4@ pP). The regressors and errors are rearranged in the same manner as y’s.
Then the regression can be rewritten as

Y=Du+Xp+wv, (13.1)
where D = I, ® i ® Iz, and ip = (1 ... 1)’ (T x 1 vector). Clearly,

D'D=1,®ipir @ Iy =T - Iop,

1 1
D(D'D)"'D’ = 7n @ irip @ Iy = 7l @ Jr @ I,

where Jr = irif. In other words, D(D'D)~1D’ is block-diagonal with n blocks of size 2T x 2T of
the form:

r 0 T 0
1 1
0 = 0 =
r 0 T 0
1 1
0 7 0 7

The @Q-matrix is then @Q = Iy, — %In ® Jr ® Is. Note that () is an orthogonal projection and
@D = 0. Thus we have from (13.1)
QY = QXS+ Qu. (13.2)

Note that %JT is the operator of taking the mean over the s-index (i.e. over odd or even periods
depending on the value of g). Therefore, the transformed regression is:

Yisq — giq = (xisq - fiq)lﬁ + U*, (133>

where g;, = 23:1 Yisq-
(b) This time the data are rearranged in the following manner:

Yi1 Vg1
Yqis = Yit; yqi: ;yq: ;y:<il>;
YiT yqn 2
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p=u ... 4@ uf ... pF). In matrix form the regression is again (13.1) with D = I, ® I,, ® i,

and
1 1
D(D'D)"'D’ = 7L @@ iriy = 70 @ L@ Jr.

This matrix consists of 2n blocks on the main diagonal, each of them being %JT. The @Q-matrix is
Q= Ionr — %Ign ® Jr. The rest is as in part 1(b) with the transformed regression

Yqis — Yqi = (xqis - fqi)lﬁ + ’U*, (13'4>

with g4 = ZST:1 Yqis, which is essentially the same as (13.3).
Part 2. Take the Q-matrix as in Part 1(b). The Within estimator is the OLS estimator in
(13.4), ie. B = (X'QX)1X'QY, or

-1

B = Z($qis - jqi)(mqis - jqi), Z(xqis - jqi)(yqis - gqi)-

q727s q71/78

Clearly, E[B] = 3, B 2, B and B is asymptotically normal as n — oo, T fixed. For normally
distributed errors vy the standard F-test for hypothesis

ng,u?:,ug:...:ugand,uiE:,uQE:...:ug

is
(RSSR - RSSU)/(2n —2)Ho

F = TF(2n—-2,2nT —2n —k
RSSU/(2nT — 2n — k) (2n=2,2nT = 2n — k)

(we have 2n — 2 restrictions in the hypothesis), where RSSY = 2 isqWais — Ygi — (Tgis — Zqi) B)?,
and RSS® is the sum of squared residuals in the restricted regression.
Part 3. Here we start with

Yqis = 1{1155 + Ugis, Ugis = Hgi + Vqis, (135)
where p1; = p¢ and py; = uF; Elpy) = 0. Let 07 = 03, 03 = 07, We have
B [ugistqirs] =B [(t1g; + vgis) (g + vgrirsr)] = 0300q0iiLsg + 038qq8iir st
where 04 = {1 if a =a’, and 0 if a # d'}, 134 = 1 for all s, s’. Consequently,

2
o1 0

Q = E[uu’]:<0 o2

10
) ® In ® Jp + oolany = (To} + 07) <

1
0 0>®In®TJT+

0 0
0 1

1

1
7+ 2L @I, ® (It — =Jr).

+(T0’% + 012)) < T

) ®I,®
The last expression is the spectral decomposition of €2 since all operators in it are idempotent
symmetric matrices (orthogonal projections), which are orthogonal to each other and give identity
in sum. Therefore,

10
0 0

0 0

—1/2 — 2 2\—1/2

1 1
>®In®TJT+(TU§+03)_1/2< >®IH®TJT+
1
to, ' Lo, ® (It — ZJ1)-
The GLS estimator of 3 is R
g= @ty taaty.
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A

To put it differently, 8 is the OLS estimator in the transformed regression
oo Y2y = JUQ_I/QXﬁ + u*.
The latter may be rewritten as

Yqis — (1- \/%)gqi = (xqis —(1- \/%)jqi)lﬁ +u’,

where 0, = 02 /(02 + To2).

To make B feasible, we should consistently estimate parameter 6,. In the case 0?2 = 02 we may
apply the result obtained in class (we have 2n different objects and T" observations for each of them
— see part 1(b)):

2n — k W'Qu
2n(T —1) —k+ 14/ Pa’
where 4 are OLS-residuals for (13.4), and Q = Io,.7 — %Ign ® Jr, P = Is,7 — Q. Suppose now that
02 # 03. Using equations

0 =

1

TO’?) + o2

E [ugis]) = 012) + 02; E [u;s) = o

and repeating what was done in class, we have

n—k i/ Qi
n(T—1)—k+1a/Pa’

0, =

. 1 0 0 0 10
with Q1 = < 0 0 >®In®(IT_11“JT)»Q2 = ( 01 )®In®(IT—:1pJT),P1 = ( 0 0 >®1n®:1pJT,

0 0 .
P2:<0 1>®In®TJT-

13.2  Time invariant regressors

1. (a) Under fixed effects, the z; variable is collinear with the dummy for p;. Thus, 7 is uniden-
tifiable.. The Within transformation wipes out the term z;y together with individual effects
i, so the transformed equation looks exactly like it looks if no term z;y is present in the
model. Under usual assumptions about independence of v;; and X', the Within estimator of
B is efficient.

(b) Under random effects and mutual independence of p1; and v;;, as well as their independence
of X and Z, the GLS estimator is efficient, and the feasible GLS estimator is asymptotically
efficient as n — oo.

2. Recall that the first-step B is consistent but 7;’s are inconsistent as 71" stays fixed and n — oo.
However, the estimator of v so constructed is consistent under assumptions of random effects
(see part 1(b)). Observe that ; = g; — &, 3. If we regress 7; on z;, we get the OLS coefficient

S s Sz (?ji - E;B) Yo% (:E;B + ziy 4+ + U — a‘ciﬁ)

D1 21‘2 i1 31'2 it zz'Q
1 1 _ 1 -
7 i1 Fili | Do ZiDi L Di1 ZiT; (ﬂ _ B) _

+ n
1 1 1
n Z?:l Zi2 n Z?:l Zi2 n Z?:l Z?

2>
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Now, as n — o0,

IS e g2 1N BBl — Bs] Bl
niz_;zi HE[ZZ]#Ov n;'zluz_}E['zlﬂz]_E[ZZ]E[NZ]_()?
EZZi@igE[Zﬁi]ZE[%]E[@]ZU, lzziféiE[%f;]’ B—B50.

n “ n -~
=1

In total, ¥ 2 ~. However, so constructed estimator of 7y is asymptotically inefficient. A better
estimator is the feasible GLS estimator of part 1(b).

13.3  Within and Between

Recall that By — 8 = (X'QX) ' X'QU and Bz — § = (X'PX)"* X'PU, where U is a vector of
two-component errors, and that V[U|X] = Q = agQ + apP for certain weights ag and ap that
depend on variance components. Then

(X'Qx) "' A'QVu|x) Px (X' PX)

C |:/3W7 BB’X}
= (x'Qx) A Q (agQ + apP) PX (X'PX)™"
= ag (Y'QX) T X'QQPX (X'PX) " +ap (X'QX) " X'QPPX (X'PX)
07

-1

because QP = PQ = 0. Using this result,
V [Bw - Bslx] = V[Bwlx|+V [Bpx]

= (X'QX) T AQOQX (X'QX)
= ag (X'QX) " +ap (X'PX)".

-1 -1

+ (X'PX) X POPX (X'PX)

We know that under random effects both BW and 3 p are consistent and asymptotically normal,
hence the test statistic

R = (3w - 3n) (60 (0Q2) "+ ap ('P2) 1) (B B)

is asymptotically chi-squared with k& = dim(3) degrees of freedom under random effects. Here, as
usual, &g = RSSw/ (nT —n — k) and &p = RSSp/ (n — k). When random effects are inappropri-
ate, BW is still consistent but B g is inconsistent, so BW — B g converges to a non-zero limit, while
X'QX and X'PX diverge to infinity, making R diverge to infinity.

13.4 Panels and instruments

Stack the regressors into matrix X, the instruments — into matrix Z, the dependent variables — into
vector ). The Between transformation is implied by the transformation matrix Q = I,, ® T~ !Jp,
where Jr is a T' X T matrix of ones, the Within transformation is implied by the transformation
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matrix Q = I,7 — P, the GLS transformation is implied by the transformation matrix 012 =
agQ® + apP for certain weights ag and ap that depend on variance components. Recall that P
and ) are mutually orthogonal symmetric idempotent matrices.

1.

When in the Within regression QY = QX3+ QU the original instruments Z are used, the IV
estimator is (2'QX) "' 2/QY. When the Within-transformed instruments Q2 are used, the

IV estimator is ((QZ2)' QX)_l (QZ) QY = (2'QX) ' 2/QY. These two are identical.

. The same as in part 1, with P in place of ) everywhere.

When in the Between regression PY = PXfS + PU the Within-transformed instruments Q2
are used, (QZ)' PX= Z'Q'PX= 2Z'0X= 0, a zero matrix. Such IV estimator does not exist.
The same result holds when one uses the Between-transformed instruments in the Within
regression.

. When in the GLS-transformed regression Q~1/2) = Q~1/2X3 4+ Q=2 the original instru-

ments Z are used, the IV estimator is
(zr072x) gy,
When the GLS-transformed instruments Q~/2Z are used, the IV estimator is
—1
((Q—lﬂz)'sz—l/?)f) (o2z) a2y = (z/tx) 2oy,

These two are different. The second one is more natural to do: when instruments coincide
with regressors, the efficient GLS estimator results, while the former estimator is inefficient
and weird.

. When in the GLS-transformed regression the Within-transformed instruments are used, the

IV estimator is
(@zya22) " (@2 %Y = (2@ (0gQ +arP)X) ™ 2Q (0gQ + apP)Y
= (2" (a@Q) X) ' 2 (agQ) Y
= (2'Qx) ' Z'QU,

the estimator from part 1. Similarly, when in the GLS-transformed regression one uses the
Between-transformed instruments, the IV estimator is that of part 2.

13.5 Differencing transformations

1.

OLS on FD-transformed equations is unbiased and consistent as n — oo since the differenced
error has mean zero conditional on the matrix of differenced regressors under the standard FE
assumptions. However, OLS is inefficient as the conditional variance matrix is not diagonal.
The efficient estimator of structural parameters is the LSDV estimator, which is the OLS
estimator on Within-transformed equations.

. The proposal leads to a consistent, but not very efficient, GMM estimator. The resulting error

term v; s — v; 2 is uncorrelated only with y; 1 among all y;1,...,y; 7 so that for all equations
we can find much fewer instruments than in the FD approach, and the same is true for the
regular regressors if they are predetermined, but not strictly exogenous. As a result, we lose
efficiency but get nothing in return.
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13.6  Nonlinear panel data model

The nonlinear one-way ECM with random effects is
(yit + @) = By + p; +vie,  p; ~ 11D(0, 02), it~ 1ID(0,02),

where individual effects p; and idiosyncratic shocks v;; are mutually independent and independent
of x;;. The latter assumption is unnecessarily strong and may be relaxed. The estimator of Problem
9.3 obtained from the pooled sample is inefficient since it ignores nondiagonality of the variance
matrix of the error vector. We have to construct an analog of the GLS estimator in a linear one-
way ECM with random effects. To get preliminary consistent estimates of variance components,
we run analogs of Within and Between regressions (we call the resulting estimators Within-CMM
and Between-CMM):

T T T
1 1 1
(it + 04)2 — T (yit + 04)2 = flow— 5 Tit | +vit — = ) Vit
T T T
t=1 t=1

t=1

1 < 1 < 1 <
2 —_— . P .
thl(yit+a) — 5thlxzt+ﬂi+thlvzt

Numerically estimates can be obtained by concentration as described in Problem 9.3. The estimated
variance components and the “GLS-CMM parameter” can be found from

1., RSSp N é_RSSW n—2

v T(n—2) ~ RSSpTn—n-—2

Note that RSSy and RSSp are sums of squared residuals in the Within-CMM and Between-CMM
systems, not the values of CMM objective functions. Then we consider the FGLS-transformed
system where the variance matrix of the error vector is (asymptotically) diagonalized:

(yit + @) — (1 - \/§> ;i (yir + )’ =0 <33it - (1 - \/§> ;gfﬁzt> + o

term
t=1

13.7 Durbin—Watson statistic and panel data

1. In both regressions, the residuals consistently estimate corresponding regression errors. There-
fore, to find a probability limit of the Durbin—Watson statistic, it suffices to compute the
variance and first-order autocovariance of the errors across the stacked equations:

plimDWzQ( —'Ql>,

n— o0 )

where
1 T n 1 T n
0 =plim —> " uj, o =plim == > > wyuiy,
n—oo NI’ t=1 i=1 n—oo NI t=2 i=1
and u;’s denote regression errors. Note that the errors are uncorrelated where the index
¢ switches between individuals, hence summation from ¢ = 2 in p;. Consider the original

regression
! .
Vit =Ty +up, t=1,....n, t=1,...,T.
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where u;; = p; + vi. Then gy = 012, + 03 and

1 & 1< T-1
— ; ) ) _ - - -2
01 = T ;2 plim n ;:1 (1 + i) (b + vig—1) = T O

— . N—00

Thus

T_-1 o2 To? + o2
lim DW =2l1-=——Ht =02 K
e oLs ( T o2+ Gi) T (024 02)

The GLS-transformation orthogonalizes the errors, therefore

plim DWears = 2.

n—oo

2. Since all computed probability limits except that for DWors do not depend on the variance
components, the only way to construct an asymptotic test of Hy : ai =0vs. Hy: O'Z >0

is by using DWors. Under Hy, vnT (DWors — 2) LA N (0,4) as n — oo. Under Hy,

plim DWors < 2. Hence a one-sided asymptotic test for ai = 0 for a given level « is:
n—oo

. . Z
Reject if DWorg < 2 <1 + \/T%> ,

where z, is the a-quantile of the standard normal distribution.

13.8 Higher-order dynamic panel

The original system is
Yit = 01Yit—1 + 02Yit—2 + Bxi + p; +vie, t=1,...,n, t=3,...,T,

where p; ~ 11D(0, ai) and v; ~ I1D(0,02) are independent of each other and of x;’s. The FD-
transformed system is

Yit — Yit—1 = 01 (Yit—1 — Yit—2) + 02 (Wit—2 — Yig—3) + B (Tit — Tip—1) + Vi — Vi1,
i = 1....n t=4,. . ..T

or in the matrix form,
AY = 61AY_1 + 69AY_9 + BAX + AV,

where the vertical dimension is n (7'— 3). The GMM estimator of the 3-dimensional parameter
vector 0 = (01,82, 3)" is

dorr = ((AV-1 AY2 AXYW (W (I, © Q)W) W (A, AV, AX))_l
X (AV_1 AY 5 AX)W (W' (I, © G) W) " WA,
where the (T —3) x ((T' 4+ 1) (T — 3)) matrix of instruments fro the 7*" individual is
Yil Yi2 Ti1 Ti2 Ti3
Yi1 Yi2 Yi,3 Til Ti2 xi3 Tia

W; = diag

Yi1l --- YiT—2 Ti1l ... TpT-—1
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The standard errors can be computed using
— _ -1
AV (GGMM) — 52 ((Ay_l AV 5 AXY W (W (I, ® )W) ' W (AY_1 AV, AX)) :
where, for example,

7= a3 (&) &V,

and AV are residuals from the FD-transformed system.
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14. NONPARAMETRIC ESTIMATION

14.1 Nonparametric regression with discrete regressor

Fix ag;), j=1,..., k. Observe that
E(yill[zi = a(;))
glacy) = Bly;|lz; = arn] =
( (J)> [l (J)] E(I[z; = ag;))

because of the following equalities:
E [H [.’12, = a(])“ =1 -P{J}i = a )} +0- P{xi 75 aj) } = P{J}i = a])}
E [yi]l [J?Z = a(j)]] = E [yi]l [33@ = qq ] |z, =a j)] P{z; = a;} =E [yz\:nl = aq ] P{z; = ag)}.
According to the analogy principle we can construct g(a(j)) as
>ic vl [wi = )]
> Iz = a)]
Now let us find its properties. First, according to the LLN,
icyil [z =ag)] p Blyllei = ag)]] g(ap)
Yial[zi=ap] Bl =ag)]] !

glag)) =

9(agy) =
Second,
2ic1 (4 ~ B lyilei = a)]) Lz = ag)]

v (9(ag) = glag))) = vn i Lz = agj)]

According to the CLT,

n

1
NG B [yilzi = agy)]) I [z = agy] > N (0,0),
z:l
where
2
w = V(i —B[ylzi = o)) T [z = agy)] = B[ (u: — B [yl = ay))* 2 = agy)| Pls = agy)}
=V [yz]:):Z = qq ] P{z; = a(J)}
Thus

V \yilzi = a(;
Vi (glag) = glag) >N (O’ EH) '

14.2 Nonparametric density estimation

(a) Use the hint that E[I[z; < z]] = F(z) to prove the unbiasedness of estimator:
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(b) Use the Taylor expansion F(z + h) = F(z) + hf(z) + $h2f'(z) + o(h?) to see that the bias
of fi(x) is

B |fi(2)] = f(2) = b7 (F(a+ h) - F(x)) — f(2)
= (@) + hf(@) + 3h2F @) + o(h?) ~ F()) ~ f()
_ %hf’(:p) +o(h).
Therefore, a = 1.

(c) Use the Taylor expansions F (z + %) = F(z) + %f(:c) +1 (%) flz)+ 2 (& )3f”( ) + o(h3)
and F (z— %) = F(z) - 2f(x)+ 3 (&) "(x) + o(h?) to see that the bias of
fa(x) is

B [£2()] ~ F() = b7 (Fla + h/2) — Fla—1/2)) ~ f(z) = 307" () + o(h?).

Therefore, b = 2.

14.3 Nadaraya—Watson density estimator

Recall that
Vi (f@) = 1(@)) = 7= 3 (K s = 2) = f(@)).

.
—_

It is easy to derive that

E[Kp (z; — x) — f(z)] = O(h?),

and it can similarly be shown that
VK (5 - 2) = [(@)] = B[Ky (@ - 2) } + F(2)? — 2f ()E K, (i — 2)] — B [Kp, (i — z) — f(2)]
= /K (R)) du + O(1) — O(h*)?
= z)Ri + O(1).
To get non-trivial asymptotic bias, we should work on the bias term further:
E (K (2 — ) — f(2)] = / K (u) <f(:v) +huf (@) + 5 () () + o<h3>) du — f(x)
_ h?%f”(x)ai +O®).

Summarizing, by (some variant of) CLT we have, as n — oo and h — 0, nh — oo, that
\/7 7 d L. 2
nh (f(@) = £@) 4N (A @)k, F@)Ric )

provided that A = lim vVnh® exists and is finite.

n—oo
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The asymptotic bias is proportional to f”(x), the amount of which indicates how the density in
the neighborhood of z differs from the density at x which is estimated. Note that the asymptotic
bias does not depend on f(x), i.e. how often observations fall into this region, and on f’(z), i.e.
how density to the left and that to the right of x differ — indeed, both are equally irrelevant to
estimation of the density (unlike in the regression). The asymptotic variance is proportional to
f(z), the density at x, which may seem counterintuitive (the higher frequency of observations, the
poorer estimation quality). Recall, however, that we are estimating f(z), so its higher value implies
more dispersion of its estimate around that value, and this effect prevails (the frequency effect gives
o f(z)71, the scale effect gives oc f(z)?).

14.4 First difference transformation and nonparametric regression

1. Let us consider the following average that can be decomposed into three terms:

n n

> ) = g D (e — ()P 4 g (e — i)’

=2 =2 =2

n—14

Since z; compose a uniform grid and are increasing in order, i.e. z; —2;_1 = =5, we can find
the limit of the first term using the Lipschitz condition:

12 —g(2i- 1))2

=2

2 2
< ¢ Z(zi_zifl)QzGi — 0

—1)2 n—
(1

Using the Lipschitz condition again we can find the probability limit of the third term:

n

D (9(zi) = glzim1))(ei — ei1)| <

1=2

26 «—
(n— 2Z|e’ ¢i-1]
n
n—ln—lz|ez|+|el 1)) OOO
=2

2
n—1

smce2—G1 T 0 and -3 (|| + |ei—1]) n_%oo 2K |e;] < oo. The second term has the
following probability limit:

n n

1
—ei—1)° = — 22 (e? — 2e;e;-1 + 612_1) n%oo 2E [e?] = 2052,
1=

Thus the estimator for 02 whose consistency is proved by previous manipulations is

n

1 1
A2:7 s — Y 2
o om—1 ;:2 (yz yz—l) .

2. At the first step estimate 8 from the FD-regression. The FD-transformed regression is

Yi — Yie1 = (@i — xi—1)' B+ g(2i) — g(zi—1) + € — €1,

FIRST DIFFERENCE TRANSFORMATION AND NONPARAMETRIC REGRESSION 153



154

which can be rewritten as
Ay; = A{L‘;B + Ag(z;) + Ae;.

The consistency of the following estimator for 3

n -1 n
B= (Z AZEZ'A:E;> (Z AmiAyi)
=2 =2

can be proved in the standard way:

n -1 n
X 1 Z , 1 Z
s (n -1 AxiAxi) (n—l i=2 AnlBoz) Aei))

1 n . / - 1. . . 1 n i i p o
Here —5 > :" o Az;Az; has some non-zero probability limit, =5 > ", Ax;Ae; e 0 since

Eles|zi, z;] = 0, and

standard nonparametric tools for the

Ly, A:UZ-Ag(zl-)} < G LS Az n_%oo 0. Now we can use

“regression”

yi — @B = g(zi) + €},

where ef = e; + z}(8 — 3). Consider the following estimator (we use the uniform kernel for
algebraic simplicity): )
9G) = > iz (yi — 2P|z — 2| < b}
>imi Lz — 2| < A

It can be decomposed into three terms:

S (o) + B = B) +e) Ll — 2l < ]
9= D PRy

The first term gives g(z) in the limit. To show this, use Lipschitz condition:

‘Z?zl(g(zi) — g(2)[|zi — 2| < h]
>

NI PEEEY)

<an

and introduce the asymptotics for the smoothing parameter: h — 0. Then

S gClle — A <H S (0() + gz~ g()Ells - ol <H) _

iz Ilzi — 2| < 4] iz Ilzi — 2| < A
Sl gl <H
S » Y T PRy e

The second and the third terms have zero probability limit if the condition nh — oo is satisfied

Z?:l 33;]1 [|2i — 2| < A

o P
S e — o< L2
g v
0

E [z}]

7

and i
Yorq ez — 2| < h » g ] =0
Z?=1 I[]z; — 2| < h] n—oo i .

—

Therefore, g(z) is consistent when n — oo, nh — oo, h — 0.
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14.5 Unbiasedness of kernel estimates

Recall that Z" K ( )
X =1 Yilp Ty — T

x)= n 9
§(@) Zizl Ky (v — )

Yo Blyilw] Kp (v —2)] [>2i cKh (zi — 2)
E[ > iy K (zi — ) }_E[ZLKM%—%)

i.e. ¢(x) is unbiased for ¢ = g(z). The reason is simple: all points in the sample are equally
relevant in estimation of this trivial conditional mean, so bias is not induced when points far from
x are used in estimation.

The local linear estimator will be unbiased if g () = a + bx. Then all points in the sample are
equally relevant in estimation since it is a linear regression, albeit locally, is run. Indeed,

>oie Wi = 9) (w — 2) Ky, (2 — 2)

SO

:c’

g(z)=y+ - - (z—12),
> i (i — 35)2 Ky (z; — o)
SO
Eg1(2)] = B[E[glry,... zn]]
e (Vi —9) (v — 2) Ky (zi —
+E |E 21:155/ y)(ﬁ_2 CU) h(x x)|.’E1,...,:En (.’L‘—.CZ‘)
i izt (@i —2)" Ky (2 — 2)
= Ela+ bz]
L[> bri —a —bx) (xi — @) K (2 —
+E |E Lz (0 nx a4 _:I;) (z: — 7) K (@ x)|1:1,...,$n (x— 1)
| >oic (@i — )" Ky (2 — @)
= Ela+bz+b(z—2T)]=a+ bz
As far as the density is concerned, unbiasedness is unlikely. Indeed, recall that
F@) =13 Ko —a)
z)=_ 2 n(x; —x),
SO

Ty — T

Eﬁmﬂzmmm@—mzi/K( h)fwww

This expectation heavily depends on the bandwidth and kernel function, and barely will it equal
f (z), except under special circumstances (e.g., uniform f (z),  far from boundaries, etc.).

14.6  Shape restriction

The CRS technology has the property that
l
ram =kf ().
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The regression in terms of the rescaled variables is

Vi_ (L g
h_f<&ﬁ)+h.

Therefore, we can construct the (one dimensional!) kernel estimate of f (I, k) as

In effect, we are using the sample points giving higher weight to those that are close to the ray [ /k.

14.7 Nonparametric hazard rate

(i) A simple nonparametric estimator for F'(t) = Pr{z < t} is the sample frequency
1 n
F(t) =— Iz <t].
=5 21k <d

By the law of large numbers, it is consistent for F'(¢). By the central limit theorem, its rate
of convergence is y/n. This will be helpful later.

(ii) We derived in class that

and

Vuﬁ<ﬁ;ﬁ}:éﬁmm+oax

where Ry, = [k (u)2 du. By the central limit theorem applied to

nm(ﬂw—fm)zvﬁuzég(éﬁ<%é¢>—f®>,

we get

nha (F(0) = F(8)) 5 N (0, Re (1)

(iii) By the analogy principle,
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It is consistent for H(t) and

Vi (A = H(t)) =

ﬁ
>
&

TN T N

i
1—-F@t) 1-F(@)
f)A~F($) = F(1)(1 ~ F(t)))
(L~ ()1~ F(1))

1(t))

= nhy,

i) - NLORLD
—rw YO A o)
4, 1_1F(t)N(O,ka(t)) 40

= (0. m )

The reason of the fact that uncertainty in F(t) does not affect the asymptotic distribution of
H(t) is that F'(t) converges with faster rate than f(t) does.

14.8 Nonparametrics and perfect fit

When the variance of the error is zero,

(nh) ' Y, (g(i) — (@) K (Iff)

o) S (P

There is no usual source of variance (regression errors), so the variance should come from the
variance of x;’s.

The denominator converges to f(x) when n — oo, h — 0. Consider the numerator, which we
denote by ¢(z), and which is an average of IID random variables, say ;. We derived in class that

9(z) —g(z) =

E[j(2)] = h*B(2)f(z) + o(h?), V[§(z)] = o((nh)™").

Now we need to look closer at the variance. Now,

Bl = 02 [ (ol g0 K (“;x)zf(xndzi
~pt / (g + hu) — g(@)? K () f(z + hu)du
e / 2)hu+ o(h)? K (w)? (f(z) + o(h)) du
— b @2 (@) [ WK ) dut ofh),

VI¢] =E[¢F] — B[] = hg'(2)* f(2)U% + o(h),
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where U2 = [u’K (u)2 du. Hence, by some CLT,

Vb T <<nh>1 > (ate) g & (P ) - 1B ) + o<h2>)

=1

5N (0,9 (2)2f(@)T%) -

Let A= lim nh3, assuming A < co. Then,
n—o00,h—0

VAT (3 0) = 9(a)) 4 N (AB(@). Lk ¥).

14.9 Nonparametrics and extreme observations

(a) When z; is very big, we will have a big influence of this observation when estimating the
regression in the right region of the support. With bounded kernels, we may find that no
observations fall into the window. With unbounded kernels, the estimated regression line will
go almost through (z1,y1).

(b) When y; is very big, the estimated regression line will have a hump in the region centered at
xI1.
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15. CONDITIONAL MOMENT RESTRICTIONS

15.1 Usefulness of skedastic function

Denote 0 = (ﬁ ) and e = y — 2/3. The moment function is

miy,z,6) = (ZZ) = <(y e /hﬁ(x,ﬁm))

The general theory for the conditional moment restriction E[m(w,0)|x] = 0 gives the optimal
restriction B [D(z)'Q(z) 'm(w,0)] = 0, where D(z) = E [BZ,LJ:} and Q(z) = E[mm/|z]. The

variance of the optimal estimator is V =

(B
pte) =5 ] - - Kmh e = )

B "ot e? e(e? — h) B e? e3
Qz) = E[mm'[z] = E |:( 6(62 —h) (62 _ h) ) |‘T:| =E |:< 3 (62 _ h)? > |x:| )
since Elex|z] = 0 and Eleh|z] = 0.
Let A(z) = det Q(x) = E[e?|z]E[(e? — h)?|z] — (E[e3|z])2. The inverse of € is

o= xge|( AT )]

and the asymptotic variance of the efficient GMM estimator is

[D( )" 1D(x )])_1 . For the problem at hand,

V! =E [D(2)Qz) ' D()] = (g g)

where
1 - B (€2 — h)%xa’ — 63($hlﬁ + hga') + eZhgh’ﬁ
A(z) ’
—e3ha' + e2h.h 25 B
B = Bl oog|Clmhe
A(z) A(z)

Using the formula for inversion of the partitioned matrices, find that

v < (A-B'C'B)7! « )

* *

where *’s denote submatrices which are not of interest.

1
To answer the problem we need to compare Vi3 = (A — B'C~1B)~! with 1 = <E {JZ]) ,

the variance of the optimal GMM estimator constructed with the use of m; only. We need to show
that V11 <V, or, alternatively, Vﬁl > Vofl. Note that

Vit-Vyt=A-BC'B,
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where A = A — VJl can be simplified to

1 (mx’ (E [63]36])2

A=E — e*(xhly + hpa!) + ehghly | | -
A(z) E [¢?|z] @ (ohy T her) F s 6)]

Next, we can use the following representation:
A— B'C7'B = E[ww/],

where
o Bl e B[Rl o Bl
E [e?|z]\/A(x) A(r)

This representation concludes that Vﬁl > Vb_l and gives the condition under which V;; = V4. This
condition is w(x) = 0 almost surely. It can be written as
E [63\96]
E [e?|z]

x=hg— B'C~'h, almost surely.

Consider the special cases.
1. hg = 0. Then the condition modifies to

E [¢?|z]
E [e?|z]

-1
] h; almost surely.

v = —E {e3hﬂm’} [th,rh;r

A(z) A(x)

2. hg = 0 and the distribution of e conditional on z is symmetric. Then the previous condition
is satisfied automatically since E [e*|z] = 0.

15.2  Symmetric regression error

Part 1. The maintained hypothesis is E [e|z] = 0. We can use the null hypothesis Ho : E [¢*|z] =0
to test for the conditional symmetry. We could in addition use more conditional moment restrictions
(e.g., involving higher odd powers) to increase the power of the test, but in finite samples that would
probably lead to more distorted test sizes. The alternative hypothesis is H; : E [e3|x] # 0.

An estimator that is consistent under both Hy and H; is, for example, the OLS estimator
é&ors- The estimator that is consistent and asymptotically efficient (in the same class where &ors
belongs) under Hy and (hopefully) inconsistent under H; is the instrumental variables (GMM)
estimator &oyy that uses the optimal instrument for the system Ele|z] = 0, E [e3|z] = 0. We
derived in class that the optimal unconditional moment restriction is

B |a1(2) (y — az) + a2(a) (y - a2)*| = 0,

where

<a1($)> _ x <M6($) - 3#2($)M4($))
ag(x))  po(@)pe(x) — pa()? \ 3pa(w)? — ()

and p,(x) = E[(y — ax)" |z], r = 2,4,6. To construct a feasible &ory, one needs to first estimate
i, (z) at the points z; of the sample. This may be done nonparametrically using nearest neighbor,

160 CONDITIONAL MOMENT RESTRICTIONS



series expansion or other approaches. Denote the resulting estimates by f,.(z;), i = 1,...,n,
r =2,4,6 and compute a;1(z;) and az(z;), i =1,...,n. Then &ory is a solution of the equation

1 /. R R N 3
=3 (@) 4 — dorva:) + asle) (4 — dorvai)’) =0,
i=1
which can be turned into an optimization problem, if convenient.

The Hausman test statistic is then

(GoLs — dorv)” 4,
—

H=n X1s

Vors — Vorv

N ) R ~ . . .
where Vors = n (Z?:l :L‘Zz) Z?:l :L‘ZQ (yi — OéOLszri)Z and Vpry is a consistent estimate of the

efficiency bound

(o[22 (pg(2) — bpg(@) g () + 9pd(2)) ]\
VOW‘@[ 2 (@) pio(@) — (@) D |

Note that the constructed Hausman test will not work if &g is also asymptotically efficient,
which may happen if the third-moment restriction is redundant and the error is conditionally
homoskedastic so that the optimal instrument reduces to the one implied by OLS. Also, the test
may be inconsistent (i.e., asymptotically have power less than 1) if &ory happens to be consistent
under conditional non-symmetry too.

Part 2. Under the assumption that e|z ~ N(0,02), irrespective of whether o2 is known or not,
the QML estimator égarr coincides with the OLS estimator and thus has the same asymptotic
distribution

E |22 (y — ax)?

~ d
R el

15.3  Optimal instrumentation of consumption function

As the error has a martingale difference structure, the optimal instrument is (up to a factor of

proportionality)
1 1
C & E[?ﬂ|yt—1yct—1,---]
' E[ef‘yt—170t—1,-~-] !

E [y;y In yt|yt71, Ct—1,- - ]

One could first estimate «, § and v using the instrument vector (for example) (1,y;—1,y¢—2). Using
these, one could get feasible versions of €7 and y;. Then one could do one’s best to parametrically fit
feasible €2, y] and y; Iny, to recent variables in {y;_1,c;—1,%i—2,¢i—2, - . .} , employing autoregressive
structures (e.g., fancy GARCH for €?). The fitted values then could be used to form feasible (; to
be eventually used to IV-estimate the parameters. Naturally, because auxiliary parameterizations
are used, such instrument will be only “nearly optimal”. In particular, the asymptotic variance has
to be computed in a “sandwich” form.
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15.4 Optimal instrument in AR-ARCH model

Let us for convenience view a typical element of Z; as Zil w;ct_;, and let the optimal instrument
be ¢, = >"7°; ajer—i. The optimality condition is

E[vizi—1] = E [vi(se7]  for all vy € Z,.

Since it should hold for any v; € Z;, let us make it hold for vy = ¢;_;, 7 = 1,2,.... Then we get a
system of equations of the type

0
E[ﬁtfjxtfl] =E |:8t7j (Zizl aist,i) 8?} .
The left-hand side is just p/~! because x;_1 = > p~tey_; and because E[e?] = 1. In the right-

hand side, all terms are zeros due to conditional symmetry of &;, except a;E [et ]et} Therefore,

i1
14+ ai(k—1)’

a; =
where « = E [¢}] . This follows from the ARCH (1) structure:
E [5?—3'53} =E [515 _Ble; dis 1]] =k [5§—j ((1 —a)+ 0453—1)} =(1—-a)+aE [53—j+15?] )
so that we can recursively obtain
E [ef_jef] =1-a’ + k.
Thus the optimal instrument is

G = Zl—i—oﬂn—l) t—i =

= DV o (ap) o
 l+a(k—1) +r-D )z;(l+ozi(n—1)) (I+ai-l(k—1))""

1=

To construct a feasible estimator, set p to be the OLS estimator of p, & to be the OLS estimator
of o in the model &2 — 1 = (&2 ; — 1) 4 vy, and compute & =T~ 1, &}

The optimal instrument based on Elei|I;_1] = 0 uses a large set of allowable instruments,
relative to which our Z; is extremely thin. Therefore, we can expect big losses in efficiency in
comparison with what we could get. In fact, calculations for empirically relevant sets of parameter
values reveal that this intuition is correct. Weighting by the skedastic function is much more pow-
erful than trying to capture heteroskedasticity by using an infinite history of the basic instrument

in a linear fashion.

15.5 Optimal instrument in AR with nonlinear error

1. We look for an optimal combination of e;_1, €2, ..., say

o0
*
= E O; Et—i,
=1
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when the class of allowable instruments is

o0
Z = {Ct = Z¢i€t_i} .
i=1
The optimality condition for each e;—,, r > 1, is

Vr>1 Elet—przi—1] = E [at_rgtsf] ,

Et—r (Z ¢f5ti> 5%] .
i=1

When 7 > 1, this implies p" ! = ¢, while when 7 = 1, we have 1 = ¢{E [7715271771527277%77%71] =
P E [174] . The optimal instrument then is

or

Vr>1 pPrl=E

oo o
G = B [774]_1 €4-1 + Zpr_litfi = (E [774]_1 — 1) €r—1+ ZPT_lftfi
=2 i=1

= (E [774]_1 - 1) (41 — pri—2) + 241 =B [774]_1 Ty—1 + (E [774]_1 - 1) pPTi—2,

and employs only two lags of x;. To construct a feasible version, one needs to first consistently
estimate p (say, by OLS), and E [174] (say, by a sample analog to E [5%_152] ).

2. The optimal instrument based on this conditional moment restriction is Chamberlain’s one:

¢ o e S
E[€§|It,1]7
where
E[5?|It—l] = E[U%Uilkﬂt—hxt_g,.n]:E[E [U?’mfpﬁt—l,ﬁt—%w-] n?,l\xt—lyﬂft—%u-]
2 2 2 2
€ €7 _1E2 987 ...
= B? desr 2so... ] =B |2 120 | = = t17t3785" "
[ |we-1, 20, ] n%_2| -1, Tt—2, i D

This, apparently, requires knowledge of all past errors, and not only of their finite number.
Hence, it is problematic to construct a feasible version from a finite sample.

15.6 Optimal IV estimation of a constant

From the DGP it follows that the moment function is conditionally (on y¢—p—1,yt—p—2,...) ho-
moskedastic. Therefore, the optimal instrument is Hansen’s (1985)

O(L)¢; =E[O(L™) M gr—p1,Yt—p-2,---] ,

or

O(L)¢, =0((1)~".

This is a deterministic recursion. Since the instrument we are looking for should be stationary, (;
has to be a constant. Since the value of the constant does not matter, the optimal instrument may
be taken as unity.
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15.7 Negative binomial distribution and PML

Yes, it does. The density belongs to the linear exponential class, with C'(m) = logm — log(a + m).
The form of the skedastic function is immaterial for the consistency property to hold.

15.8 Nesting and PML

Indeed, in the example, h (z, p,<) reduces to exponential distribution when ¢ = 1, and the expo-
nential pseudodensity consistently estimates . When ¢ is estimated, the vector of parameters is
(p,5)", and the pseudoscore is

dlogh (z, i, <) 0 (logg +glogl (1 + gfl) —clogu+ (¢ —1)logz — (F (1 + gfl) z/u)g)
9 (<) ()

_ <((F(1+<‘1)Z/u)g—1)€/u).

Observe that the pseudoscore for p has zero expectation if and only if E [(F (1 + g‘l) z/ u)g] =1.
This obviously holds when ¢ = 1, but may not hold for other ¢. For instance, when ¢ = 2, we know
that E [22] = T (2.5) /T (1.5)% = 1.542/T (1.5) , which contradicts the zero expected pseudoscore.
The pseudotrue value ¢, of ¢ can be obtained by solving the system of zero expected pseudoscore, but
it is very unlikely that it equals 1. The result can be explained by the presence of an extraneous
parameter whose pseudotrue value has nothing to do with the problem and whose estimation
adversely affects estimation of the quantity of interest.

15.9 Misspecification in variance

The log pseudodensity on which the proposed PML1 estimator relies has the form

(y —m)®

1
log (y,m) = —log V2w — ilogm2 + 57

which does not belong to the linear exponential family of densities (the term y?/2m? does not fit).
Therefore, the PML1 estimator is not consistent except by improbable chance.

The inconsistency can be shown directly. Consider a special case of no regressors and estimation
of mean:

y ~ N (69,0%),
while the pseudodensity is

y~N(0,6%).
Then the pseudotrue value of 6 is

0. = arg max E o

1 2 (y—0)? _ 1 o 02+ (00— 0)
5 log 6 o = arg max 5 log 6 .

It is easy to see by differentiating that 6, is not 6y until by chance 9% =2
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15.10 Modified Poisson regression and PML estimators

Part 1. The mean regression function is E[y|z| = E[B[y|z,¢]|z] = Elexp(2/8 + €)|z] = exp(a’B).
The skedastic function is V[y|z] = E[(y — E[y|z])?|z] = E[y?|x] — E[y|z]?. Because

E[y’lz] = EIE[y?|v,¢]|z] =E [exp(22'8 + 2¢) + exp(2/B + ¢)|7]
= exp(22'B)E [(exp 5)2\1'] +exp(2’B) = (02 + 1) exp(22'B) + exp(2’'f),
we have V [y|x] = 0% exp(22'3) + exp(2/).

Part 2. Use the formula for asymptotic variance of NLLS estimator Vyrrs = Q;ngggezQ;gl,

where Qg = B [9g(z, 8)/08 - dg(x, 8)/95'] and Qyge2 = B [0g(x, 8)/95 - Dg(x, B) /0B’ (y — g(, B))?] -
In our problem g(z, 3) = exp(z’f) and Qgy = E [zz’ exp(22/5)],

Qugez = B [a:a:' exp(22'6)(y — exp(w'ﬁ))Q] =FE [:c:c' exp(2:c'B)V[y\x]]
= E [z2" exp(22/8) (0 exp(22/B) + exp(z'B))] = E [v2’ exp(32/B)] + 0”E [z2’ exp(4a’B)] .

To find the expectations we use the formula E[za’ exp(na’f)] = exp(”;ﬁlﬂ)([ +n2B3"). Now, we

have Qgy = exp(26'8)(I + 484') and Qgge2 = exp(%,@'ﬁ)(l +988") + o2 exp(88'B)(I + 1685").
Finally,

Vivsss = (1+499) " (exp(0)( + 995" + 0% exp(4 B)(T + 1635) ) (1 + 459

The formula for asymptotic variance of WNLLS estimator is Viynrrs = Q;gl/UZ, where Qgq/52 =
E [V[y|z]'g(z, 8)/08 - dg(x,8)/0'] . In this problem
Qgg/0> = E [a:a;' exp(2a:',8)(02 exp(22'8) + exp(x'ﬁ))*l] ,

which can be rearranged as

xx! -
WNLLS = O < [1 + o2 exp(w’ﬁ)}>

Part 3. We use the formula for asymptotic variance of PML estimator: Vpyr, = J 77 -1
where

oC am(z, By) Oml(z, )
[0 nesgy 08 OF |

2
_ oC 2 om(x, By) Om(z, By)
Lol <8m m(a:ﬂo)) 7 ) op o'

In this problem m(z, ) = exp(2’f) and o2(z, ) = o2 exp(22'3) + exp(2'3).
(a) For the normal distribution C(m) = m, therefore 0C/0m =1 and Vxpyr = Vvrrs.
(b) For the Poisson distribution C(m) = logm, therefore 0C/0m = 1/m,
/ / / 1 !/ /
J = Elexp(—a'f)za’ exp(22'5)] = exp(55B) (I + BF),
T = Elexp(—22'8)(0? exp(22'B) + exp(z'B))zz’ exp(22'B)]
1 / !/ / /
= exp(5AB)(I+ B8 + o exp(28'B)(I +455").
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Finally,
Versis = (14 5" (exp(-5)(T + 58') + o exp(s B)(T + 458")) (T + 58)

(c) For the Gamma distribution C(m) = —a/m, therefore dC/dm = a/m?,

J = Elaexp(—22'p)zz’ exp(22'8)] = al,
T = o Elexp(—42'8) (0% exp(22'B) + exp(2'B))zz’ exp(22'B)]

= @21+ exp(5FB)(1 + BF).
Finally,
Vapur = o1 + exp(%ﬁlﬁ)u + B6).

Part 4. We have the following variances:

Vaies = (1+488)7" (eXp(;ﬁ’ﬁ)(IJr%ﬁ’)+026Xp(4ﬁ’ﬁ)(1+1655’)> (1 +488) 7",

xx! -
WNLLS g ( [1 + 02 exp(l‘/ﬁ)D ’

Vpvr = VnNrwrs,

Versi = (+68)" (oxp(-305)(T + 58 + o exp(85)(1 +458")) (T + 65)

Vepmr = 021+€XP(%5/5)(I+55')-

From the theory we know that Viynrrs < Vnrrs. Next, we know that in the class of PML

estimators the efficiency bound is achieved when 9C/0m/,,,, 5 ) is proportional to o~ %(z,3y), then

the bound is
o [9771(33,5) om(z,B) 1 }
B " Vlyl|a]
which is equal to Viy y s in our case. So, we have Viy s < Vepymr and Vivnrens < Vapamrn. The

comparison of other variances is not straightforward. Consider the one-dimensional case. Then we
have

e¥/2(1 +98%) 4 02e*%’ (1 4+ 164?)

V_ — Y
NLLS (1+43%)2
2 v’ h
i = 1-EB|—%——F
WNLLS a < [1 + o2 exp(l‘ﬁ)]) ’
o PR ) 1 0% (14 487
PPML = (1+ B%)2 7
Vapur = o2+ 21+ %),

We can calculate these (except Viynrrs) for various parameter sets. For example, for o2 =0.01
and 52 = 04 Vnrrs < Vppur < VGPML; for 02 = 0.01 and 52 = 0.1 Vepyur < Varrs <
Vapmi, for 0?2 = 1 and 52 = 04 Vapmur < Vepyur < ViLs, for 02 = 0.5 and 52 = 04
Vepmr < Vopmr < Vairs. However, it appears impossible to make Vyrrs < Vaopmr < Vepumir
or Vepmr < Vnirs < VppmL-
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15.11 Optimal instrument and regression on constant

Part 1. We have the following moment function: m(z,y,0) = (y — a, (y — a)? — o222)" with

0 = (a,az)/. The optimal unconditional moment restriction is E[A*(x)m(z,y,0)] = 0, where
A*(z) = D'(z)Q(2)"", D(z) = E [0m(2,y,0)/00'|z] , Uz) = E[m(z,y,0)m(z,y,0)'|z].
(a) For the first moment restriction mq(z,y,0) = y — a we have D(z) = —1 and Q(z) =
E [(y — a)?|z] = 0%2?, therefore the optimal moment restriction is
y—a
E —
=]

(b) For the moment function m(zx,y, ) we have

b= (3 %) aw= (O e )

where yiy(z) = E [(y — @)*|z] . The optimal weighting matrix is

L 0
A* (117) — 0'201}2 x2
py(x) — zio?
The optimal moment restriction is
Y-«
2
SN I

xT

pa(z) — 2ot

Part 2. (a) The GMM estimator is the solution of

1 ; — @ . ; 1

X

The estimator for 02 can be drawn from the sample analog of the condition E [(y — a)2] =0o’E [:132] :

5t = Z:(yZ —@)Z/Zx?.

(b) The GMM estimator is the solution of

Y — &
2
Z A 2:61 ~2 2 =0.
ﬂ4($z‘)_$?A4 '

We have the same estimator for a:
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&2 is the solution of

where fi4(z) is non-parametric estimator for py(z) = E [(y — a)?|z] , for example, a nearest neighbor
or a series estimator.

Part 3. The general formula for the variance of the optimal estimator is

V = (B [D'(2)Q(x) "' D(x)]) .

(a) Vi = o? (E [93_2])_1 . Use standard asymptotic techniques to find

V.o = —0
ST,
(b)
a0 T (R EE) 0 1
Viaor = | B 7 xt = rt -
0 py(x) — ztot ! (E [M(w) - 3?404])

When we use the optimal instrument, our estimator is more efficient, therefore Vz2 > V2.
Estimators of asymptotic variance can be found through sample analogs:

-1 -1

R 1 1 (y; — &)* 4

‘/éé:OA'2 - E ) 5 V&ZZTLM—’&A, V6_2:TL E Ax—lwl .
e (> 27) T (@) — oy

Part 4. The normal distribution PML2 estimator is the solution of the following problem:

—

« n 1 (yi — a)?
= t— —logo? — — § AN A O
<02>PML2 arg max {cons 5 logo” — — i 222

a,o

Solving gives
. R Ui 1 9 1 (yi — &)
adpML2 = & = E % E 5y OpMmL2 = — E e 3

. . . _91y—1
Since we have the same estimator for o, we have the same variance Vj = o2 (E [a:Z 2]) . It can be
shown that
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16. EMPIRICAL LIKELIHOOD

16.1 Common mean

1. We have the following moment function: m(z,y,0) = (x — 6,y — 0)". The EL estimator is
the solution of the following optimization problem.

Zlogpz — max

pis0
7

> pim(zi,yi, 0) =0, sz—l
i

Let X be a Lagrange multiplier for the restriction ), pim(x,-, Yi,0) = 0, then the solution of
the problem satisfies

subject to

1 1
nl+ )\’m(:z:i,yi, 0)’

pi =

1
0 = — iy i79 ’
& T )
1 1 om(zs,yi,0)\’
0 = = A
nzi:l—i—)\’ (i, yi,0) ( o0’

In our case, A = (A1, A2), and the system is

1
1 + )\1(IZ — 0) + )\g(yl — 9)7

1 1 LL‘Z‘*Q
0 - - )
nz:Z L+ M@ —0) + Xa(yi — 0) <Z/z’—9)

1 —A1— A
0 = = :
RZZ:1+)\1(SIJZ—0)+A2(yl—9)

pi =

The asymptotic distribution of the estimators is

Viibe, ~0) 4 NV, Vi) 4 M)

2

- -1

-1
ol o,
and Qm = a‘” 0_2y , therefore
v Ugaz—ogy U 1 <1 —1)
02 +02 - 204, 02 +02 204 \ -1 1 '

Estimators for V and U based on consistent estimators for o2, 05 and o, can be constructed
from sample moments.
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2. The last equation of the system gives Ay = —Ay = A, so we have

170

1 1 1 :L‘i—g
P N @ ) O_nZHA@ci—yi)(yi—H)'

7

The EL estimator is

« X Yi
Opr, = = ’
EL Z 1+ Aprn(x; — ;) Z L+ Xer(xi — vi)

i i
where Agy, is the solution of
Z Ti —Yi -0
—~ 1+ Mz —ui)
Consider the linearized EL estimator. Linearization with respect to A around 0 gives
1 x; — 0
pi =1—=Azi — i), U_RZ(l—/\(xi—yi))<y2_9>,

i
and helps to find an approximate but explicit solution

SO DH{C ) B SD WL € (et 79) LD DI ST )
> —yi)? > (=X —yi)) S =N — )

Observe that \ AprL is a normalized distance between the sample means of z’s and y’s, 0 AEL
is a weighted sample mean. The weights are such that the weighted mean of z’s equals the
weighted mean of y’s. So, the moment restriction is satisfied in the sample. Moreover, the
weight of observation ¢ depends on the distance between x; and y; and on how the signs of
x; —y; and T — g relate to each other. If they have the same sign, then such observation
says against the hypothesis that the means are equal, thus the weight corresponding to this
observation is relatively small. If they have opposite signs, such observation supports the
hypothesis that means are equal, thus the weight corresponding to this observation is relatively

large.

. The technique is the same as in the EL problem. The Lagrangian is

L=-— Zpi logpz' + u (sz - 1) + )\’Zpim(xi,yi,é’).

The first-order conditions are

1 om(zi, i, 0)
—~(logp; + 1 N,y 0) =0, N3 p ¥l
n(ogp + 1)+ p+ Nm(zi,y;,0) =0, p 50

=0.

The first equation together with the condition ), p; = 1 gives
eA’m(a;ivyive)

P S N ma i)

Also, we have
om Ly iae '
0=> pim(z;,y:,0), 0= p; <(89/y)> A.

The system for § and A that gives the ET estimator is

!
0= Z @) (s i, 0), 0= Ze)\’m(a:i,yi,@) (W) \

7
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In our simple case, this system is

0= Z M (@i—0)+X2(yi—0) (ml B 9>7 0= Z eM @02 Wi=0) (N 4 ),).

Here we have A\; = —A9 = X again. The ET estimator is

Do — Ez xie)‘(xi*yi) _ ZZ yie)\(l“ryi)
ET ZZ eMzi—yi) ZZ eMzi—yi) ’

where A is the solution of

Z(x’ _ yi)e)‘(zi*yi) =0.

7

Note, that linearization of this system gives the same result as in EL case.
Since ET estimators are asymptotically equivalent to EL estimators (the proof of this fact is
trivial: the first-order Taylor expansion of the ET system gives the same result as that of the
EL system), there is no need to calculate the asymptotic variances, they are the same as in
part 1.

16.2 Kullback—Leibler Information Criterion

1. Minimization of 1

nm;

KLIC(e:7)=E, [log %} = Z % log

is equivalent to maximization of ), logm; which gives the EL estimator.

2. Minimization of

T T
KLIC(m:e) =E, [log g} = Zm log 1/”
7
gives the ET estimator.

3. The knowledge of probabilities p; gives the following modification of EL problem:
Zi:pi log% — 1731,]([91 s.t. Zm =1, me(ziﬂ) =0.

The solution of this problem satisfies the following system:
Pi
14+ Nm(z,0)

- pi .
0 = Zl+)\’m(zi,9)m(zl’9)’

™ =

%

_ Di am(zlae) ,
0 = Z 1+ XN'm(z;,0) ( o0’ A

i

The knowledge of probabilities p; gives the following modification of ET problem

T ,
;m logp—z — 2111(51 s.t. Zm =1, me(z,-,@) =0.
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The solution of this problem satisfies the following system

pie)\'m(zi,,@)

>, e 0’
0 = Y pi? ™ m(z,0),
7

om(z,0)\’
0 = Zpekm(zzﬁ)( 8(0/ )> A

4. The problem
e 1 1/n
KLIC(e: f)=E, |log—| = —1lo
(e:4) =B g5 Zn e

— min
0

is equivalent to

Zlogf zi,0) — max,

which gives the Maximum Likelihood estimator.

16.3 Empirical likelihood as IV estimation

The efficient GMM estimator is
-1
Bamm = (Z,GMMX) ZeumYs
where Zapras contains implied GMM instruments
N\l
Zoyn = X' Z (Z’QZ) z

and € contains squared residuals on the main diagonal.
The FOC to the EL problem are

B — zi0pL) /

z_xBEL

= Z 1+ )‘ELzz Yi — TiBpr) (=2 AEL mezz Ap

From the first equation after premultiplication by ), mz;2; (Z' QZ) it follows that

BEL = (Z%JLX)_l Z%}Ly?

where Zg, contains nonfeasible (because they depend on yet unknown parameters S and A\gr)
EL instruments

Zp = X'MZ (z'Qz) e,

where II = diag (M1, Th) -

If we compare the expressions for S5y, and By, we see that in the construction of S5 some
expectations are estimated using EL probability weights rather than the empirical distribution.
Using probability weights yields more efficient estimates, hence Sp; is expected to exhibit better
finite sample properties than Soaras-
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17. ADVANCED ASYMPTOTIC THEORY

17.1 Maximum likelihood and asymptotic bias

(a) The ML estimator is A= Ur ! for which the second order expansion is

A= S
Blyl (1+ @)™ X0, e —E))

= A 1)\112T:(y)\_1)+)\21
VT VT & T

t=1

5/~

tz:(yt - /\—1)>2 + 0p <;>) .

Therefore, the second order bias of \ is

B, (A) - %)\SV y] = %/\.

(b) We can use the general formula for the second order bias of extremum estimators. For the
ML, W(y, A) = log f(y,A) = log A — Ay, so

2 2 3 2
<g§’> =2 E [a \P] =-\2 E {M] =273 E [MW] =0,

IN?
so the second order bias of \ is

By () = % (()\‘2)2 0+ % (A2 7203 >\‘2> = 7

E

The bias corrected ML estimator of \ is

T-1
T

~

N=A- A=

Nl
51~

17.2 Empirical likelihood and asymptotic bias

Solving the standard EL problem, we end up with the system in a most convenient form
~ 1 - €T;
0 EL = — T ——
n; 1+)\($i—yi)’

1 < Ti — Yi
0 = — —_—,
";14')\(%—%)
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where ) is one of original Largrange multiplies (the other equals —5\) From the first equation, the
second order expansion for fgy, is

e = &Y= M=)+ =)+ o (1)
=1
11 < 11
FLVANB oo 1)) +o, (1)

We need a first order expansion for 5\, which from the second equation is

n

L 1 7-1_ Ty — Y; 1 1
Vi = R o () = v 2 (@ u)Fon (V).

Then, continuing,

o = 0% g ) ‘%MZ W‘”)JHZ”(%‘W

=1 =1 =1
1

n 2
1 1 1
o e Y (i - i)) E [2(z—9)*] +0p ()
n<E[<x—y>2m§ w | Elete =] <n>

The second order bias of g then is

B (éEL) - 1 [—E[(lln Z(ﬂfz‘ - yz)\/lﬁ sz(wz — Yi)

17.3  Asymptotically irrelevant instruments

1. The formula for the 2SLS estimator is

xizt AN > zie
2i®iz Qo ziz) D,
Yz (3, 22) 7 X, wizi

According to the LLN, n™!' 3", z;2) & Q.. = E[22/]. According to the CLT,
1 zizi\ p (& 0 0‘% P00,
NG ; (zm) -~ (() N <(0>’ ( poo, o2 )® @z )
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where 02 = E [xQ] and 02 = E [62] (it is additionally assumed that there is convergence in
probability). Hence, we have

(n_1/2 izizg) (n' Y Zizz/)_l (”_1/2 >3 %igi) p

£Q2¢
(VY ) (L ) (i)

£QE

Basrs = B+

2. Under weak instruments,

(szc + ¢zv)/ Qz_zlwzu
(Qzzc+¥.,) Q2 (Quzc + s,

BasLs 2 B+

where ¢ is a constant in the weak instrument assumption. If ¢ = 0, this formula coincides
with the previous one, with ¢, = £ and ¢, = (.

3. The expected value of the probability limit of the 2SLS estimator is

~ 'NH—1 1—1
slimdss] = 08 o] =0 ve g
POy

254_

5— =plimBorg,
O-.'L'

where we use joint normality to deduce that E[([{] = (po/os)E.

17.4 Weakly endogenous regressors

The OLS estimator satisfies

A

B—B=m'Ax) " nlne = % +(ntax)

n XU 50,
and

Vi (B=8) =c+ (X)) T PRU L e+ Q7 ~ N (c,02Q7Y)
The Wald test statistic satisfies
n (RB _ r)' (R (x'x)! R’)_l (RB _ 7«)

)

» Q'R (RQ‘;R’)_I R(c+Q'¢) 200),

u

o

where
_ /R (RQ7'R') "' Re

2
u

J

g

is the noncentrality parameter.

WEAKLY ENDOGENOUS REGRESSORS 175



17.5 Weakly invalid instruments

1. Consider the projection of e on z:

176

/
e=zw-+wv,

where v is orthogonal to z. Thus
n 2z =n 122 (Zw+ V) = (n'2'2) e, + n2z'y.
Let us assume that

(nilz’Z, n7121X7 n71/2Z/V) ﬁ’ (sz sza f) )

where Q.. = E[22'], Q.o = E[22/] and £ ~ N (0,02Q.) . The 2SLS estimator satisfies

v

s (5 T WZ(nl2'2) a2z
K <5 - B> T Wz nlzz) nlzix
4 lem (cw + Qz_zl ) /zgccw O'%
- / -1 ~N / -1 Y -1 ’
ZIQZZ QZ$ Z.’IQZZ QZ$ szZZ QZ.Z‘

Since (3 is consistent,

62 = Wl =0 (V- X8 (V- x8)~2(B-8)n X Y- xB) + (B p) n X

= 0N (Zw+ V) (Bw+V) -2 (B - ﬂ) (n A 2w+ n Tt AY) + (B - @)2 nlX X
= oy
Thus the ¢ ratio satisfies
o (0 + Q)
BB 2, 12Q7 Qe N (61),

\/&g (X’Z(Z’Z)’IZ’X>_1 Vo2 (QLQ1Q.)

tﬁE

where

/
Cw
5 = 2z

Ovy/ IzmQ;lezx

is the noncentrality parameter. Finally note that
n2z0 = Y2z — Un (B _ 5) nlz'x

lzx (COJ + Qz_zl )

g sz (Cw + Q;zl ) - Qza:

lszZ_lez:v
/ /
~ N <szcw _ /zxci)?z:v 70_12} <sz _ %)) ,
z:CQZZ QZZ‘ zngZZ QZ(II
S0,
n‘1/2LA{’Z(n_1Z’Z)_1n_1/22’ﬁ d
= 52 - X%—l (5J) ’

e
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where

C QZ$ Q ! Ql C(A)QZ$
5J=<Qc_ : ) (Q Qe
= z sz 02 = ZZIQZI‘
- zz T N, A1~
is the noncentrality parameter. In particular, when ¢ =1,
po Cuw + Q f sz sz 2
\/ﬁ (5 - B) i N ( ) ’
sz QZUU “ za: 70
cow + Q1 c?
t% 2 (wO_ZZ>sz ~ X% <szo_a2) ’
u v
n12zuto = gho.
2. Consider also the projection of x on z:
x =272+ w,

where w is orthogonal to z. Thus

n—l/?z/x — n—l/QZ/ (Z’ﬂ' + W) —

(n

_12'2) ex+n"Y2Z'W.

We have
(n_lz’Z,n_1/2Z’W,n_1/QZIV> 5 (Q22,,9)
¢ o2 Tup . .
where ¢ ~N |0, - ® Q.. | . The 2SLS estimator satisfies
5o g nV2NZ (nLZ Z) 122
n-12x'2 (n flz/Z)*l n-12z'x
(szcﬂ + C) QZZ (szcw + C) Ow (>‘7l' + ZU})I ()‘W + Zw) Ow V1 ’

where (Zw> NN<0, ( i p ) ®Ig> and p = Tuwo
Zy

AU =0 (Y - XB) (V- XB) -2

_1(Zw+V)/(Zw+V)—2(B—ﬂ>

i

_ B

)20

Thus the ¢ ratio satisfies

. Note that B is inconsistent. Thus,
OwOv

(B - ﬂ) nLX (Y — XB) + (B . ﬁ)znflx’x

nt(Zr+ W) (Zw+V) + (B — 6)2 nlx'x

V2

1

V2
1—-2p—+
V1

(

va/\/V1

_ 2
_UU(

p

))

tg = —
\/ &2 (sz (z'2)"! Z’X)
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\/1 — 2pva /vy + (1/2/V1)2'
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Finally note that

n 22U

SO,

n12zg ~ (B p)nizx
Oy V2

L QY20 (M + 20) — 2 22QM 200 (A + 20)
Ow V1

= Uinéz (()‘w + Zv) e (/\7T + Zw)) =,
V1

n—1/2alz(n—lzlz)—ln—l/2zla

j:

A2
Oe

Vi

(()\w Fz) = 2 (Ar + zw))/ (()\w Fz) = 2 (e + zw)>

Vi

—

2
1— QpQ + (V2>
V1 V1

where v3 = (A, + 2,) (Ao + 2,) . In particular, when £ = 1,

178

B_B&&Aw—i—zv’
Ow M + 2w
Ao + 2 Do + 20\ 2
~2 P 2 w v w v
1-2
G€—>O-U< p>\w+2w+<>\w+zw>>7
Aw + 2o
t5—> )\ﬂ_l_zw >
1—2p/\W+ZU+ Ao + 2o
A+ Zw A+ Zw
v=0 = T30
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